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ADVERTISEMENT. 



Of the course of Mathematics proposed by the author. 
Algebra, the first of the four parts which have been prepared^ 
is published in a volume by itself. The other three parts, 
comprised in the present volume, beiiig small, are sold either 
separately or together, as may best suit the convenience of 
the purchaser. On the remaining subjects originally con- 
templated as parts of the course, treatises by other authors 
have been substituted. 



HEZEKIAH HOWE, 

Has published the fallowing works which ate used 
as Text JSooks at Yale College. 

An Introduction to Algebra, being the first part of a Course 
of Mathematics, aaapted to- the raethod of instruction in the 
American Colleges, by Jeremiah Day, D. D. LL. D. President 
of Yale College. 8vo. 

A Treatise of Plane Trigonometry, to which is ptefijced a 
summary view of the nature and use 6f Logarithms, being the 
second part of a Course of Mathematics, adapted to the method 
of instruction in the American Colleges, by the same. 8vo. 

A Practical appdication or the principles of Geometry, 
to the Mensuration of superficies aod solids, being the third part 
of a Course of Mathematics adapted to the method of instruction, 
ifcc. &c. by the same. 8vo. 

The mathematical principles or Navigation anh Survey- 
ing, with the Mensuration of heights and distances, being the 
fourth part of a Course of Mathematics, <fec, by the sauie. i8vo. 

Elements of Chemistry, in the order of the Lectures given 
in Yale College, by Benjamin Silliman, Professor of Chemistry, 
Pharmacy, Mineralogy and Geology. 2 vols. Svo. 

H. H. Intends Publishwg, 

An Introduction to Natural Philosophy, intended as a 
Text Book for the use of the students in Yale CoUqge: ia two 
volumes. Vol.1, Mechanics. 

Parti. Mathematical Elements of Mechanics, taken chiefly 
from Bridge's Mechanics. 

Part 2. Practical application of Mechanics, compiled from 
various authorities. 

By Denison Olmsted, Professor of Mathematics and Natural 
Philosophy in Yale College. 

N. B. The first volume of the above work will be published in 
a few weeks, the first part being already printed, and the second 
nearly through the press. The second volume comprising the 
remaining topics of Natural Philosophy, will be commenced im- 
mediately afterwards. 

In press, a Treatise on the Construction, Properties and Anal- 
ogies of the three Conic Sections^ by the Rev. B. Bridge, B; D. 
F. R. S. with alterations and additions, adapted to the method 
of instruction in the American Colleges. 

New Haven, May, 1881. 
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The plan upon which this work was originally commenced, 
is continued in this second part of the course. As the single 
object is to provide for a class in college^ such matter as is not 
enobraced by this design is excluded. The mode of treating 
the subjects, for the reasons mentioned in the preface to Alge- 
bra, is, in a considerable degree, diffuse. It was thought better 
to err on this extreme, than on the other, especially in the early 
part of the course. 

The section on right angled triangles will probably be consid- 
ered as needlessly minute. The solutions might in all cases, be 
effected by the theorems which are given for oblique angled tri- 
angles. But the applications of rectangular trigonometry are so 
numerous, in navigation, surveying, astronomy, &c., that it was 
deemed important, to render familiar the various methods of 
stating the relations of the sides and angles ; and especially to 
bring distinctly into view the principle on which most trigonomet- 
rical calculations are founded, the proportion between the parts 
of the given triangle, and a similar one formed from the sines, 
tangents, 8z;c. in the tables. 
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LOGARITHMS. 

^ a *■ 
SECTION I. 



Art. 1. The operttions of MultiplicatioD and Division, 
when thejr are to be often repeated, becoracf so laborious, 
chat it is an object of importance to substitute, in their stead, 
fnore simple methods of calculation, such as Addition and 
Subtraction. If these can be made to perform, in an expe- 
ditious manner, the office of multiplication and division, a great 
portion of the time and labor which the latter processes require, 
may be saved. 

Now it has been shown, (Algebra, 233, 237,) that powers 
may be multiplied, by adding their exponents^ and divided, by 
subtracting their exponents. In the same manner, roots may 
be multiplied and divided, by adding and subtracting their frac- 
tbnal exponents. (Alg. 280, 286.) When these exponents 
are arranged in tables, and applied to the general purposes of 
ctlcalatioD, they are f^fWei Logarithms. 

2. LOGARITHMS, then, are the EXPONENTS oka 

SERIES or POWERS AND ROOTS.f 

In forming a system of logarithms, some particular nam* 
ber is fixed upon, as the hase^ radix^ or first power, whose log- 
arithm is always 1. From this, a series of powers is raised, 
Md the exponents of these are arranged in tables for use. 
To explain this, let the number which is chosen for the first 



* Mttlmlyne't Prefiiee to Taylor'a Logarithms. Introduction to RmttoB'i 
Tablot. Keil on Lofjrarithms. Maseres Scriptores Logarithmid, Biiggt' 
Logarithms. Dod9on*B Anti-logarithmic Canon. Euler*s Algebra. 

t Sea note A 



2 NATURE OF LOGARITHMS. 

power, be represented by a. Then taking a series of powers, 
ix>th direct and reciprocal, as in Alg. 207 ; 

aSa^jC^, aSa%a-',o-2,a"«,a"*, Stc. 

The logarithm of a ^ is 3, and the logarithm of a"^ is--!, 
of a' is 1, of a"' is— 2, 

ofa^isO, of a-» is-3, &c. 

Universally, the logarithm of a' is x. 

3. In the system of logarithms in common use, called Briggs^ 
logarithms, the number which is taken for the radix or base 
is 10. The above series then, by substituting 10 for a, 

DGCOm 6S 

10*, 10% 10', lOS 10% 10-' 10-% 10-% 8m;. 
Or 10000, 1000, 100, 10, 1, j\, jU^ j^\j,, &c. 
Whose logarithms are 
. 4, 3, 2, 1, 0,-1, -2, -3,&c. 

4. The fractional exponents of rootSy and of powers of roots, 
are converted into decimals^ before they are inserted in the 
logarithmic tables. See Alg. 955. 

The logarithms of a% or a«-' » ^ % is 0,3333, 
of a^ or a«-«««% is 0.6666, 
of a^ora«-*^«%is0.4285, 
of a^, or a»- • « • % is 3.6666, &c. 

These decimals are carried to a greater or less number of 
places, according to the degree of accuracy required. 

5. In forming a system of logarithms, it is necessary to obtaiq 
the logarithm of each of the numbers in the natural series 1, 
2, 3, 4, 5, &;c. ; so that the logarithm of any number may be 
found in the tables. For this purpose, the radix of the system 
must first be determined upon ; and then every other number 
may be considered as some power or root of this. If the radix 
is 10, as in the common system, every other number is to be 
considered as some power or root of 10. 

That a power or root of 10 may be found, which shall be equal 
to any other number whatever, or, at least, a very near approx- 
imation to it, is evident from this, that the exponent may be end- 
lessly varied ; and if this be increased or diminished, the power 
will be increased or diminished. 



30=10''*'''» 
400=102*«'»«'» 



NATURE OF LOGARITHMS. 3 

' If the exponent is a fraction, and the numerator be increased, 
the power will be increased : but if the denominator be increaa- 
ed, the power will be diminished. 

6. To obtain then the logarithm of any number, according 
to Briggs' system, we have to 6nd a power or root of 10 which 
shall be equal to the proposed number. The exponent of that 
power or root is the logarithm required. Thus 

rof 7 is 0.8451 

therefore the J of 20 is 1.3010 

logarithm ] of 30 is 1.4771 

Lof 400 is 2.6020, 8z». 

7. A logarithm generally consists of two parts, an integer and 
a decimal. Thus the logarithm 2.60206, or, as it is sometimes 
written, 2 +• 60206, consists of the integer 2, and the decimal 
.60206. The integral part is called the characteristic or index* 
of the logarithm ; and is frequently omitted, in the common ta- 
bles, because it can be easily supplied, whenever the logarithm 
is to be used in calculation. 

By Art. 3d, the logarithms of 

10000, 1000, 100, 10, 1, .1, .01, .001, 8ec. 
are 4, 3, 2, 1,0,-1, -2, -3, &c. 

As the logarithms of 1 and of 10 are and 1, it is evident, 
that, if any given number be between 1 and 10, its logarithm 
will be between and 1, that is, it will be greater than 0, but 
less than 1. It will therefore have for its index, with a deci- 
mal annexed. 

Thus the logarithm of 5 is 0.69897. 

For the same reason, if the given number be between. 

10 and 100, ^ the log. C 1 and 2, i. e. 1+the dec. part. 

100 and 1000, > will be < 2 and 3, 2+the dec. part. 

1000 and 10000, ) between ( 3 and 4, 3+the dec. part. 

We have, therefore, when the logarithm of an integer or mix- 
ed number is to be found, this^^eneral rule : 

r— ^ — ; — 

* The term index, as it is used here, may possibly lead to some confusion in 
the mind of the learner. For the logarithm itself is the index or exponent of 
a power. The characteristic, therefore, is the index of an index. 



4 NATURE or LOOARITHHS. 

8. The index of the logarithm ie always one lea^ than the 
number of integral figures^ in the natural number whose hga^ 
rithm is sought : or the index shows how far the first figure of 
the natural number is removed from the place of units. 

Thus the logarithm of 37 is 1.56820. 

Here the number of figures being two, the index of the loga* 
rithm is 1. 

The logarithm of 263 is 2.40312. 

Here the proposed number 253 consists of three figures, the 
first of which is in the second place from the unit figure. The 
index of the logarithm is therefore 2. 

The logarithm of 62.8 is 1.79796. 

Here it is evident that the mixed number 62.8 is between 
10 and 100. The index of its logarithm must, therefore^ 
be 1. 

9. As the logarithm of 1 is 0, the logarithm of a number less 
than 1, that is, of any proper/rac^ion must be negative. 

Thus by Art. 3d, 

The logarithm of j\ or .1 is —1, 

of tJit or -^^l is -2, 

of ttVt or .001 is -3, Jtc. 

10. If the proposed numbjBr is between tK suid .^V^ its lo- 
garithm must be between —2 and —3. To obtain the loga- 
rithm, therefore, we must either subtract a certain fracdon- 
al part from —2, or add a fractional part to - 3 ; that is, we 
must either annex a negative decimal to -2, or a positive one 
to -«. 

Thus the logarithm 

of .008 is either -2 -.09691, or -3+. 90309.* 

The latter is generally most convenient in practice, and 
is more commonly written 3.90309. The line over the index 



* TThat Uiese two expressions are of the same value will be evident, if w 
subtract the same quantity, 4-^80^ f">in each. The remainders wiU be 
equal, and therefore the quantities from which the subtraction is made must 
be equal. See Bote B. 
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denotes, that that is negative, while the decimal part of the log- 
arithm is positive. 

r of 0.3, isr.47712, 

The logarithm < of 0.06, is 2.77816, 

t of 0.009, is 3.95424, 

And universally, 

.11. The negative index of a logarithm shows how far the first 
significant figure of the natural number^ is removed from the 
place of units J on the right; in the same manner as a positive 
index shows how far the first figure of the natural number is 
removed from the place of units, on the left. (Art. 8.) Thus in 
the examples in the last article. 

The decimal 3 is in the^r^^ place from that of units, 
6 is in the second place, 
9 is in the third place ; 

And the indices of the logarithms are 1, 2, and 3. 

12. It is often more convenient, however, to make the index 
of the logarithm positive, as well as the decimal part. This 
is done by adding 10 to the index. 

Thus, for - 1, 9'is written ; for - 2, 8, &c. 
Because -1 + 10 = 9, -2+10=8,fcc. 

With this alteration, 

r 1.90309 ^ r 9.90309, 

The logarithm < 2.90309 V becomes ) 8.90309, 

( 3-90309 > ( 7.90309, 

This is making the index of the logarithm 10 too great. But 
with proper caution, it will lead to no error in practice. 

13. The SUM of the logarithms of two numbers, is the loga- 
rithm of the product of those numbers ; and the difference of the 
logarithms of two numbers, is the logarithm of the quotient of one 
of the numbers divided by the other. (Art. 2.) In Briggs' sys- 
tem, the logarithm of 10 is 1. (Art. 3.) If therefore any number 
be multiplied or divided by 10, its logarithm will be increased or 
diminished by 1 : and as this is an integer, it will only change 
the index of the logarithm, without affecting the decimal part. 

♦ 

p. T. 2 



NATURE OF LOGARITHMS. 

Thus the logarithm of 4730 is 3.67486, 
And the logarithm of 10 is 1. 



The logarithm of the product 47300 is 4.67486. 
And the logarithm of the quotient 473 is 2.67486. 

Here the index only is altered, while the decimal part remains 
the same. We have then this important property, 

14, The DECufAL PART of the logarithm of any number is 
the same, as thai of the number multiplied or divided by 10, 100, 
1000, &c. • 

Thus the log. of 45670, is 4.65963, 

4567, 3.65963, 

456.7, 2.65963, 

45.67, 1.65963, 

4.567, 0,65963, 

.4567, 1.65963, or 9.65963, 

.04567, 2.65963, 8.66963, 

.004567, 3.65963, 7.65963. 

This property, which is peculiar to Briggs' system, is of great 
use in abridging the logarithmic tables. For when we have the 
logarithm of any number, we have only to change the index, 
to obtain the logarithm of every other number, whether inte- 
gral, fractional, or mixed, consisting of the same significant fig- 
ures. The decimal part of the logarithm of a fraction found 
in this way, is always positive. For it is the same as the decimal 
part of the logarithm of a whole number. 

15. In a series of fractions continually decreasing, the negative 
indices of the logarithms continually increase. Thus, 

In the series 1, .1, .01, .001, .0001, .00001, &c. 
The logarithms are 0, — 1, - 2, - 3, - 4, - 5, &c. 

If the progression be continued, till the fraction is reduced to 
0, the negative logarithm will become greater than any assignable 
quantity. The logarithm of 0, therefore,' is infinite and negative. 
(Alg.447.) 

16. It is evident also, that all negative logarithms belong 
to fractions which are between 1 and ; while positive loga- 
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rithms belong to natural numbers which are greater than 1. 
As the whole range of numbers, both positive and negative, is 
thus exhausted in supplying the logarithms of integral and frac- 
tional positive quantities; there can be no other numbers to fur- 
nish logarithms for negative quantities. On this account the 
logarithm of a negative quantity is, by some writers, considered 
as impossible. But as there is po difference in the multiplica- 
tion, division, involution, &c. of positive and negative quantities, 
except in applying the signs ; they may be considered as all pos- 
itive, while these operations are performing by means of loga- 
rithms ; and the proper signs may be afterwards affixed. 

11. If a series of numbers be in GCouETRiCAii progression^ 
their logarithms will be in arithmetical progression. For, 
in a geometrical series ascending, the quantites increase by a 
common multiplier; (Alg. 436.) that is, eaoh succeeding term 
is the product of the preceding term into the ratio. But the 
logarithm of this product is the sum of the logarithms of the 
preceding term and the ratio ; that is, the logarithms increase by 
a common addition, and are, therefore, in arithmetical progres- 
sion. (Alg. 422.) In a geometrical progression descending ^ 
the terms decrease by a common divisor, and their logarithms, 
by a common difference.* 

Thus the numbers 1, 10, 100, 1000, 10000, &c. are in ge- 
ometncal progression. 

And their logarithms 0, 1, 2, 3, 4, he. are in arithmetical 
progression. 

Universally, if in any geometrical series, 
a=the least term, ' r=the ratio, 

L=its logarithm, Z=its logarithm ; 

Then the logarithm of ar is L+l, (Art. 1.) 
of ar^ is L+2l, 
of ar 3 isL+3Z, &ic. 

Here, the quantities a, ar^, ar^, ar*, &c. are in geometrical 
progression. (Alg. 436.) 

And their logarithms L, L+l, L+21, L+37, 8ic. are in 
arithmetical progression. (Alg. 423.) 



* See note C. 
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THE LOGARITHMIC CURVE. 



19. The relations of logarithms, and their corresponding num« 
bers, may be represented by the abscissas and ordinates of a 
curve. Let the line AC (Fig. 1.) be taken for unity. Let 
AF be divided into portions each equal to AC, by the points 
1, 2, 3, &c. Let the line a represent the radix of a given sys- 
tem of logarithms, suppose it to be L3; and let a', a^y &c. 
correspond, in length, with the different powers of a. Then 
the distances from A to 1, 2, 3, &c. will represent the loga- 
rithms of a, a", a', fac. (Art. 2.) The line CH is called the 
logarithmic eurve^ because its abscissas are proportioned to the 
logarithms of numbers represented by its ordinates. (Alg. 
527.) 

20. As the abscissas are the distances from AC, on the line 
AF, it is evident, that the abscissa of the point C is 0, which is 
the logarithm of 1=AC. (Art. 2.) The distance from A to 1 
is the logarithm of the ordinate a which is the radix of the sys- 
tem. For Briggs* logarithms, this ought to be ten times AC. 
The distance from A to 2 is the logarithm of the ordinate a^ ; 
from A to 3 is the logarithm of a°, &c. 

21. The logarithms of numbers less than a unit are negative. 
(Art. 9.) These may be represented by portions of the line 
AN, on the opposite side of AC. (Alg. 607.) The ordinates 
a"', a"', a"^, &c. are less than AC, which is taken for unity; 
and the abscissas, which are the distances from A to -1, -2, -3, 
&c. are negative. 

22. If the curve be continued ever so far, it will never meet 
the axis AN. For, as the ordinates are in geometrical progres- 
sion decreasing, each is a certain portion of the preceding one. 
They will be diminished more and more, the further they are 
carried, but can never be reduced absolutely to nothing. The 
axis AN is, therefore, an asymptote of the curve. (Alg. 645.) 
As the ordinate decreases, the abscissa increases ; so that, when 
one becomes in&nitely small, the other becomes infinitely great. 
This corresponds with what has been stated, (Art. 15.) that the 
logarithm of is infinite and negative. 
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23. To find the equation of ihis curve, 

Let a=the radix of the system, 
a?=any one of the abscissas, 
y=the corresponding ordinate. 

Then, by the nature of the curve, (Art. 19,) the ordinate to 
any pointy is that power of a whose exponent is equal to the ai- 
scissa of the same point; that is, (Alg. 628.) 

y=a'* 
* For other properties of the logarithmic curve, see Fluxions. 
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SECTION 11. 



DIRECTIONS FOR TAKING LOGARITHMS AND THEIR NUMBERS 
FROM THE TABLES.^ 

Art. 24. The purpose which logarithms are intended to 
answer, is to enable us to perform arithmetical operations with 
greater eccpediiion, than by the common methods. Before any 
one can a^il himself of this advantage, he must become so 
familiar with the tables, that he can readily 6nd the logarithm 
of any number; and, on the other hand, the number to which 
any logarithm belongs. 

In the common tables, the indices to the logarithms of the 
first 100 numbers, are inserted. But, for all other numbers, 
the decimal part only of the logarithm is given ; while the 
index is left to be supplied, according to the principles in Arts. 
8 and 11. 

25. To find th^ logarithm of any number between 1 and 
100; 

Look for the proposed number, on the left; and against 
it, in the next column, will be the logarithm, with its index. 
Thus 

The log. of 18 is 1.25527. The log. of 73 is 1.86332. 

26. To find the logarithm of any number between 100 and 
1000 ; or of any number consisting of not more than three signifi- 
cant figures, with ciphers annexed. 

In the smaller tables, the three first figures of each number, 
are generally placed in the left hand column ; and the fourth fig- 
ure is placed at the head of the other columns. 
Any number, therefore, between 100 and 1000, maybe found 
on the left hand ; and directly opposite, in the next column, is 
the decimal part of its logarithm. To this the index must be 
prefixed, according to the rule in Art. 8. 

* The best English Tables are Hutton's, and Babbage's, in 8vo. and Taylor's 
in 4to. In these, the logarithms are carried to seven places of decimals, and 
propoitional parts are placed in the marfrin. The smaller tables are numerous; 
and, when accurately printed, are sufficient for common calculations. 
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The log. of 468 is 2.66087, The log. of 935 is 2.97081, 
of 796 2.90091, of 386 2.58669. 

If there are ciphers annexed to the significant figures, the log- 
arithm may be found in a similar manner. For, by art. 14, the 
decimal part of the logarithm of any number is the same, as 
that of the number multiplied into 10, 100, &c. All the dif- 
ference will be in the index; and this may be supplied by the 
same general rule. 

The log. of 4580 is 3.66087, The log. of 326000 is 5.51322, 
of 79600 4.90091, of 8010000 0.90363. 

27. To find the logarithm of any number consisting of fovr 
figures, either wiih^ or without ciphers annexed. 

Look for the three first figures, on the left hand, and for the 
fourth figure, at the head of one of the columns. The logarithm 
will be found, opposite the three first figures, and in the column 
which, at the head, is marked with the fourth figure.^ 

The log. of 6234 is 3.79477, The log. of 783400 is 5.89398, 
of 5231 3.71868, oC 6281000 6.79803. 

28. To find the logarithm of a number containing more than 
FOUR significant figures. 

By turning to the tables, it will be seen, that if the differences 
between several numbers be small, in comparison with the 
numbers themselves ; the diiSerences of the logarithms will be 
nearly proportioned to the difiTerences of the numbers. Thus 

The log. of 1000 is 3.0000a, Here the differences in the 
of 1001 3.00043, numbers are, 1, 2, 3, 4, &c. 
of 1002 3.00087, and the corresponding dif- 
ofl003 3.00130, ferences in the logarithms, 
of 1004 3.00173, &c. are 43, 87, 130, 173, &c. 

Now 43 is nearly half of 87, one third of 130, one fourth of 
173, &c. 

Upon this principle, we may find the logarithm of a num- 
ber which is between two other numbers whose logarithms 



* In Taylor's, Hutton's, and other table8,/oiir figures are pUced in the left 
hand column, and the fifth at the top of the page. 
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are given by the tables. Thus the logarithm of 21716 is not 
to be found, in those tables which give the numbers to four 
places of figures only. 

But by the table, the log. of 21720 is 4.33686 
and the log. of 21710 is 4.33666 

The difference of the two nuipbers is 10 ; and that of the log- 
arithms 20. 

Also, the difference between 21710, and the proposed num- 
ber 21716 is 6. 

If, then, a difference of 10 in the numbers 
make a difference of 20 in the logarithms : 

A difference of 6 in the numbers, will 
make a difference of 12 in the logarithms. 

That is, 10 :20::6: 12. 

If, therefore, 12 be added to 4.33666, the log. of 21710; 
The sum will be 4.33678, the log. of 21716. 

We have, then, this 

RULE. 

To find the logarithm of a number consistrag of more than four 
figures ; 

Take out the logarithm of two numbers, one greater, and the 
other less, than the number proposed : Find the difference of 
the two numbers, and the difference of their logarithms: Take 
also the difference between the least of the two numbers, and 
the proposed number. Then say, 

As the difference of the two numbers, 
To the diSerence of their logarithms ; 
So is the difference between the least of the two num- 
bers, and the proposed number, 
To the proportional part to be added to 
the least of the two logarithms. 
It will generally be expedient to make the four first fgures, 
in the least of the two numbers, the same as in the proposed 
number, substituting ciphers, for the remaining figures ;* and to 
make the greater number the same as the less, with the addition 
of a unit to the last significant figure. Thus, 

For 36843, take 36840, and 36850, 
For 792674, 792600, 792700, 
For 6537826, 6537000, 6538000, 8tc- 
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The first terra of the proportion will be 10, or 100, or 
1000, kc. 

Ex. 1. Required the logarithm 01*362572. 

The logarithm of 362600 is 6.55943 
of 362500 5.55931 



The differences are 100, and 12. 

Then 100 : 12: :72 : 8. 64, or 9 nearly. 
And ihe log. 5.55931+9=5.55940, the log. required. 
Ex. 2. The log. of 78264 is 4.89355 

3. The log. of 143542 is 5.15698 

4. The log. of 1129535 is 6.05290. 

Bj a little practice, such a facility, in abridging these calcula- 
tions, may be acquired, that the logarithms may be taken out, 
in a very short time. When great accuracy is not require^} it 
will be easy to make an allowance sufficiently near, without for- 
mally stating a proportion. In the larger tables, the proportion- 
al parts which are to be added to the logarithms, are already pre- 
pared, and placed in the margin. 

59. To find ihe logarithm of a decimal fraction. 

The logarithm of a decimal is the same as that of a whole 
number, excepting thetWeo:. (Art. 14.) To find then the lo- 
garithm of a decimal, take out that of a whole number consisting 
of the same figures; observing to make ihe negative index equal 
to ihe distance of the first significant figure rf the fraction from 
the place of units. (Art. 11.) 

The log. of 0.07643, is 2.88326, or 8.88326, (Art. 12.) 
of 0.00259, 3.41^30, or 7.41330, 
of 0.0006278, 4.79782, or 6.79782. 

30. To find the logarithm of a mixed decimal number. 

Find the logarithm, in the same manner as if all the figures 
were integers ; and then prefix the index which belongs to the 
integral part according to Art. 8. 

The logarithm of 26.34 is 1.42062. 

The index here is 1, because 1 is the index of the logt- 
rithm of every nunciber greater than 10, and less than 100, 
(Art. 7.) 

P. T. 3 
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The log. of 2.36 is 0.37291, The log. of 364.2 is 2.56134, 
of 27.8 1.44404, of 69.42 1.84148. 

31. To find the logarithm of a tulg ar fraction. 

From the nature of a vulgar fraction, the numerator may be 
considered as a dividend^ and the denominator as a divisor; in 
other words, the value of the fraction is equal to the quotient, 
of the numerator divided by the denominator. (Alg. 135.) 
But in logarithms, division is performed by subtraction ; that is, 
the difference of the logarithms of two numbers, is the logarithm 
of the quotient of those numbers. (Art. 1.) To find then the 
logarithm of a vulgar fraction, subtract the logarithm of the de- 
nominator from that of the numerator. The difference will 
be the logarithm of the fraciion. Or the logarithm may be 
found, by first reducing the vulgar fraction to a decimal. If the 
numerator is less than the denominator, the index of the loga- 
rithm must be negative^ because the value of the fraction is less 
than a unit. (Art. 9.) 

Required the logarithm of |4* 

The. log. of the numerator is 1.53148 
of the denominator 1.93952 



of the fraction 1,59196, or 9.59196. 

The logarithm of ///^ is 2.66362, or 8.66362. 

of 7/^^ 3".04376, or 7.04376. 

32. If the logarithm of a mixed number is required, reduce it 
to an improper Traction, and then proceed as before. 

The logarithm of 3J= V is 0.57724. 



33. To find the natural number belonging to any loga- 
rithm. 

In computing by logarithms, it is necessary, in the first 
place, to take from the tables the logarithms of the numbers 
which enter into the calculation ; and, on the other hand, at 
the close of the operation, to find the number belonging to 
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the logarithm obtained in the result. This is evidently done, by 
reversing the methods in the preceding articles. 

Where great accuracy is not required, look in the tables for 
the logarithm which is nearest to the given one ; and directly 
opposite, on the left hand, will be found the three first figures, 
and at the top, over the logarithm, the fourth figure, of the 
number required. This number, by pointing off decimals, or 
by adding ciphers, if necessary, must be made to correspond 
with the index of the given logarithm, according to Arts. 8 and 
11. 

The natural number belonging 

to 3.86493 is 7327, to L 62672 is 42.24, 
to 2.90140 796.9, to 2.89115 0.07783. 

In the last exmple, the index requires that the first significant 
figure should be in the second place from units, and therefore a 
cipher must be prefixed. In other instances it is necessary to 
annex ciphers on the right, so as to make the number of figures 
exceed the indes by 1. 

The natural number belonging 

to 6.71567 is 5196000, to 3.65677 is 0.004537, 
to 4.67062 46840, to 4.59802 0.0003963. 

34. When great accuracy is required, and the given logarithm 
is not exactly, or very nearly, found in the tables, it will be 
necessary to reverse the rule in Art. 28. 

Take from the tables two logarithms, one the next greater, the 
other the next less than the given logarithm. Find the difference 
of the two logarithms, and the difference of their natural num- 
bers ; also the difference between the least of the two logarithms, 
and the given logarithm. Then say. 

As the difference of the two logarithms. 
To the difference of their numbers ; 
So is the difference between the given 

logarithm and the least of the other two, 
To the proportional part to be added to 

the least of the two numbers. 
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Required the number belonging to the logarithm 2.67325. 

Next great. log. 2.67330. Its numb. 471.3. Given log, 2.67325. 
Next less 2.67321. Its numb. 471.2. Next less 2.67321. 



Differences 9 0.1 



Then 9 : 0.1 : :4 : 0.044, which is to be added 
to the number 471^2 



The number required is 471.244. 

The natural number belonging 

to 4.37627 is 23783.45, to 1.73698 is 54.57357, 
to 3.69479 4952.08, to 1.09214 0.123635. 



35. Correction of the tables. — ^The tables of logarithms have 
been so carefully and so repeatedly calculated, by the ablest 
computers, that there is no room left to question their general 
correctness. They are not, however, exempt from the com- 
mon imperfections of the press. But an error of this kind is 
easily corrected, by comparing the logarithm with any two others 
to whose sum or difference it ought to be equal. (Art. 1.) 

Thus 48=24X2=16X3.-=12X4=8X6. Therefore, the 
logarithm of 48 is equal to the sum of the logarithms of 24 and 2, 
of 16 and 3, &z;c. 

And3=|=y = V = y = Vi&;c. Therefore, the loga- 
rithm of 3 is equal to the difference of the logarithms of 6 and 
2, of 12 and 4, &c. , 
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SECTION III. 



METHODS OF CALCULATING BT LOGARITHMS. 



Art. 36. The aritlimetical operations for which logariihtns 
v^ere originally contrived, and on which their great utility de- 
pends, are chiefly multiplication, division, involution, evolution, 
and finding the term required in single and compound proportion. 
The principle on which all these calculations are conducted, is 
thi3 ; 

If the logarithms of two numbers be added, the sum toUl be the 
logarithm of the product of the numbers ; and 

If the logarithm of one number be subtracted from that of 
another ffhe difference will be the logarithm of the (quotient 
of one of the numbers divided by the other. 

In proof of this, we have only to call to mind, that logarithms 
ve the |:xpoNENTS of a series of powers and roots. (Arts. 2, 6.) 
And it has been shown, that powers and roots are multiplied by 
ndding their exponents ; and divided, by subtracting their ex- 
ponents. (Alg. 233, 237, 280, 286.) 

MULTIPLICATION BY LOGARITHMS. 

37. ADD THE LOGARITHMS OF THE FACTORS: THE 
SUM WILL BE THE LOGARITHM OF THE PRODUCT- 

In making the addition, 1, is to be carried, for every 10, from 
the decimal part of the logarithm, to the index. (Art. 7.) 

Numbers. ^Logarithms. Nambera. Logarithms. 

Mult, 26.2 (Art. 30.) 1.56871. Mult. 640 2.80618 

Into 7.84 0.89432. Inlo2.316 0.36474 



Prod. 283.8 2.45303 Prod. 1482 3.17092 



The logarithms of the two factors are taken from the tables. 
The product Is obtained, by finding, in the tables, the natural 
number belonging to the sum. (Art. 33.) 
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Mult. 89.24 
Into 3.687 


1.95056 
0.56667 


Mult. 134. 
Into 25.6 

Prod. 3430 


2.12710 
1.40824 


Prod. 329. 


2.51723 


3.53534 



38. When any or all of the indices of the logarithms are neg' 
ative^ they are to be added according to the rules for the addi- 
tion of positive and negative quantities in algebra. But it must 
be kept in mind, that the decimal part of the logarithm is posi- 
tive, (Art. 10.) Therefore, that which is carried from the de- 
cimal part to the index, must be considered positive also. 



Mult. 62.84 


1.79824 


Mult. 0.0294 


5.46835 


Into 0.682 


1.83378 


Into 0.8372 


1.92283 



Prod. 42.86 1.63202 



Prod. 0.0246 2.39118 



In each of these examples, + 1 is to be carried from the deci- 
mal part of the logarithm. This added to — 1, the lower index, 
makes it ; so that there is nothing to be added to the upper 
index. 

If any perplexity is occasioned, by the addition of positive and 
negative quantities, it may be avoided, by borrowing 10 to the 
index. (Art. 12.) 



Mult. 62.84 
Into 0.682 


1.798^4 
9.83378 


Mult. 0.0294 
Into 0.8372 


8.46835 
9.92283 


Prod. 42.86 


1.63202 


Prod. 0.0246 


8.39118 



Here 10 is added to the negative indices, and afterwards re- 
jected from the index of the sum of tbe logarithms. 



Multiply 26.83 
Into 0.00069 



h42862 1.42862 
4.83885 or 6.83886 



Product 0.01851 2.26747 8.26747 
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Here + 1 carried to —4 makes it —3, which added ^o the 
upper index +19 gives— 2 for the index of the sum. 

Muhiply .00845 3.92686 or 7.92686 

Into 1068. 3.02857 . 3.02857 



Product 9.0246 0.05543 ' 0.96543 



The product of 0.0362 into 25.38 is 0.9188 
of 0.00467 into 348.1 is 1.626 
of 0.0861 into 0.00843 is 0.0007268 

39. Any number of factors may be multiplied together, by 
adding their logarithms. If there are several positive^ and sev- 
eraJ negative indices, these are to be reduced to one, as in. alge- 
bra, by taking the difference between the sum of those which 
are negative, and the sum of those which are positive, increased 
by what is carried from the decimal part of the logarithms. ( Alg. 
78.) 

Multiply 6832 3.83455 3.83455 

Into 0.00863 3.93601 7.93601 

And 0.651 1.81358 9.81358 

And 0.0231 2.36361 or 8.36361 

And 62.87 1.79844 1.79844 



Prod. 55.74 1.74619 1.74619 



Ex. 2. The prod, of 36.4X7.82X68.91 X0.3846is7544. 

3. The prod, of 0.00629 X2.647 X 0.082 X 278.8 X 0.00063 
is 0.0002398. 

40. Negative quantities are multiplied, by means of logarithms, 
in the same manner as those which are positive. (Art. 16.) But, 
after the operation is ended, the proper sign must be applied to 
the natural number expressing the product, according to the 
rules for the multiplication of positive and negative quantities in 
algebra. The negative index of a logarithm^ must not be con- 
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founded with the sign which denotes that the natural ntcm&er is 
negative. That which the index of the logarithm is intended to 
show, is not whether the natural number is positive or negative^ 
but whether it is greater or less than a unit. (Art. 16.) 



Mult. +36.42 
Into -67.31 



Prod. -2461 



1.66134 
1.82808 

3.38942 



Mult. —2.681 
Into +37.24 



Prod. -99.84 



0.42830 
1.67101 

1.99931 



In these examples, the logarithms are taken from the tables 
and added, in the same manner, as if both factors were positive. 
But after the product is found, the negative sign is prefixed to 
it, because+is multiplied into — . (Alg. 105.) 



Mult. 0.263 
lato 0.00894 


1.41996 
3.95134 


Mult. 0.066 
Into 0.693 


3.81291 
1.84073 


Prod. 0.002351 


3.37130 


Prod. 0.04504 


2.65364 



Here, the indices of the logarithms are negative, but the pro- 
duct is positive, because the factors are both positive. 



Mult. -62.59 1.79660 
Into -0.00863 3.93601 



Mult. -68.3 L83442 
Into -0.0096 3.98227 



Prod. +0.6402 1.73261 Prod. +0.6667 1.81669 



DIVISION BT LOGARITHMS. 
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41. From the logarithm of the DIVIDEND SUB- 
TRACT THE logarithm OP THE DIVISOR ; the DIF- 
FERENCE WILL BE THE LOGARITHM OF THE QUOTIENT, 

(Art. 36.) 



Logarithms. 

2.95345 
0.99330 



Niunbera. 


Logarithms. 


Nomben. 


Divide 6238 


3.79505 


Divide 896.3 


By 2982 


3.47451 


By 9.847 



Quot. 2.092 0.32053 



Quot. 91.02 1.96916 



42. The decimal part of the logarithm may be subtracted as 
in common arithmetic. But for the indices, when either of them 
is negative, or the lower one is greater than the upper one, it 
will be necessary to make use of the general rule for subtraction 
in algebra ; that is, to change the signs of the subtrahend, and 
then proceed as in addition. (Alg. 82.) When 1 is carried from 
the decimal part, this is to be considered affirmative, and appli- 
ed to the index, before the sign is changed. 



Divide 0.8697 
By 98.65 



1.93937 or 9.93937 
1.99410 1.99410 



Quot. 0.008816 3.94627 7.94527 



In this example, the upper logarithm being less than the lower 
one, it is necessary to borrow JO, as in other cases of subtrac- 
tion ; and therefore to carry 1 to the lower index, which then 
becomes+2. This changed to —2, and added to —1 above 
it, makes the index of the difierence of the logarithms— 3. 



Divide 29.76 
By 6264 



Quot. 0,00476 



1.47363 
3.79616 



1.47363 
3.79616 



3.67747 or 7.67747 



P.T. 
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Here, 1 carried to the lower index, makes it +4. This 
changed to —4, and added to 1 above it, gives - 3 for the index 
of the difference of the logarithms. 

Divide 6.832 0.83465 Divide 0.00634 3.80209 

By .0362 ,2.65871 By 62.18 1.79365 

Quot. 188.73 2.27584 Quot. 0.000102 4.00844 



The quotient of 0.0985 divided by 0.007241, is 13.6. 
The quotient of 0.0621 divided by 3.68 is 0.01687. 

43. To divide negative quantities, proceed in the same man- 
ner as if they were positive, (Art. 40.) and prefix lo the quotient, 
the sign which is required by rules for division in algebra. 

Divide +3642 3.56134 Divide -0.657 1.81757 
By -23.68 1.37438 By +0.0793 2.89927 



Quot. —153.8 2.18696 Quot. -8.285 0.91830 



In these examples, the sign of the divisor being different from 
that of the dividend, the sign of the quotient must be negative. 
(Alg. 123.) 

Divide -0.364 1.56110 Divide -68.5 1.83569 

By -2.56 0.40824 By +0.094 2.973 J 3 



Quot. +0.1422 1.15286 Quot. -728.7 2.86256 



INVOLUTION BT LOGARITHMS. 



44. Involving a quantity is multiplying it into itself. By 
means of logarithms, multiplication is performed by addition. 
If, then, the logarithm of any quantity be added to itself^ the 
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logarithm of a power of that quantity will be obtained. But ad- 
ding a logarithm, or any other quantity, to itself, is mtUtiplicatian. 
The involution of quantities, by means of logarithms, is there- 
fore performed, by multiplying the logarithms. 

Thus the logarithm 

of 100 iff 2 

oflOOxlOO, thatis, of 100« is2+2 =2x2. 

of 100X100X100, 1003is2+2+2 =2x3. 

of 100X100X100X100, 100* is 2+2+2+2 =2x4. 

On the same principle, the logarithm of 100" is 2Xfi. 
And the logarithm of a?", is (log. x) Xn. Hence, 

45. To involve a quantity by logarithms. MULTIPLY 

THE LOOARITHBI OF THE QUANTITY, BY THE INDEX OF THE 
POWER REQUIRED. 

The reason of the rule is also evident, from the consideration, 
that logarithms are the exponents of powers ^nd roots, and a 
power or root is involved, by multiplying its index into the in- 
dex of the power required. (Alg. 220, 288.) 

Ex. 1. What is the cube of 6.296? 
Root 6.296, its log. 0.79906 
Index of the power 3 

Power 249.6 2.89718 



2. Required the 4th power of 21.32 

Root 21.32 log. 1.32879 

Index 4 



Power 206614 6.31516 



3. Required the 6th power of 1 .689 

Root 1.689 log. 0.22763 

Index 6 



Power 23.215 1.36578 
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A. Required the 144tfa power of 1.003 

Root 1.003 log. 0.00130 

Index 144 



Power 1.539 



0.18720 



46. It roust be observed, as in the case of inultipjicatioo, 
(Art. 38.) that what is carried from the decimal part of the log- 
arithm is positive^ whether the index itself is positive or neg- 
ative. Or, if 10 be added to a negative index to render it pos- 
itive, (Art 12.) this will be multiplied as well as the other fig- 
ures so that the logarithm of the square, will be 20 too great ; 
of the cube, 30 too great, &c. 



Ex. 1. Required the cube of 0.0649 

Root 0.0649 log. 2.81224 

Index 3 



Power 0.0002733 



4.43672 



or 



8.81224 
3 

6.43672 



2. Required the 4ih power of 0.1234 
Root 0.1234 log. 1.09132 or 9.09132 

Index 4 4 



Power 0.0002319 



4.36528 



6.36528 



3. Required the 6ih power of 0.9977 
Root 0.9977 log. 1.99900 or 9.99900 

Index 6 6 



Power 0.9863 



1.99400 



9.99400 



4. Required the cube of 0.08762 
Root 0.0762 log. 2.04260 or 8.94260 

Index 3 3 



Power 0.0006727 



4.82780 



6.82780 
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6, The 7th power of 0.9061 is 0.5016. 
6. The 5th power of 0.9344 is 0.7123. 
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47. Evolution is the opposite of involution. Therefore, as 
|i|uantities are involved, by the multiplication of logarithms, roots 
are extracted by the division of logarithms ; that is, 

To extract the root of a, quantity by logarithms, DIVIDE 

THE LOGARITHM OF THE QUANTITY, BY THE NUMBER EXPRESS- 
ING THE ROOT REQUIRED. 

The reason of the rule is evident also, from the fact, that log- 
arithms are the exponents of powers and roots, and evolution is 
performed, by dividing the exponent, by the number expressing 
che root required. (Alg. 257.) 

1. Required the square root of 648.3. 

Nambers. Logarithms. 

Power 648.3 2)2.81178 
Root 25.46 1.40589 

2. Required the cube root of 897.1. 

Power 897.1 3)2.95284 

Root 9.645 0.98428 

In the first of these examples, the logarithm of the given num- 
ber is divided by 2 ; in the other, by 3. 

3. Required the 10th root of 6948. 

Power 6948 10)3.84186 

Root 2.422 0.38418 

4. Required the 100th root of 983. 

Power 983 100)2.99255 
Root 0.071 0.02992 

The division is performed here, as in other cases of decimals^ 
by removing the decimal point to the left. 
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5. What is the ten thousandth root 'of 49680000? 

Power 49680000 10000)7.69618 
Root 1.00179 0.00077 

We have, here, an example of the great rapidity with which 
arithmetical operations are performed by logarithms. 

48. Jf the index of the logarithm is negativcj and is not dimS" 
ible by the given divisor, without a remainder, a difficulty will 
occur, unless the index be altered. 

Suppose the cube root of 0.0000892 is required. The log- 
arithm of this is 5.95036. If we divide the index by 3, the 
quotient will be — 1, with -2 remainder. This remainder, if 
it were positive, might, as in other cases of division, be prefiited 
to the next figure. But the remainder is negative, while the 
decimal part of the logarithm is positive ; so that, when the 
former is prefixed to the latter, it will make neither+2.9 nor— 
2.9, but —2 + .9. This embarrassing intermixture of positives 
and negatives may be avoided, by adding to the index another 
negative number, to make it exactly divisible by the divisor. 
Thus, if to the index - 5 there be added - 1, the sum —6 will 
be divisible by 3. But this addition of a negative number must 
be compensated, by the addition of an equal positive number, 
which may be prefixed to the decimal part of the logarithm. 
The division may tbdn be continued, without difficulty, through 
the whole. 

Thus, if the logarithm 5.95036 be altered to_6+ 1.95036 it 
may be divided by 3, and the quotient will be 2.65012. We 
have then this rule, 

49. Add to the index, if necessary, such a negative number 
as wUl make it exactly divisible by the divisor, and prefix an 
equal positive nutnber to the decimal part of the logarithm. 

1. Required the 5th root of 0.009642.' 

Power 0.009642 log^' 3.98417 

or 5+2.98419 

Root 0.3952 1.59683 

2. Required the 7th root of 0.0004935 

Power 0.0004935 log. 4.69329 

or 7)7+3.63929 

Root 0.337 1.52761 
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50. If, for the sake of performing the division conveniently, 
the negative index be rendered positive^ it will be expedient to 
borrow as many tens, as there are units in the number denoting 
the root. 

What is the fourth root of_0.03698 ? 

Power 0.03698 4)2.66797 or 4)38.56797 
Root 0.4385 1.64199 9.64199 

Here the index, by borrowing, is made 40 too great, that is, 
+38 instead of —2. When, therefore, it is divided by 4, it is 
still 10 too great, -f 9 instead of — 1. 

What is the 6th root of 0.008926 ? 

Power 0.008926 5)3.96066 or 5)47.95066 
Root 0.38916 1.56013 9.59013 

51. A power of a root may be found by first multiplying the 
logarithm of the given quantity into the index of the power, 
(Art. 45.) and then dividing the product by the number express- 
ing the root. (Art. 47.) 

s 

1. What is the value of (53)"^, that is, the 6th power of the 
7th root of 53? 

Given number 53 log. 1.72428 
Multiplying by 6 

Dividing by 7)10.34563 

Power required 30.06 1.47795 

2. What 18 the 8th power of the 9th root of 654 ? 

PROPORTION BT LOGARITHMS. 



52. In a proportion, when three terms are given, the fourth 
is found, in common arithmetic, by multiplying together the sec- 
ond and third, and dividing by the first. But when logarithms 
are used, addition takes the place of multiplication, and siAtrac- 
tion^ of division. 

To find then, by logarithms, the fourth term in a proportion, 

ADD THE LOGARITHMS OF THE SECOND AND THIRD 

TERMS, AVJ> from the sum SUBTRACT the logarithm or 
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THE FIRST TERM. The remainder will be the logarithm of 
the term required. 

Ex. 1. Find a fourth proportional to 7964, 378, and 27960. 

Numbers. Logarithms. 

Second terra 378 2.67749 

Third term 27960 4.44664 



7.02403 
First terra 7964 3.90113 



Fourth term 1327 3.12290 

2. Find a 4th proportional to 768, 381, and 9780. 

Second term 381 2.68092 

Third term 9780 3.99034 



6.67126 
First term 768 2 88636 



Fourth term 4862 3.68690 
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63. When one number is to be subtracted from another, it is 
often convenient, first to subtract it from 10, then to add the dif- 
ference to the other nuraber, and afterwards to reject the 10. 

Thus, instead of o — 6, we may put 10— 6+a — 10. 

In the first of these expressions, b is subtracted from o. In 
the other, b is subtracted from 10, the difference is added to a, 
and 10 is afterwards taken from the, sum. The two expressions 
are equivalent, because they consist of the same terms, with the 
addition, in one of them, of 10—10=0. The alteration is, in 
fact, nothing more than borrowing 10, for the sake of conven- 
ience, and then rejecting it in the result. 

Instead of 10, we may borrow, as occasion requires, 100, 
1000, he. 

Thusa-6=100--6+a-100=1000-6+a-1000, 8cc. 

64. The DIFFERENCE beifjceen a given number and lOj or 
100 or 1000, fyc. is called the arithmetical complement 
of that number. 
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The aritbiuetical complement of a number consisting of one 
integral figure, either with or without decimals, is found, by sub- 
tracting the number from 10. If there are two integral figures, 
thej are subtracted from 100; if ihree^ from 1000, he. 

Thus the arithmetical compl't of 3.46 is 10- 3.46=^6.54 

of 34.6 is 100-34.6=66.4 
of 346. is 1000 - 346.==654. he. 

According to the rule for subtraction in arithmetic, anj num* 
ber is subtracted from 10, 100, 1000, be. by beginning on the 
right hand, and taking each figure from 10, after increoiing all 
except the first, by carrying 1. 

Thus, if from 10.00000 

We subtract , 7.63126 



The difi^erence, or arith'l comp't is 2.36876, which is ob- 
tained, by taking 6 from 10, 2 from 10, 4 from 10, 7 from 
10, and 8 from 10; we may take it without being increoiedf 
from 9. 

Thus 2 from 9 is the same as 3 from 10, 

3 from 9, the same as 4 from 10, he. Hence, 

55. To obtain the arithmetical complement of a ntimier, 
iubiraet the right hand significant Jigure from 10, and each of 
Ihie other J^res from 9. If, however, there are dphen on the 
right hand of all the significant figures, they are to be set down 
without alteration. 

In taking the arithmetical complement of a logarithm, if the 
index is negative it must be added to 9 ; for adding a negatNre 
quantity is the same as subtracting a positive one. (Alg. 81.) 
The difi^erence between —3 and +9, is not 6, but 12. 

The arithmetical complement 

of 6.24897 is 3.76103 of 2.70649 is 1 1.29361 

of 2.98643 7.01367 of 3.64200 6.36800 

of 0.62430 9.37670 of 9.36001 0.64999 

P.T. 6 
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56. The principal use of the arithmetical complement, is in 
working proportions by logarithms ; where some of the terms are 
to be addedy and one or more to be subtracted. In the Rule of 
Three or simple proportion, two terms are to be added, and 
from the sum, the first term is to be subtracted. But if, in- 
stead of the logarithm of the first term, we substitute its arith* 
metical complement, this may be added to the sum of the other 
two, or more simply, all three may be added together^ by one 
operation. After the index is diminished by 10, the result will 
be the same as by the common method. For subtracting a 
number is the. same, as adding its arithmetical complement, and 
then rejecting 10, 100, or 1000, from the sum. (Art. 53.) 

It will generally be expedient, to place the terms in the same 
order, in which they are arranged in the statement of the pro- 
portion. 



1. As 6273 a. c. 6.20262 
Is to 769.4 2.88615 
So is 37.61 1.57530 



To 4.613 



0.66397 



2, 



As 
Is to 
So is 



253 a. c. 7.59688 
672.5 2.827Q9 
497 2.69636 



To 1321.1 3.12093 



Af 46.34 a. e. 8.33404 


4. As 9.85 a. 


c. 9.00656 


Is to 892.1 3.95041 


Is to 643 


2.80821 


So if 7.638 0.88298 


So is 76.3 


1.88252 



To 157 



2.16733 



To 4981 



3.69829 



COUPOUND PROPORTION. 



67. In compound, as in single proportion, the term required 
may be found by logarithms, if we substitute addition for multi- 
plication, and subtraction for division. 

Ex. 1. If the interest of $365, for 3 years and 9 months, be 
$82.13 ; what will be the interest of $8940, for 2 years and 6 
months? 

In common arithmetic, the statement of the question is n^de 
in this manner, 
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365 dollars ) . gg.is dollars : : { 8940 dollars ) . 
3.75 years > , (2.6 years > 

And the method of calculation is, -to divide the product of the 
third, fourth, and fifth terms, by the product of the two first.* 
This, if logarithms are used, will he to subtract the turn of the 
logarithms of the two first terms, from the sum of the logarithms 
of the three. 

Tnrn fir.t l.rm. S ^^^ H' 2.66229 

Two first terms J 3^^ ^ ^^^^^^ 

Sum of the logarithms 3. 1 3632 

Third term 82.13 1.9H50 

v .u A4if.u. (8940 3.96134 . 

Fourth and fifth terms j g^^ ^^^g^g^ 



Sum of the logs, of the 3d, 4th, and 6th 6.26378 
Do. 1st and 2d 3.13632 



Term required 1341 3.12746 

68. The calculation will be more simple, if, instead of ni6- 
tractir^ the logarithms of the two first terms, we add their arith- 
fneiicai complements. But it must be observed, that each arith- 
metical complement increases the index of the logarithm by 10. 
If the arithmetical complement be introduced into two of the 
terms, the index of the sum of the logarithms will be 20 too 
great ; if it be in three terms, the index will be 30 too great, &c. 

rp ^ , , ( 366 a. c. 7.43771 

Two first terms J 3.75 «.,. 9.42597 

Third term 82.13 1.91460 

t^ L j/:ri (8940 3.96134 

Fourth and fifth terms I ^.5 o!39794 

Term required 1341 23.12746 



The result is the same as before, except that the index of the 
logarithm is 20 too great. 

-. ,, ^ 

* See Arithmetic. 
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Ex. 2. If the wages or 53 men for 42 da^s be 2200 dollars ; 
what will be the wages of 87 men for 34 days ? 

63 men > ,oooo- ( 87 men ) , 
42 days 5 *^^^" ^34days5 * 

T«^ fi..ct forma S ^^ «' «* 8.27672 

Two first terms? 42 ^^^^g^37g^^ 



Third term 2200 3.34242 
87 1.93952 

34 1.53148 



Fourth and fifth terms < 



Term required 2923.5 3.46589 

69. In the same manner, if the product of any number of 
quantities, is to be divided, by the product of several others ; we 
may add together the logarithms of the quantities to be divided, 
and the arithmetical complements of the logarithms of the divi- 
sors. 

Ex. If 29.67X346.2 be divided by 69.24x7.862x497; 

what will be the quotient ? 

M k . u A' A A (29.67 1.47232 
Numbers to be divided J 3^^ ^ 2.53933 

(69.24 a. c. 8.1 5964 

Divisors < 7.862 a. c. 9.10447 

/ 497 a. c. 7,30364 



Quotient 0.03797 8.5794 



In this way, the calculations in Conjoined Proportion may.be 
expeditiously performed. 
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60. Ip calculating compound interest, the amount for the 
first year, is made the principal for the second ye&r; the 
amount for the second year, the principal for the third year, 
be. Now the amount at the end of each year, must be pro- ' 
portioned to the principal at the beginning of the year. If 
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the priocipal for the fir9t year be 1 dollar, and if the the amount 
of 1 dollar for one year=a; then, (Alg. 377.) 

a : a'=:the amount for the 2d year, or the princi- 
pal for the 3d ; 

a> : a'^the amount for the third year, or the princi- 
pal for the 4th ; 

a 3 : a^=the amount for the 4th year, or the princi- 
pal for the 5th. 

That is, the amount of 1 dollar for any number of years is.ob- 
tamed, by finding the amount for 1 year, and involving this to a 
power whose index is equal to the number of years. And the 
amount of any other principal, for the given time, is found, by 
iDoltiplying the amount of 1 dollar, into the number of dollars, 
or the fractional part of a dollar. 

If logarithms are used, the multiplication required here may 
be performed by addition ; and the int)olution by multiplication. 
(Art. 46.) Hence. 

61. To calculate Compound Interest, Find the amount of I 
dollar for 1 year ; multiply its logarithm by the number of years ; 
and to the product^ add the logarithm of the principal The 
sum will be the logarithm of the amount for the given time. 
From the amount subtract the principal, and the remainder will 
be the interest. 

If the interest becomes due half yearly or quarterly; find the 
amount of one dollar, for the half year or quarter, and multiply 
the logarithm, by the number of half years or quarters in the 
given time. 

If P=the principal, 

a=the amount of 1 dollar for 1 year, 
fissany number of years, and 

Assthe amount of the given principal for n years; then 
A=a"xP. 

Taking the logarithms of both sides of the equation, and redu- 
cing it, so as to give the value of each of the four quantities, in 
terms of the others, we have. 
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1. Log. A=nK log. a+ log. P. 

2. Log. P=log. A - n X log. a. 



3. Log. a= 



4. 



n=- 



log. A —log. P> 
n 

log. A -log. P. 



log. a. 



Any three of ibese quantities being given, the fourth maybe 
found. 

Ex. 1. What is the amount of 20 dollars, at 6 per cent, com- 
pound interest, for ] 00 years ? 



Amount of 1 dollar for 1 year 
Multiplying by 


1.06 

20 
$6786 


log. 0.0253059 
100 


Given principal 


2.52059 
1.30103 


Amount required 


3.83162 



2. What is the amount of 1 cent, at 6 per cent, compound 
interest, in 500 years 



Amount of 1 dollar for 1 year 1.06 
Multiplying by 



Given principal 0.01 

Amount * $44,973,0P0,000 



log. 0.0253059 
500 



12.65295 
-2.00000 

10.65295 



More exact answers may be obtained, by using logarithms of 
a greater number of decimal places. 

3. What is the amount of 1000 dollars, at 6 per cent, com- 
pound interest, for 10 years? Ans. $1790.85 

4. *What principal, at 4 per cent, interest, will amount to 
1643 dollars in 21 years? Ans. $721. 
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5. What principal, at six per cent, will amount to 202 dollars 
in 4 years? Ans. $160. 

6. At what rate of interest, will 400 dollars amount to 569}, 
in 4 years ? Ans. 4 per cent. 

7. In bow many years will 500 dollars amount to 900, at 5 
per cent, compound interest ? Ans. 12 years. /Jl 

8. In what time will 10,000 dollars amount to 16,288, at 5 
per cent, compound interest? Ans. 10 years* 

9. At what rate of interest, will 11,106 dollars amount to •' 
20,000 in 15 years ? Ans. 4 per cent. 

10. What principal, at 6 per cent* compound interest, will 
amount to 3188 dollars in 8 years? Ans. $2000. 

11. What will be the amount of 1200 dollars, at 6- per cent, 
compound interest, in 10 years, if the interest is converted into 
principal every halfyear^ Ans. $2167.33 

12. In what time will a sum of money double,, at 6 per cent, 
compound interest ? Ans. 11.9 years. 

13. What is the amount of 5000 dollars, at 6 per cent, com- 
pound interest, for 28^ years ? Ans. $25,933.47. 
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61. &• The natural increase of population in a country, may 
be calculated in the same manner as compound interest ? on the 
supposition, that the yearly rate of increase is regularly proportion- 
ed to the actual number of inhabitants. From the population at 
the beginning of the year, the rate of increase being ^iven, may 
be computed the whole increase during the year. This aided 
to the number at the beginnitig, will give the amount, on which 
the increase of the second year is to be calculated ; in the same 
manner as the first year's interest on a sum of money, added to 
the sum itself, gives the amount on which the interest for the 
second year is to be calculated. 
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If P-=tbe populatioQ at the begioaing of the year 

a^l 4-the fraction which expresses the rate of increase, 
n=any number of years; and 

Ass the amount of the population at the end of n years; 
then, as in the preceding article, 

Ae»a"xP, and 

1. Log. A=»xlog. a+log. P. 



2. Log. P=log.A-nXlogi a. 

o T log. A-log. P. 

3. Log. a= 

log. A -log. P. 



Ex. 1. The population of the United States in 1820 was 
9,625,000. Supposing the yearly rate of increase to be ^*jth 
part of the whole, what will be the population in 1830? 

Here P=9,626,000. »=10. a= 1 + 31^=11. 

And log. A=10xlog. |f+log. (9,626,000,) 
Therefore, A =12,860,000, jfae population in 1830. , 

2. If the number of inhabitants in a country be five milKons^ 
at the beginning of a century ; and if the yearly rate of increase 
be ^V 9 ^^^^ ^'^^ ^^ ^^ number, at the end of the century? 

. ., , Ans. 132,743,700. 

3. If the population of a country, at the end of a century, is 
found to be 45,860,000 ; and if the yearly rate of increase has 
been t^^ ^bat was the population, at the commencement of the 
century ? - _ .^ns. 20 millions. 

4. The population of the United States in 1810 was 7,240,- 
000; in 1820, 9,625,000. What was the annual rate of in- 
crease between these two periods, supposing the increase each 
year to be proportioned to the population at the beginning of the 
year? 
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„ , log. 9,626,000 -log. 7,240,000 
Here log. a= j^ 

Therefore, a=1.029; and y{{|f,or2.9 per cent, is the rate 
of increase. / . ' ^ - ^i 

5. In bow many years, will the population of a country ad- 
vance fi^ora two millions to five millions ; supposing the yearly 
rate of increase to be ^J^^ ? Ans. 47^ years. 

6. If tbe population of a country, at a given time, be seven 
millions ; and if the yearly rate of increase be ^^^tb ; what will 
be tbe population at tbe end of 35 years ? 

7. «Tbe population of tbe U. Stales in 1800 was 5,306,000. 
What was it in 1780, supposing tbe yearly rate of increase to 

8. In what time, will tbe population of a country advance 
from four millions to seven millions, if tbe ratio of increase 

9. What must be tbe rate of increase, that tbe population of 
a place may change from nine thousand to fifteen tbousandi in 
12 years ? 

If tbe population of a country is not affected by immigration 
or emigration, tbe rate of increase will be equal to tbe differ- 
ence between the ratio of the births and the ratio of tbe deaihsy 
when compared with tbe whole population. 

Ex. 10. If the population of a country, at any given time, be 
ten millions; and the ratio of tbe annual number of births to tbe 
whole population be ^^9 ^"^ ^^^ ^^^^^ ^^ deaths ^-gy what will 
be the number of inhabitants, at tbe end of 60 years? 

Here tbe yearly rate of increase =5'^ - tt=^t?« 

And tbe population, at tbe. end of 60 years= 31 ,755,000. 

Tbe rate of increase or decrease from immigration or em- 
igratumy will be equal to the difference between the ratio of 
immigration and tbe ratio of emigration ; and if this differ- 

P. T. 6 
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ence be added to, or subtracted from, the dijOTerence between 
the ratio of the births and that of the deaths, the whole rate of 
increase will be obtained. 

Ex. 11. If in a country, the ratio of births be ^V> 
the ratio of deaths f\i 
the ratio of immigration j'j, 
the ratio of emigration ^V 5 

and if the population this year be 10 millions, what will it be 20 

years hence ? 

The rate of the natural increase =^-g\ — 4V=Tiir 5 
That of increase from immigration =j\ — oV^^i^r 5 
The sum of the two is a -Jt ; 

And the population at the end of 20 years, is 12,611,000. 

12. If the ratio of the births be ^Vj 

of the deaths, ^V? 

of immigration, ^\j 

of emigration j\y 

in what time will three millions increase to four and a half mill- 
ions? . ; / -.' . ^1 . 

If the period in which the population will double be given ; the 
numbers for several successive periods will evidently be in a 
geometrical progression, of which the ratio is 2 ; and as the num- 
ber of periods will be one less than the number of terms ; 

IfP=the first term, 

A=the last term, 

n=the number of periods; 
Then will A=P X2% (Alg. 439.) 
Or log. A=log. P+nXlog. 2. 

Ex. 1. If the descendants of a single pair double once in 25 
years, what will be their number, at the end of one thousand 
years ? 

The number of periods here is 40. 
And A=2X2*«=2,199,000,000,000. 
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2. If the descendants of Noah, beginning with his three sons 
and their wives, doubled once in 20 years for 300 years, what 
was their number, at the end of this time ? 

Ans. 196,608. 

3. The population of the United States in 1820 being 
9,625,000 ; what must it be in the year 2020, supposing it to 
double once in 25 years ? Ans. 2,464,000,000. 

4. Supposing the descendants of the first human pair to doub- 
le once in 50 years, for 1650 years to the time of the deluge, 
what was the population of the world, at that time ? 

/ ■ /• ' . ■ . 
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62. An Exponential equation is on,e in which the letter ex- 
pressing the unknown quantity is an exponent. 

Thus a* =6, and x'=bc, are exponential equations. These 
are most easily solved by logarithms. As the two members of 
an equation are equal, their logarithms must also be equal. If 
the logarithm of each side be taken, the equation may then be 
reduced, by the rules given in algebra. 

Ex. What is the value of a? in the equation 3' =243? 

Taking the logarithms of both sides, log. 3*=log. 243. 
But the logarithm of a power is equal to the logarithm of the • 
root, multiplied into the index of the power. (Art. 45.) 

Therefore (log. 3) Xa;=log. 243; and dividing by log. 3, 
log. 243 2.385611 



log. 3. "^0.47712' 



=5. So that 3'^ =243. 



63. The preceding is an exponential equation of the sim- 
plest form. Other cases, after the logarithm of each side is ta- 
ken, may be solved by Trial and Error, in the same manner 
as affected equations. (Alg. 503.) For this purpose, make 
two suppositions of the value of the unknown quantity, and find 
their errors ; then say, 
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As the difference of the errors, to the dif- 
ference of the assumed numbers ; 

So is the least error, to the correction required 
in the corresponding assumed number. 

Ex. 1. Find the value of ;r in the equation a?' =256. 
Taking the logarithms of both sides (log. x) X<r=log. 256 
Let X be supposed equal to 3.5, or 3.6. 

Bj the flret supposition. By the second supposition. 

a:=3.5, and log. x=0.54407 a:=3.6, and log. a?=0.55630 
Multiplying by 3.5 Multiplying by 3.6 

(log. 0?) X a? =1.90424 (log. x) Xa:=2.00268 

log. 256=2.40824 log. 256=2.40824 

Error -0.40400 Error —0.40566 

Difference of the errors 0.09844 

Then 0.09844 : 0.1 :: 0.40556 : 0.4119, the correction. 
This added to 3.6, the second assumed number, makes the val- 
ue of x=4.01I9. 

To correct this farther, suppose a;=4.011, or 4.012. 

By the first supposition. By the second supposition. 

a?=4.01 1, and log. a:=0.60325 a?=4.012, and log. a?=0.60336 
Multiplying by 4.011 Multiplying by 4.012 

(log. a?) Xa?=2.41963 (log. x) Xa?=2.42068 

log. 256=2.40824 log. 256=2.40824 

Error +0.01139 Error +0.01244 

Difference of the errors 0.00 1 05 

Then 0.00105 : 0.001 : :0.01139 : 0.011 very nearly. 
Subtracting this correction from the first assumed number 

4.011, we have the value of a?=4, which satisfies the conditions 

of the proposed equation ; for 4^ =256. 

2. Reduce the equation 4'a7=100jr'. Ans. a:=5. 

3. Reduce the equation a?'=9x. J r ^ ^ 
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64. The exponent of a power may be itself a power, as in the 
equation 

X 

wbere x is the exponent of the power m', which is the expo- 

X 

Dent of the power a"*. 

Ex. 4. Find the value of a:, in the equation 9' =1000. 

loe. 1000 
3* x(log. 9)=:Iog. 1000. Therefore 3'= ^^ ^ =3.14 

Then as 3 '=3.14. a;(log. 3)=log. 3.14. 

^ ^ log. 3.14. 

Therefore a:=-^^3-=f^^?|f 1=1-04. 

In cases like this, where the factors, divisors, &c. are loga- 
rithms, the calculation may be facilitated, by talking the logarithms 
of the logarithms. Thus the value of the fraction HttIt I ^^ 
roost gasify found, by subtracting the logarithm of the logarithm 
which constitutes the denominator, from the logarithm of that 
which forms the numerator. 

ba'+d 
6- Find the value of a?^ in the equation — - — =ot. 

log. (cm — £?)- log. 6. 

Ans. a?= TZn: 

log. a. 
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SECTION IV. 

BIFTSRENT SYSTEMS OF LOGARITHMS, ANlb COMPUTATION OF 
THE TABLES. 

65. For the common purposes of numerical computatioDi 
Briggs' system of logarithms has a decided advantage over every 
other. But the theory of logarithms is an imnortant instrument 
of investigation, in the higher departments ot mathematical sci- 
ence. In its numerous applications, there is frequent occasion 
to compare the common system with others ; especially with that 
which was adopted, by the celebrated inventor of logarithms. 
Lord Napier. In conducting these investigations, it isoften ex- 
pedient to express the logarithm of a number, in the form of a 
geries. 

If a'=N, then x is the logarithm of N. (Art. 2.) 
To find the value of x, in a series, let the quantities a and N 
be put into the form of a binomial, by making a=l+&, and N 
= l+n. Then (1 + J)' = l+n, and extracting the rooty of 
both sides, we have 

(l+6y=(l+n)y- 
By the binomial theorem 

('+'/='+;-<»)+,^(r')('^)+'j(i-")(r')(S) 

, +bc. 
(l+n/=I+J(n)+J(i-l) (¥)+J(^-l) (i-2) {^) 

+ ««;. 

As these expressions will be the same, whatever be the 

X 1 

value of y let y be taken indefinitely great ; then- and - ^ 

being indefinitely small, in comparison with the numbers — 1, 
—2, be. with which they are connected, may be cancelled 

from the factors (^-l), (^-2),8ic.(^- »), (^-s)* ««• 

X x/b*\ af/ft'N xlb*\ 
(Alg.466.)leavingl+-*--(2-)4--(3-)--(4-), &c. 

1 l/n»\ l/n»\ l/n«\ . 
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Rejecting 1 from each side of ifae equation, multiplying by y, 
(Alg. 159.) and dividing by the compound factor into which x 
is multiplied, we have 

^=Log. ^^jz:Thr+7bTzrTbr.f^^ a 

Or, as n=N— 1, and 6=a- I, 

T fj (N-l)-4( N^ l)«+KN-l)^-KN-l)*+ hc. 

Which is a general expression, for the logarithm of any num- 
ber N, in any system in which the base is a. The numerator 
is expressed in terms of N only; and the denominator in terms 
of a only : So that, whatever be the number, the denominator 
will remain the same, unless the base is changed. The recip- 
rocal of this constant denominator, viz. 

1 

is called the Modulus of tlie system of which a is the bpse. If 

this be denoted by M, then 

Log. N==MX((N-1)-J(N-1)» + 1(N-1)«-J(N-1)* 

+&c.) 

66. The foundation of Napier's system of Logarithms is laid, 
by making the modulus equal to unity. From this condition 
the base is determined. Taking the equation above marked A. 
and making the denominator equal to 1, we have 
a?=n— ^n^+^n'— Jn*+jn« — &o. 

By reverting this equation* 

a?* a?* X* a?* 

Or, as by the notation, n+ 1 ==N=a', 

If then X be taken equal to 1, we have 

111 1 

a=l + l+^+2;3+2-3;4+2;g^+fac. 

Adding the fifteen terms, we have 

2.7182818284 
Which is the base of Napier's system, correct to ten places 
of decimals^ 

* See note D. 
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Napier's logarithms are also called hyperbolic logarithms, from 
certain relations which they hav^ to the spaces between the 
asymptotes and the curve of the hyperbola ; although these re- 
lations are not, in fact, peculiar to Napier's system. 

67. The logarithms of different systems are compared with 
each other, by means of the modulus. As in the series 

(N-l)-^j(N~l)«+i(N-l)^-KN-lV+& c. 
(a-l)-i(a-l)«+i(a-l)»+i(a-l)*+&c. 

whidh expresses the logarithm of N, the denominator only is af<- 
fected by a change of the base a ; and as the value of fractions, 
whose numerators are given, are reciprocally as their denomin- 
ators : (Alg. 360. cor. 2.) 

The logarithm of a given numbery in one system^ 

Is to the logarithm oj the same number in another system ; 

As the modulus of one system. 

To the modulus of the other. 

So that, if the modulus of each of the systems be given, and 
the logarithm of any number be calculated in one of the sys- 
tems ; the logarithm of the same number in the other system 
may be calculated by a simple proportion. Thus if M be the 
modulus in Briggs' system, and M^ the modulus in Napier's ; I 
the logarithm of a number in the former, and I' the logarithm 
of the same number in the latter ; then, 

M:M'::/:/^ 
Or, asM'=l, 
M:i::/:P 

Therefore, /=Z'xM; that is, the common logarithm of a 
number, is equal to Napier's logarithm of the same, multiplied 
into the modulus of the common system. 

To find this modulus, let a be the base of Briggs' system, and 
e the base of Napier's ; and let La denote the common logarithm 
of a, and V.a denote Napier's logarithm of a. 

la 
Then M : 1 : :/.a : I. a. Therefore M=|— 

I .a 

But in the common system, a =10, and La=il. 

So that, ^^/tja) that is, the modulus of Briggs' system, is 
equal to 1 divided by Napier's logarithm of 10. 
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Again M : l::7.e«rr.e 

But as e denotes Napier's base, l\essl. 
So that M=£/.e that is, the moduhis of the coromon system, 
is equal to the common logarithm of Napier's base. 

Therefore, either of the expressions, I.e, or t,--' may be used 

to convert the logarithms of one of the systems into those of 
the other. 

TAe ratio of the logarithms of iioo numbers to each other , ie 
the same in one system as in another* If N and n be the two 
numbers ; 

Thea 7.N:/'.N::M:M' 

ln:l\n::M:M' 

Therefore, Z.N : l.n: :/'.N : l.n. 

COMPUTATION OP LOGABITHMS. 

68. The logarithms of most numbers can be calculated by ap- 
proximation only, by finding the sum of a sufficient number of 
terms, in the series which expresses the value of the logarithma^ 
According to Art. 65. 

L6g.N=Mx((N-l)-i(N-l)'+i(N-l)»,«ic.) 
Or, putting as before, n=N— 1, 
Log- (l+n)=xM(n-^4n=+i»'-i«* + i»* - &c-) 

But this series will not converge, when n is a whole numbeti 
greater than unity. To convert it into another which will Cdn- 
verge, let (1 — n) be expanded in the same manner as!(14-^)f 
(Art 65.) The formula will be the same, except that the odd 
powers of n will be negative instead of positive. 

We shall then have. 

Log. (l+n)=M(n-in«+in*-ln*+in*-&c.) 
Log. (1— n)=M(-ii-Jn«-in» — }n*-itt»-&c.) 

Subtracting the one from the other tbe even powers of n disap* 
pear, and we have 

M(2n+|n»+|n«+f»''+ fcc-) 

or 
2M(n+ln» + Jn*+4n^+ fcc.) 

P.T. 7 
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But this, which is the iiffemnce of the logarithms pf (l+w) 
and (1 — n) is the logarithm of the quotient of the one divided 
by the other. (x\rt. 36.) 

1+n 

That is, Log.Y3^^2M(n+in3 + in«+in''+&c.) 

Now put «="^|" 

1+. ^ ^ 



Then, ^'^'^- ^-^ ^^1 



1-n i_ 1_ ^J2_^ 5r~2 

z \+n 1 
Therefore, substituting - — ^ for -; , and for w, 

we have 

Log. ^=2M (-^-+g^3-+^^^ + &c.) 

Or, (Art. 36.) 

Therefore, 
Log.*=log.(^-2)+2M(^+j3^+^^.+ &c.) 

This series may be applied to the computation of any number 
greater than 2. 

To find the logarithm of 2, let ;r=4 
Then (z--l)=3,and the preceding series, after transpos- 
ing log. [z - 2) becomes 

Log. 4 -log. 2=2M (^+3^+ 5:|t+ 7:3-7, &?.) 

But as 4 is the square of 2 ; log. 4=2 log. 2.. (Alg. 44.) So 
that log. 4 —log. 2= log. 2. We have then 
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Log. 2=2M(3+3;3i+5;37 + ;y;37+9;35+'&c.j 

When the logarithms of the prime numbers are computed, the 
logarithms of ail other numbers may be found, by simply adding 
the logarithms of the factors of which the numbers are compos- 
ed. (Art. 36.) 

69. In Napier's system, where M = l, the logarithms may be 
computed, as in the following table* 



Log. ^=2^3+3-37+^-37+;^, &c.) =0.693147 

Log.3=2Q + 3;^+g;^+^, &o.) =1.098612 

Log. 4=2 log. 2. = 1 .386294 

Log. 5=log. 3+2(^+3^3+^+^, &c.) =1.609438 

Log. 6=log. 3+log. 2. =1.791759 

Log. •7=log.5+2(^+3^+^+^;. &c.) =1.946910 

Log. 8=log. 4+log. 2. =2.079441 

Log. 9=2 log. 3. =2.197224 

Log. 10=log. 5+log. 2. =2.302585 

&c. &c. be. 

70. to compute the logarithms of the common system, it will 
be necessary to find the value of the modulvs. This is equal to 
1 divided by Napier's logarithm of 10, (Art. 67.) that is, 



2.302585 =.43429448 

This number substituted for M, or twice the number, viz. 
.86858896 substituted for 2 M, in the series in Art. 68. will en- 
able us to calculate the common logarithm of any number. 
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COMMON OH BRIGGS' LOGARITHMS. 

Log. 2:=r.86868896(^+3;57+^+7;^' &^^ =0.301030 

Log. 3=.86858896(^+3~^+^+;y;^^ fcw.) =r. 0.477121 

Log. 4=3 log. 2. = 0.602060 

Log. 5=log. 10-log. 2 = 1 -log. 2. =0.698970 

Liog. 6=Iog. 3+log. 2. =0.778151 

Log. 7=.86858896(J+3;^3+^+;^, &c.) 

+log.6. =0.846098 

Log. 8=3 log. 2. =0.903090 

Log. 9-2 log. 3. =0.964242 

Log. 10 ' =1.000000 

be. &c. 
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TRIGONOMETRY. 

SECTION I. 

SINKS, TANGENTS, SSCANTS, StC. 



Aet. 71. Trigonohetrt treats cfthe relations of the sides 
and ungles of triangles. Its first object is, to determine the 
length of the sides, and the quantity of the angles. In addition 
to this, from its principles, are derived many interesting methods 
of investigation in the higher branches of analysis, particularly in 
physical astronomy. Scarcely any department of mathematics 
is more important, or more extensive in its applications. By 
irigODometry, the mariner traces his path on the ocean ; the 

feographer determines the latitude and longitude of places, the 
imensions and positions of countries, the altitude of mountains, 
the courses of rivers, &c. and the astronomer calculates thedis^ 
tances and magnitudes of the heavenly bodies, predicts the 
eclipses of the sun and moon, and measures the progress of light 
from the stars. 

72. Trigonometry is either |>2ane or spherical. The foVmer 
treats of triangles bounded by n^A^ lines; the latter, of triangles 
bounded bj arcs of circles. 

Divisions of the Circle. 

73. In a triangle there are two classes of quantities which are 
the subjects of inquiry, the sides and the angles. For the pur- 
pose 01 measuring the latter, a circle is introduced. 

The periphery of every circle, whether great or small, is sup- 
posed to be divided into 360 equal jparts called degrees^ each 
degree into 60 minuteSf each minute mto 60 seconds, each sec- 
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ond into 60 thirds^ he. marked with the characters ^,'/','", kc. 
Thus, 32° 24' 13" 22''^ is 32 degrees 24 minutes 13 seconds 
22 thirds.* 

A degree, then, is not a magnitude of a given length ; but a 
certain portion of the whole circumference of any circle. It is 
evident, that the 360th part of a large circle is greater, than the 
same part of a small one. On the other hand, the number of 
degrees, in a small circle, is the same as in a large one. 

The fourth part of a circle is called a quadrant, and contains 
90 degrees. 

74. To measure an angle, a circle is so described that its cen- 
ter shall be the angular point, and its periphery shall cut the two 
lines which include the angle. The arc between the two lines 
is considered a measure of the angle, because, by Euc. 33. 6, 
angles at the center of a given circle, have the same ratio to 
each other, as the arcs on which they stand. Thus the arc AB, 
(Fig. 2.) is a measure of the angle ACB. 

it is immaterial what is the size of the circle, provided it cuts 
the lines which include the angle. Thus the angle ACD (Fig. 
4.) is measured by either of the arcs AG, ag. For ACD is to 
ACH, as AG to AH, or as ag to ah. (Euc. 33. 6.) 

76. In the circle ADGH, (Fig. 2.) let the two diameters AG 
and DH be perpendicular to each other. The angles ACD, 
DOG, GCH, and HCA will be right angles ; and the periphery 
of the circle will be divided into four equal parts, each contain- 
ing 90 degrees. As a right angle is subtended by an arc of 90^, 
the angle itself is said to contain 90^. Hence, in two right an- 
gles, there are 180^, in four right angles 360^ ; and in any other 
angle, as many degrees, as in the arc by which it is subtended. 

76. The sum of the three angles of any triangle being equal 
to two right angles, (Euc. 32. 1.) is equal to 180^. Hence, 
there can never be more than one obtuse angle in a triangle. 
For the sum of two obtuse angles is more than 180°. 

77. The COMPLEMENT of an arc or an angle, is the difference 
between the arc or angle and 90 degrees. 

The complement of the arc aS (Fig. 2.) is DB; and the 
complement of the angle ACB is DOB. The complement of 
the arc BDG is also DB. 



* See note £. 
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The complement of 10° is 80^, of 60^ is 30^, 
of 20O is 70°, of 120O is 30°, 
of 60<^ is 40O, of 170O is 80^, &c. 

Hence, an acute angle and its complement are always equal 
to 90^. The angles ACB and DCB are together equal to a 
right angle. The two acute angles of a right angled triangle are 
equal to 90^ : therefore each is the complement of the other. 

78. The SUPPLEMENT of an arc or an angle is the difference 
between the arc or angle and 180 degrees. 

The supplement of the arc BDG (Fig. 2.) is AB ; and the 
supplement of the angle BCG is BCA. 

The supplement of 10° is 170°, of 120^ is 60^, 

o f 80° is 1 00°, of 1 60° is 30°, &c. 

Hence an angle and its supplement are always equal to 180°. 
The angles BCA and BCG are together equal to two right an-* 
gles. 

79. Cor. As the three angles of a plane triangle are equal to 
two right angles, that is, to 180° (Euc. 32. 1.) the sum of any 
two of them is the supplement of the other. So that the third 
angle may be found by subtracting the sum of the other two 
from 1S0°. Or the sum of any two may be found, by subtract* 
ing the third from 180°. 

80. A straight line drawn from the center of a circle to any 
part of the periphery, is called a radius of the circle. Id many 
calculations, it is convenient to consider the radius, whatever be 
its length, as a unit. (Alg. 510.) To this must be referred the 
numbers expressing the lengths of other lines. Thus 20 will be 
twenty times the radius, and 0.75, three fourths of the radius. 

Definitions of Sines^ Tangents^ Secanti^y ifc» 

81. To facilitate the calculations in trigonometry, there are 
drawn, within and about the circle, a number of straight lines, 
called Sines^ Tangents^ Secants^ 6fc. With these the learner 
should make himself perfectly familiar. 

82. The Sine of an arc is. a straight line drawn from one end 
of the arc^ perpendicular to a diameter which passes through the 
other end. 
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Thus BG (Fig. 3.) is the sine of the arc AG. For B6 is a 
line drawn from the end G of the arc, perpendicular to the di- 
ameter AM which passes through the other end A of the arc. 

Cor. The sine is half the chord of double the arc. The sine 
BG is half PG, which is the chord of the arc PAG, double the 
arc AG. 

83. The VERSED SINE of an arc is that part of the diameter 
which is between the sine and the arc. 

Thus BA is the versed sine of the arc AG. 

84. The TANGENT of an arcj is a straight line drawn perpen- 
dicularfrom the extremity of the diameter which passes through 
one end of the arcj and extended till it meets a line drawn from 
the center through the other end. 

Thus AD (Ffg. 3.) is the tangent of the arc AG. 

85. The SECANT of an arc, is a straight line drawn from the 
center, through one end of the arc, and extended to the tangent 
which is drawn from the other end. 

Thus CD (Fig. 3.) is the secant of the arc AG. 

86. In Trigonometry, the terms tangent and secant have a 
more limited nieanirrg, than in Geometry. In both, indeed, the 
tangent touches the circle, and the secant cuts it. But in Geom- 
etry, these lines are of no determinate length ; whereas, in Trig- 
onometry, they extend from the diameter to the point in which 
they intersect each other. 

87. The lines just defined ar& sines, tangents and secants of 
arer. BG (Fig. 3.) is the sine of the arc AG. ' But this arc 
subtends the angle GCA. BG is then the sine of the arc which 
subtends the angle GCA. This is more concisely expressed, 
by saying that BG is the sine of the angle GCA. And univer- 
sally, the sine, tangent, and secant of an arc, are said to be the 
sine, tangent, or secant of the angle which stands at the center 
of the circle, and is subtended by the arc. Whenever, therefore, 
the sine, tangent, or secant of an angle is spoken of; we are to 
suppose a circle to be drawn whose center is the angular point ; 
and that the lines mentioned belong to that arc of the periphery 
which subtends the angle. 

88. The sine, and tangent of an acute angle, are opposite to 
the angle. But the 9ecant is one of the lines which include the 
angle. Thus the sine BG, and the tangent AD (Fig. 3.) are 
opposite to the angle DCA. But the secant CD is one of the 
lines which include the angle. 
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89. The sine complement or cosine of an ctngle, mm ike sine 
of the COMPLEMENT of that angle. Thus, if the diameter HO 
(Fig. 3.) be perpendieular to MA, the angle HCG is the com- 
plement of ACG; (Art. 77.) and L6, or its equal CB, is the 
sine of HCG. (Art. 82.) It is, therefore the cosine of GCA. 
On the other hand GB is the sine of GrCA, and the cosine of 
GCH. 

So also the cotangent of an angle is the tangent of the com^ 
fdement of the angle. Thus HF is the cotangent of GrCA. 
And the cosecant of an angle is the secant of the complement of 
the angle. Thus CF is the cosecant of GCA. 

Hence, as in a right angled triangle, one of the acute angles 
is the complement of the other; (Art. 77.) the sine, tangent, 
and secant of one of these angles, are the cosine, cotangent, and 
cosecant of the other. 

90. The sine, tangent, and secant of the supplement of an 
angle, are each equal to the sine, tangent, and secant, of the 
angle itself. It will be seen, by applying the definition (Art. 
82.) to the figure, that the sine of the obtuse angle GCM is BG, 
which is also the sine of the acute angle GCA. It should be 
observed, however, that the sine of an acute angle is opposite 
to it; while the sine of an obtuse zugh falls vnthout the angle, 
and is opposite to its supplement. Thus BG, the sine of the 
angle MCG, is not opposite to MCG, but to its supplement 
ACG. 

. The tangent of the obtuse angle MCG is MT, or its equal 
AD, which is also the tangent of ACG. And the secant of 
MCG is CD, which is also the secant of ACG. 

91. But the verseJ sine of an angle is not the same^ as that 
of its supplement. The versed sine of an acute angle is equal 
to the difference between the cosine and radius. But the vers- 
ed sine of an obtuse angle is equal to the sum of the cosine and 
radius. Thus the versed sine of ACG is AB=: AC - BC. (Art. 
83.) But the versed sine of MCG is MB=^MC-f BC. 

Relations ofSines^ Tangents^ Secants, ^c. to each other. 

92. The relations of the sine, tangent, secant, cosine, &c. to 
each other, are easily derived from the proportions of the' sides 
of similar triangles. (Euc. 4. 6.) In the quadrant ACH, (Fig, 
3.) these lines form three similar triangles, viz. ACD, BCG or 
LCG, and HCF. For in each of these, there is one right «q« 

P. T. 8 
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gle, because the sines and tangents are, by definition, perpen- 
dicular to AC ; as the cosine and cotangent are to CH. The 
lines CH, B6, and AD are parallel, because CA makes a right ' 
angle with each. (Euc. 27. 1.) For the same reason, CA, LG, 
and HF are parallel. The alternate angles GCL, BGC, and 
the opposite angle CDA are equal; (Euc. 29. 1.) as are also 
the angles GCB, LGC, and HFC. The triangles ACD, BCG, 
and HCF are therefore similar. 

It should also be observed, that the line BC, between the sine 
and the center of the circle, is parallel and equal to the cosine ; 
and that LC, between the cosine and center, is parallel and equal 
to the sine ; (Euc. 34. 1.) so that one may be taken for the other, 
in any calculation. 

93. From these similar triangles, are derived the following 
proportions ; in which R is put for radius, 

sin for sine, cos for cosine, 

tan for tangent, cot for cotangent, 

sec for secant, cosec for cosecant. 

By comparing the triangles CBG and CAD, 
■ 1. AC : BC: : AD : BG, that is, R : cos: :tan : sin. 
2. CG : CD: :BG : AD R : sec: :sin : tan. 

3 CB : CA: :CG : CD cos : R: :R : sec. 

' Therefore R^ =cos X sec. 

By comparing the triangles CLG and CHF, 
4. CH : CL: :HF : LG, that is, R : sin: : cot : COS. 
6. CG : CF: :LG : HF R : cosec: : cos : cot. 

6. CL : CH: :CG : CF sin : R: :R : cosec. 

Therefore R" =sin x cosec. 

By comparing the triangles CAD and CHF, 

7. CH : AD: :CF : CD, that is, R : tan : : cosec : sec. 

8. CA : HF: :CD : CF R : cot: :sec : cosec. 

9. AD ; AC: :CH : HF tan : R: :R : cot. 

Therefore R^^tanXcot. 

It will not be necessary for the learner to commit these propor- 
tions to memory. But he ought to make himself so familiar with 
the manner of stating them from the figure, as to be able to ex- 
plain them, whenever they are referred to. 
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94. Other relations of the sine, tangent, 8ic. nnay be derived 
from the proposition, that the square of the bypothenuse is equal 
to the sura of the squares of the perpendicular sides. (Euc. 47. 

In iheright angled triangles CBG, CAD, and CHF, (Fig. 3.) 

1. CG'^CB^+BG^ that is, R«=cos«+sin%* 

2. CD»=CA«+AD» sec»=R«+tan% 

3. CF^=CH»+HF« cosec^=Ra+cot^ 

And, extracting the root of both sides, ( Alg. 296.) 

R=v'cos^+sin* = v'sec* — tan"=v'Gosec' —cot* 
Hence, if R=l, (Alg. 610.) 

Sin=v'l-cos» Sec=v/l+tan« 



Cos='v/l— sin' Cosec=v^l+cot* 

95. The sine of 90^^ 

The chord of 60^ > are, in any circle, each equal to 
And the tangent of 45^ ) 
the radius, and therefore equal to each other. 

Demonstration. 

1. In the quadrant ACH, (Fig. 5.) the arc AH is 90°. The 
sine of this, according to the definition, (Art. 82.) isCH, the ra- 
dius of the circle. 

2. Let AS be an arc of 60. Then the angle ACS, being 
measured by this arc, will also contain 60^ ; (Art. 75.) and the 
triangle ACS will be equilateral. For the sum of the three an- 
gles is equal to 180^. (Art. 76.) From this, taking the angle 
ACS, which is 60^, the sum of the remaining two is 120^. 
But these two are equat, because they are subtended by the equal 
sides, CA and CS, both radii of the circle. Each, therefore, is 
equal to half 120°, that is to 60°. All the angles being equal, 



* Sines is here put for the square of the sine, cosi for the square of the co- 
doe, &c. 
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die sides are equal, and therefore AS, the chord of 60^, is equal 
to CS the radius. 

3. Let AR be an arc of 45^. AD will be its tangent, and 
the angle ACD subtended by the arc, wiir contain 45^. The 
angle CAD is a right angle, because the tangent is, by definition, 
perpendicular to the radius AC. (Art. 84.) Subtracting ACD, 
which is 45°, from 90°, (Art. 77.) the other acute angle ADC 
will be 46°, also. Therefore the two legs of the triangle ACD 
are equal, because they are subtended by equal angles ; (Euc. 
6. 1.) that is, AD the tangent of 45°, is equal to AC the radius. 

Cor. The cotangent of 45° is also equal to radius. For 
the complement of 45° is itself 45°. Thus HD, the cotangent 
of ACD, (Fig. 5.) is equal to AC the radius. 

96. The sine of 30° is equal to half radius. For the sine of 
30° is equal to half the chord of 60°. (Art. 82. cor.) But by 
the preceding article, the chord of 60° is equal to radius. Its 
half, therefore, which is the sine of 30° is equal to half the radi- 
us. 

Cor. 1. The cosine of 60° is equal to half radius. For the 
cosine of 60° is the sine of 30°, (Art. 89.) 

Cor. 2. The cosine of 30° =V 3. For 

Cos230°=:R*-sin«30° = l-J = J. 
Therefore, 

Cos30°=-v/|=:iv/3. 

96. i. The sine of 45° =i -7^. For 

R«3:l=8in« 45°+cos» 45°=2 sin'* 46° 
Therefore, Sin 45°=-v/i=772- 

97. The chord of any arc is a mean proportional^ between 
the diameter of the circle, and the versed sine of the arc. 

Let ADB (Fig. 6.) be an arc of which AB is the chord, BF 
the sine, and AF the versed sine. The angle ABH is a right 
angle, (Euc. 31. 3.) and the triangles ABH and ABF are simi- 
lar. (Euc. 8. 6.) Therefore, 

AH:AB::AB: AF. 
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That is, the diameter is to the chord, as the chord to the ver- 
sed sine. 

In Fig. 6ih, let the arc Ap=o, and ADB=2fl. Draw BF 
perpendicular to AH. This will divide the right angled triangle 
ABH into two similar triangles. (Euc. 8. 6.) The angles ACD 
and AHB are equal. (Euc. 20. 3.) Therefore the four trian- 

fles AC6, AHB, FHB, and FAB are similar; and the line B 
I is twice C6, because BH : CG: :HA : CA. 

The sides of the four triangles are, 
AG=sin a, CG=:cos a, HFssTers. sup. 2a, 
AB=s2sina BH^sScosa, AC = the radius, 
BFs=sin2a, AFsvers2(i, AH=the diameter. 

A variety of proportions may be stated, between the homolo- 
gous sides of these triangles : For instance, 

By comparing the triangles ACG and ABF, 

AC : AG: : AB : AF, that is, R : sin a! :2s]n a : vers 2a 
AC : CG: :AB : BF R : cosa: :2sin a ; sin 2a 

AG : CG: :AF : BF Sin a : cos a: rvers 2a : sin 2a 

Therefore, 
Rxvers2a=:2sin*a 
R X sin 2a =2sin a X cos a 
Sin a X sin 2a = vers 2a X cos a 

By comparing the triangles ACG and BFH, 
AC : CG: :BH : HF, that is, R : cosa: :2cosa r vers. sup. 2a 
AG : CG: :BF : HF Sin a : cos a: :sin 2a : vers. sup. 2a 

• Therefore, 
RXvers. sup. 2a:s=-2cos'a 
Sin a X vers. sup. 2a=:cos a X sin 2a 
&;c. be. 

That is, the product of radius into the versed sine of the sup- 
plement of twice a given arc, is equal to twice the square of the 
cosine of the arc. 

And the product of the sine of an arc, into the versed sine of 
tfae supplement of twice the arc, is equal to the product of the 
cosine of the arc, into the sine of twice the arc, &c. kc. 



58 



SECT^ION II. 



TH£ TRIGONOMETRICAL TABLES. 

Art. 98. To facilitate the operations in trigonometry, the 
sine, tangent, secant, &c. have been calculated for every degree 
and minute, and in some instances, for every second, of a quad- 
rant, and arranged in tables. These constitute what is called 
the Trigonometrical Canon.* It is not necessary to ei^tend 
these tables beyond 90^ ; because the sines, tangents, and secants, 
are of the same magnitude, in one of the quadrants of a circle, 
as in the others. Thus the sine of 30^ is equal to that of 160^. 
(Art. 90.) 

99. And in any instance, if we have occasion for the sine, 
tangent, or secant of an obtvse angle, we may obtain it, by look- 
ing for its equal, the sine, tangent, or secant of the supplemen- 
tary acute angle. 

100. The tables are calculated for a circle whose radius is 
supposed to be a unit. In may he an inch, a yard, a mile or 
any other denomination of length. But the sines, tangents, inc. 
must always be understood to be of the same denomination as 
the radius. 

101 . All the sines, except that of 90°, are less than the radi- 
us, (Art. 82, and Fig. 3.) and are expressed in the tables by de- 
cimals. 

Thus the sine of 20° is 0.34202, .of 60° is 0.86603, 

of 40° is 0.64279, of 89° is 0.99986, &c. 

When the tables are intended to be very exact, the decimal is 
carried to a greater number of places. 

The tangents of all angles less than 45° are also less than 
radius. (Art. 95.) But the tangents of angles greater than 
45°, are greater than radius, and are expressed by a whole 
number and a decimal. It is evident that all the secants also 



* For the c&nstrucHan of the Cafion, tee Section VUI. 
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roust be greater than radius, as they extend from the center, to 
a point without the circle. 

102. The numbers in the tables here spoken of, are called 
natural sines, tangents, &;c. They express the lengths of the 
several lines which have been defined in Arts. 82, 83, &c. Bf 
means of them, the angles and sides of triangles may be accu- 
rately determined. But the calculations must be made by the 
tedious processes of muhiplication and division. To avoid this 
inconvenience, another set of tables has been provided, in which 
are inserted the logarithms of the natural sines^ tangents, &c. 
By the use of these, addition and subtraction are made to per- 
form the office of multiplication and division. On this account, 
the tables of logarithmic, or as they are sometimes called, ariiji' 
cial sines, tangents, &c. are much more valuable, for pracucal 
purposes, than the natural sines, &c. Still it must be remember- 
ed, that the former are derived from the latter. The artificial 
sine of an angle, is the logarithm of the natural sine of that an- 
gle. The artificial tangent is the logarithm of the natural tan- 
gent, &c. 

103. One circumstance, however, is to be attended to in 
comparing the two sets of tables. The radius to which the nat^ 
ural sines, be. are calculated, is unity. (Art. 100.) The se- 
cants, and a part of the tangents are, therefore, greater than a 
unit ; while the sines, and another part of the tangents, are less 
than a unit. When the logarithms of these are taken, some of 
the indices will be positive, and others negative; (Art. 9.) and 
the throwing of them together m - the same table, if it does not 
lead to error, will at least be attended with inconvenience. To 
remedy this, 10 is added to each of the indices. (Art. 12.) 
They are then all positive. Thus the natural sine of 20^ is 
0.34202. The logarithm of this is r.53405. But the index, 
by the adddition of 10, becomes 10-1=9. The logarithmic 
sine in the tables is therefore 9.53405.* 

Directions for taking Sines, Cosines, fyc.from the tables. 

104« The cosjnef cotangent, and cosecant of an angle, are the 
sine, tangent, and secant of the complement of the angle. (Art. 
89.) As the complement of an angle is the difference between 
the angle and 90^, and as 45 is the half of 90 ; if any given angle 
within the quadrant is greater than 45^, its complement is less 

* Or the tables may be supposed to bo calculated to the radius 10000000000, 
whose logarithm is 10. 
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and, on the other hand, if the angle is less than 45^, its comple- 
nient is greater. Hence every cosine, cotangent, and cosecant 
of an angle greater than 45^, has its equal, among the sines, 
tangents, and secants of angles less than 45°, and v, v. 

Now, to bring the trigonometrical tables within a small com- 
pass, the same column is made to answer for the sines of a num- 
ber of angles above 45°, and for the cosines of an equal number 
below 45°, 

Thus 9.23967 is the log. sine of 10°, and ihe cosine of 80°, 
9.53405 the sine of 20°, and the cosine of 70°, &c. 

The tangents and secants are arranged in a similar manner. 
Hence, 

105. To find the Sine^ Cosine^ Tangentyfyc, of any number 
of degrees and minutes. 

If the given angle is less than 45°, look for the degrees at the 
top of the table, and the minutes on the left; then, opposite to 
the minutes, and under the word sine, at the head of the column, 
will be found the sine ; under the word tangent, will be found 
the tangent, he. 

The log. sin of 43°25' is 9.83715 The tan of 17°20' is 9.49430 
ofl7°20' 9.47411 of 8°46' 9.18812 

The cos ofl7°20' 9.97982 The cot of 17°20' 10.50570 
of 8°46' 9.99490 of 8°46' 10.81188 

The first figure is the index ; and the other figures are the de- 
cimal part of the logarithm. 

106. If the given angle is between 45° and 90° ; look for the 
degrees at the bottom of the table, and the minutes on the right ; 
then, opposite to the minutes, and over the word sine at the foot 
of the column, will be found the sine ; over the word tangent, 
will be found the tangent, he. 

Particular car.e must be taken, when the angle is less than 
45°, to look for the title of the column, at the top^ and for the 
minutes on the left; but when the angle is between 45° and 90°, 
to look for the title of the column, at ^e bottom and for the min-^ 
utes, on the right. 

The log. sine of 81° 21' is 9.99503 
The cosine of 72° 10' 9.48607 
The tangent of 54° 40' 10.14941 
The cotangent of 63° 22' 9.70026 
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107. If the siven angle is greater than 90^, look for the tbt, 
taagent, be. of its supplement. (Art. 98, 99.) 

The log. sine of 96^ 44' is 9.99699 - 

The cosine of HP 16' 9.99494 . 

The tangent of 130° 26' 10.06962 . ' ^ . 

Thecotangentof 1660 22' 10.35894 

108. To find the sine, cosine, tangent, ^c. of any number of 
degrees, minutes, and seconds. 

In the common tables, the sine, tangent, &lc. are given onljr 
to every minute of a degree.* But they may be found to wc- 
onds, by taking proportional parts of the difference of the 
numbers as they stand in the tables. For, within a single min- 
ute, the variation in the sine, tangent, be. are nearly proportion* 
al to the variations in the angle. Hence, 

To find the sine, tangent, be. to seconds : Take out the aum- 
ber corresponding to the given degree and minute, and find their 
difference. Then state this proportion ; 

As 60, to the given number of seconds ; 

So is the difference found, to the correction for the seconds. 

This correction, in the case of sines, tangents, and secants, is 
to be added to the number answering to the given degree and 
minute ; but for cosines, cotangents, and cosecants the correc- 
tion is to be subtracted; 

For, as the sines increase, the cosines decrease. 

Ex. 1. What is the logarithmic sine of 14^ 43' 10" ? 

The sine of 14° 43' is 9.40490 
of 14^ 44' 9.40538 



Difference 48 



Here it is evident, that the sine of the required angle i« 
greater than that of 14° 43', but less than that of 14° 44'. 
And as the difference corresponding to a whole minute or 



* In the very valuiible tablea of Michael Taylor, the tineeaad UtigatiU 9St 
l^ven to every second. 



p. T. 



62 THE TRTGONOMETRIOAL TABLES. 

.60'^ is 48 ; the difierence for IQ"' must be a proportional part of 
48. That Is, 

60": 10''::48:8 

the correctbn to be added to the sine of 14° 43^ 

Therefore the sine of 14° 43' 10'^ is 9.40498. 

2. What is the logarithmic cosine of 32° 16' 46" ? 

The cosine of 32° 16' is 9.92716 
of 320 17/ 9.92707 



Difference 8 



Then 60" : 46'': :8 : 6 the correction to be subtracted from 
the cosine of 32° 16'. 

Therefore the cosine of 32° 16' 45" is 9.92709. 

The tangent of 24° 15' 18" is 9.65376 

The cotangent of 31° 50' 5'< is 10.20700 

The sine of 58° 14' 32" is 9.92956 

The cosine of 55° 10' 26" is 9.75670 

If the given number of seconds be any even part of 60, as 
h 79 T) ^- t^^ correction may be found, by taking a like part 
of the difference of the numbers in the tables, without stating a 
proportion in form. 

109. To find the degrees and minutes belonging to any given 
me, tangent^ fyc. 

This is reversing the method of finding the sine, tangent, &c. 
(Art. 106,6,7.) 

Look in the column of the same name, for the sine, tangent, 
&c. which is nearest to the given one ; and if the title be at the 
head of the column, take the degrees at the top of the table, and 
the minutes on the left; but if the title be at the/00^ of the col- 
umn take the degrees at the bottom, and the minutes on the 
right. 

Ex. 1 What is the number of degrees and minutes belonging 
to the logarithmic sine 9.62863 ? 

The nearest sine in the tables is 9.62865. The title ,of 
sine is at the head of the column in which these numbers are 
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foued. The degrees at the top of the page are 25, * and the 
minutes on the left are 10. The angle required is, therefore 

The angle belonging to 

the sine 9.87993 is 49<> 20' the cos 9.97351 is 19° 48' 
the tan 9.97955 43<5 39' the cotan 9.75791 60° 12' 
the sec 10.65396 77^ 11' the cosec 10.49066 18^ 61' 

110. To find the degrees^ minutes, and seconds belonging 
to any given sine, tangent, fyc. 

This is reversing the method of finding the sine, tangent, &x;. 
to seconds. (Art. 108.) 

First find the difference between the sine, tangent, &c. next 
greater than the given one, and that which is next less; then 
the difi^rence between this less number and the given on^; 
then 

As the difference first found, is to the other difference ; 

So are 60 seconds, to the number of seconds, which, in the' 
case of sines, tangents, and secants, are to be added to the 
degrees and minutes belonging to the least of the two numbers 
taken from the tables ; but for cosines, cotangents, and cosecants, 
are to be subtracted. 

Ex. 1. What are the degrees, minutes, and seconds, belong- 
ing to the logarithmic sine 9.40498 ? 

Sine next greater 14° 44' 9.40538 Given sine 9.40498 
Next less 140 43' 9.40490 Nekt less 9.40490 



Difference 48 Difference 8 



Then 48 : 8: :60" : 10', which added to 14^ 43', gives 
140 43' 10" for the answer. 

2. What is the angle belonging to the cosine 9.09773? 

Cosine next greater 82^ 48' 9.09807 Given cosine 9.09773 
Next less 82^ 49' 9.09707 Next less 9.09707 



Difference 100 Difference 66 
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Then 100 ; 66: :60" : 40", which subtracted from S2^ 49', 
gives 82° 48' 20" for the answer. 

It must be observed here, as in all other cases, that of the 
two aogles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9^ 16' 6'' the tan 10.43434 is 69^ 48' 16" 
the coa. 9.981 67 16^ 34' 30" the cot 10.38654 24^ 47' 16" 

Method of Supplying the Secant9 and Cosecants. 

111. Tn some trigonometrical tables, the secants and cose- 
cams are not inserted. But they may be easily obtained from 
the sines and cosines. For^ by Art. 93, proportion 3d, 

cosXsec=R'. 

That is, the product of the cosine and secant, is equal to the 
sauare of radius. But, in logarithms, addition takes the place 
of multiplication; and, in the tables of logarithmic sines, tan- 
gems, &^. the radius is 10. (Art. 103.) Therefore, in these 
tables, 

cos+sec=20. Or sec=20— cos. 

Again, by Art. 93, proportion 6, 

sinXcosec=R'. 

Therefore, in the tables, 

sin+cosece=20. Or cosec=20 — sin. Hence, 

1 12. To obtain the secant^ subtract the cosine from 20 ; and 
to obtain the cosecant, subtract the sine from 20. 

These subtractions are most easily performed, by taking the 
right hand Bgurefrpm 10, and the others from 9, as in finding 
the arithmetical complement of a logarithm ; (Art. 66.) ob- 
serving however, to add 10 to the index of the secant or cose- 
cant. In fact, the secant is the arithmetical complement of the 
cosine, with 10 added to the index. 

For the secant =5 20 - cos. 

And the arith. comp. of cos=10~cos. (Art. 64.) 

So also the cosecant is the arithmetical complement of the 
sioe^ with 10 added to the index. The tables of secants and 
; are, therefore, of use, in furnishing the arithmetical 
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complement of the sine and cosine, in the foIlo^ying simple 
manner : 

113. For the arithmetical complement of the me, subtract 10 
from the index of the cosecant ; and for the arithmetical com- 
plement of the cosine^ subtract 10 from the index of the secant* 
Sy this, we may sare the trouble of taking each of the 6gures 
from 9. 
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Then 100 : 66: :60" : 40", which subtracted from 82^ 49', 
gives 82^ 48' 20" for the answer. 

It must be observed here, as io all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9° 16' 6'' the tan 10.43434 is 69° 48' 16" 
the coa.9.9816'7 16° 34' 30" the cot 10.38654 24^ 47' 16' 

Method of Supplying the Secant9 and Cosecants. 

111. Tn some trigonometrical tables, the secants and cose- 
cants are not inserted. But they may be easily obtained from 
the sines and cosines. For, by Art. 93, proportion 3d, 

cosXsec=R'. 

That is, the product of the cosine and secant, is equal to the 
sauare of radius. But, in logarithms, addition takes the place 
of multiplication ; and, in the tables of logarithmic sines, tan- 
gems, &ic. the radius is 10. (Art. 103.) Therefore, in these 
tables, 

cos+sec=20. Or sec=20— cos. 

Again, by Art. 93, proportion 6, 

sinXcosec==R'. 

Therefore, in the tables, 

sin+cosecs=20. Or cosec=20 — sin. Hence, 

1 12. To obtain the secant^ subtract the cosine from 20 ; and 
to obtain the cosecant j subtract the sine from 20. 

These subtractions are most easily performed, by taking the 
right hand 6gure frpm 10, and the others from 9, as in finding 
the arithmetical complement of a logarithm ; (Art. 66.) ob- 
serving however, to add 10 to the index of the secant or cose- 
cant. In fact, the secant is the arithmetical complement of the 
cosine, with 10 added to the index. 

For the secant =^20 - cos. 

And the arith. comp. of cos=10 -cos. (Art. 64.) 

So also the cosecant is the arithmetical complement of the 
sioet with 10 added to the index. The tables of secants and 
; are, therefore, of use, in furnishing the arithmetical 
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complement of the sine and cosine, in the follov^ing dimple 
manner : 

1 13. For the arithmetical complement of the me, subtract 10 
from the index of the cosecant ; and for the arithmetical com- 
plement of the cosine^ subtract 10 from the index of the secant. 
By this, we may sare the trouble of taking each of the 6gure8 
from 9. 
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Then 100 : 66: :60" : 40", which subtracted from 82«^ 49', 
gives 82° 48' 20" for the answer. 

It must be observed here, as io all other cases, that of the 
two aogles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9° 15' 6'^ the tan 10.43434 is 69° 48' 16" 
the coa.9.98167 16^ 34' 30" the cot 10.38664 24° 47' 16' 

Method of Supplying the Secant9 and Cosecants. 

111. Tn some trigonometrical tables, the secants and cose- 
cants are not inserted. But they may be easily obtained from 
the sines and cosines. For, by Art. 93, proportion 3d, 

cosXsec«R'. 

That is, the product of the cosine and secant, is equal to the 
fiauare of radius. But, in logarithms, addition takes the place 
of multiplication ; and, in the tables of logarithmic sines, tan- 
gents, &ic. the radius is 10. (Art. 103.) Therefore, in these 
tables, 

cos+sec=20. Or sec=20— cos. 

Again, by Art. 93, proportion 6, 

sinXcosec=R«. 

Therefore, in the tables, 

sin + cosece=20. Or cosec=20 — sin. Hence, 

1 12. To obtain the secant^ subtract the cosine from 20 ; and 
to obtam the cosecant^ subtract the sine from 20. 

These subtractions are most easily performed, by taking the 
right hand 6gure frpm 10, and the others from 9, as in finding 
the arithmetical complement of a logarithm ; (Art. 66.) ob- 
serving however, to add 10 to the index of the secant or cose- 
cant. In fact, the secant is the arithmetical complement of the 
cosine, with 10 added to the index. 

For the secant =5 20 — cos. 

And the arith. corap. of cos=10-cos. (Art. 64.) 

So also the cosecant is the arithmetical complement of the 
with 10 added to the index. The tables of secants and 
; are, therefore, of use, in furnishing the arithmetical 
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complement of the sine aad cosine, in the fo]Io^ying simple 
maDner : 

1 13. For the arithmetical complement of ihe rine, subtract 10 
from the index of the cosecant ; and for the arithmetical com- 
plement of the cosine^ subtract 10 from the index of the secant. 
By this, we may sare the trouble of taking each of the 6gnre8 
from 9. 
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Then 100 : 66: :60" : 40", which subtracted from 82«^ 49', 
■ gJves 82° 48' 20" for the answer. 

It must be observed here, as in all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9° 15' 6^' the tan 10.43434 is 69^ 48' 16" 
the coa, 9.98157 16^ 34' 30" the cot 10.33554 24° 47' 16' 

Method of Supplying the S€cant9 and Cosecantt. 

111. Tn some trigonometrical tables, the secants and cose- 
cants are not inserted. But they may be easily obtained from 
the sines and cosines. For, by Art. 93, proportion 3d, 

cosXsec=R'. 

That is, the product of the cosine and secant, is equal to the 
square of radius. But, in logarithms, addition takes the place 
of multiplication ; and, in the tables of logarithmic sines, tan- 
gents, he. the radius is 10. (Art. 103.) Therefore, in these 
tables, 

cos+sec=20. Or sec=20— cos. 

Again, by Art. 93, proportion 6, 

sinXcosec=R'. 

Therefore, in the tables, 

sin+cosecs=20. Or cosec=20 — sin. Hence, 

112. To obtain the secant^ subtract the cosine from 20; and 
to obtain the cosecant, subtract the sine from 20. 

These subtractions are most easily performed, by taking the 
right hand 6gure frpm 10, and the others from 9, as in finding 
the arithmetical complement of a logarithm ; (Art. 55.) ob- 
serving however, to add 10 to the index of the secant or cose- 
cant. In fact, the secant is the arithmetical complement of the 
cosine, with 10 added to the index. 

For the secant =^20 - cos. 

And the arith. comp. of cos=10-cos. (Art. 64.) 

So also the cosecant is the arithmetical complement of the 
sioet with 10 added to the index. The tables of secants and 
\ are, therefore, of use, in furnishing the arithmetical 
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compiement of the sine aad cosinei in die fo^o^ying simple 
manner : 

1 13. For the arithmetical complement of the me, subtract 10 
from the index of the cosecant ; and for the arithmetical com- 
plement of the cosine, subtract 10 from the index of the secant. 
By this, we may sare the trouble of taking each of the 6gures 
from 9. 



64 THe TRlGONOBOBTll^CAL TABLVS. 

Then 100 : 66: :60" : 40", which subtracted from 82^ 49', 
gives 82^ 48' 20" for the answer. 

It must be observed here, as io all other cases, that of the 
two aogles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9^ 15' 6'' the tan 10.43434 is 69^ 48' 16' 
the coa.9.98157 16^ 34' 30" the cot 10.38654 24° 47' 16' 

Method of Supplying the Secant9 and Cosecants. 

111. Tn some trigonometrical tables, the secants and cose- 
cants are not inserted. But they may be easily obtained from 
the sines and cosines. For, by Art. 93, proportion 3d, 

cosXsec=R». 

That is, the product of the cosine and secant, is equal to the 
sauare of radius. But, in logarithms, addition takes the place 
of multiplication ; and, in the tables of logarithmic sines, tan- 
gents, be. the radius is 10. (Art. 103.) Therefore, in these 
tables, 

cos+sec=20. Or sec=20— cos. 

Again, by Art. 93, proportion 6, 

sinXcosec=R'. 

Therefore, in the tables, 

sin+cosece=20. Or cosec=20 — sin. Hence, 

1 12. To obtain the secant ^ subtract the cosine from 20 ; and 
to obtain the cosecant, subtract the sine from 20. 

These subtractions are most easily performed, by taking the 
right hand 6gure frpm 10, and the others from 9, as in finding 
the arithmetical complement of a logarithm ; (Art. 55.) ob- 
serving however, to add 10 to the index of the secant or cose- 
cant. In fact, the secant is the arithmetical complement of the 
cosine, with 10 added to the index. 

For the secant ==20 - cos. 

And the arith. comp. of cos=10~cos. (Art. 54.) 

So also the cosecant is the arithmetical complement of the 
lioet with 10 added to the index. The tables of secants and 
\ are, therefore, of use, in furnishing the arithmetical 
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complement of the sine and cosinSi in the fo^o^ying simple 
maDner : 

1 13. For the arithmetical complement of the sine, subtract 10 
from the index of the cosecant ; and for the arhhmetical com- 
plement of the cosine, subtract 10 from the index of the secant. 
By this, we may sare the trouble of taking each of the 6gure8 
from 9. 
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Then 100 ; 66: :60" : 40", which subtracted from 82«^ 49', 
gives 82° 48' 20" for the answer. 

It must be observed here, as in all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9° 15^ 6^' the tan 10.43434 is 69^ 48' 16" 
the coa.9.98167 16^ 34' 30'' the cot 10.38554 24° 47' 16' 

Method of Supplying the S€cant9 and Cosecants. 

111. Tn some trigonometrical tables, the secants and cose- 
cants are not inserted. But they may be easily obtained from 
the sines and cosines. For, by Art. 93, proportion 3d, 

cosXsec=R'. 

That is, the product of the cosine and secant, is equal to the 
square of radius. But, in logarithms, addition takes the place 
of multiplication ; and, in the tables of logarithmic sines, tan- 
gems, he. the radius is 10. (Art. 103.) Therefore, in these 
tables, 

cos+sec=20. Or sec=20— cos. 

Again, by Art. 93, proportion 6, 

slnXcosec=R'. 

Therefore, in the tables, 

sin+cosece=20. Or cosec=20 — sin. Hence, 

112. To obtain the secant^ subtract the cosine from 20; and 
to obtain the cosecant, subtract the sine from 20. 

These subtractions are most easily performed, by taking the 
right hand 6gure frpm 10, and the others from 9, as in finding 
the arithmetical complement of a logarithm; (Art. 55.) ob- 
serving however, to add 10 to the index of the secant or cose- 
cant. In fact, the secant is the arithmetical complement of the 
cosine, with 10 added to the index. 

For the secant ==20 - cos. 

And the arith. comp. of cos=10 — cos. (An. 54.) 

So also the cosecant is the arithmetical complement of the 
siDe» with 10 added to the index. The tables of secants and 
\ are, therefore, of use, in furnishing the arithmetical 
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cotnplernent of the sine and cosine, in die rono\ying simple 
manner : 

113. For the arithmetical complement of the me, subtract 10 
from the index of the cosecant ; and for the arithmetical com- 
plement of the cosine, subtract 10 from the index of the secant. 
By this, we may sare the trouble of taking each of the figures 
from 9. 



64 THE TRIGONOMETRICAL TABLES. 

Then 100 : 66: :60" : 40", which subtracted from 82^ 49', 
gives 82<=^ 48' 20" for the answer. 

It roust be observed here, as iu all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9° 15' 6'' the tan 10.43434 is 69^ 48' 16" 
the coa.9.9816'7 16° 34' 30" the cot 10.33654 24° 47' 16' 

Method of Supplying the Secants and Cosecants. 

111. Tn some trigonometrical tables, the secants and cose- 
cants are not inserted. But they may be easily obtained from 
the sines and cosines. For, by Art. 93, proportion 3d, 

cosXsec=R'. 

That is, the product of the cosine and secant, is equal to the 
square of radius. But, in logarithms, addition takes the place 
oi multiplication; and, in the tables of logarithmic sines, tan- 
gems, he. the radius is 10. (Art. 103.) Therefore, in these 
tables, 

cos+sec=20. Or sec=20— cos. 

Again, by Art. 93, proportion 6, 

sinXcosec=R'. 

Therefore, in the tables, 

sin+cosecs=20. Or cosec=20 — sin. Hence, 

1 12. To obtain the secant, subtract the cosine from 20 ; and 
to obtain the cosecant, subtract the sine from 20. 

These subtractions are most easily performed, by taking the 
right hand 6gure frpm 10, and the others from 9, as in finding 
the arithmetical complement of a logarithm ; (Art. 55.) ob- 
serving however, to add 10 to the index of the secant or cose- 
cant. In fact, the secant is the arithmetical complement of the 
cosine, with 10 added to the index. 

For the secant =20 - cos. 

And the arith. corap. of cos=10-cos. (Art. 54.) 

So also the cosecant is the arithmetical complement of the 
aiiie» with 10 added to the index. The tables of secants and 
\ are, therefore, of use, in furnishing the arithmetical 
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complement of the sine and cosine, in the follovf^ing simple 
manner : 

113. For the arithmetical complement of the me, subtract 10 
from the index of the cosecant ; and for the arithmetical com- 
plement of the cosine, subtract 10 from the index of the secant. 

By this, we may sare the trouble of taking each of the figures 
from 9. 
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Then 100 : 66: :60" : 40", which subtracted from 82^ 49', 
gives 82<=^ 48' 20" for the answer. 

It roust be observed here, as ia all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9° 15' 6'' the tan 10.43434 is 69^ 48' 16" 
the coa.9.98167 16° 34' 30" the cot 10.33654 24° 47' 16' 

Method of Supplying the Secants and Cosecants. 

111. Tn some trigonometrical tables, the secants and cose* 
cadts are not inserted. But they may be easily obtained from 
the sines and cosines. For, by Art. 93, proportion 3d, 

cosXsec3=R'. 

That is, the product of the cosine and secant, is equal to the 
square of radius. But, in logarithms, addition takes the place 
of multiplication ; and, in the tables of logarithmic sines, tan- 
gems, he. the radius is 10. (Art. 103.) Therefore, in these 
tables, 

cos+sec=20. Or sec=:20— cos. 

Again, by Art. 93, proportion 6, 

sinXcosec=R'. 

Therefore, in the tables, 

sin+cosec=20. Or cosec=20— sin. Hence, 

112. To obtain the secant^ subtract the cosine from 20; and 
to obtain the cosecant^ subtract the sine from 20. 

These subtractions are most easily performed, by taking the 
right hand 6gure frpm 10, and the others from 9, as in finding 
the arithmetical complement of a logarithm ; (Art. 55.) ob- 
serving however, to add 10 to the index of the secant or cose- 
cant. In fact, the secant is the arithmetical complement of the 
cosine, with 10 added to the index. 

For the secant =20 - cos. 

And the arith. comp. of cos==10 — cos. (Art. 54.) 

So also the cosecant is the arithmetical complement of the 
aiiie» with 10 added to the index. The tables of secants and 
\ are, therefore, of use, in furnishing the arithmetical 
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complement of the sine and cosine, in tiie rono\ying simple 



manner : 



113. For the arithmetical complement of the me, subtract 10 
from the index of the cosecant ; and for the arithmetical com- 
plement of the cosine, subtract 10 from the index of the secant. 

By this, we may sare the trouble of taking each of the figures 
from 9. 
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SECTION IlL 



SOLUTIONS OF RIGHT ANGLEP TRIANGLES. 

Art. 114. In a triangle, there are Mxpflr^* ; three sides, and 
three angles. In every trigonometrical calculation, it is necesr 
sary that some of these should be known, to enable us to find the 
others. The number of parts which must be given^ is three, one 
of which must be a side. 

If only two parts be given, they will be either two sides, a 
side and an angle, or two angles; neither of which willlimitthe 
triangle to a particular form and size. 

If ttoo sides only be given, they may make any angle with 
each other; and may, therefore, be the sides of a thousand dif- 
ferent triangles. Thus the two lines a and b (Fig. 7.) may be- 
long either to the triangle ABC, or ABC, or ABC. So that 
it will be impossible, from knowing two of the sides of a triangle, 
to determine the other parts. 

Or, if a side and an angle only be given, the triangle will be 
indeterminate. Thus, if the side AB (Fig. 8.) and the angle at 
A be given ; they may be parts either of the triangle ABC, or 
ABC^orABC'^ 

Lastly, if two angles, or even if all the angles be given they 
will not determine the length of the sides. For the triangles 
ABC, A'B'C^ A"B''C'', (Fig. 9.) and a hundred others which 
might be drawn, with sides parallel to these, will all have the 
same angles. So that one of the parts given must always be a 
side. If this and any other two parts, either sides or angles, be 
known, the other three may be found, as will be shown, in this 
and the following section. 

115. Triangles are either r^A^ angled or oblique angled. 
The calculations of the former are the most simple, and those 
which we have the most frequent occasion to make. A great 
portion of the problems in the mensuration of heights and distan- 
ces, in surveying, navigation, and astronomy, are solved by rec- 
tangular trigonometry. Any triangle whatever may be divided 
into two right angled triangles, by drawing a perpendicular from 
one of the angles to the opposite side. 
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1 16. One of the six parts in a right angled triangle, is al- 
vvrays given, viz. the right angle. This is a constant quantity ; 

while the other angles and the sides are variable. It is also to 
be observed, that, if one of the acute angles is given, the other 
IS known of course. For one is the complement of the other. 
(Art. 76, 77.) So that, in a right angled triangle^ subtract- 
ing one of the acute angles from 90° gives the other. There 
remain, then, only four parts, one of the acute angles, and the 
three sides to be sought by calculation. If any m«o of these be 
given, with the right angle, the others may be found. 

117. To illustrate the method of calculation, let a case be 
•supposed in which a right angled triangle CAD (Fig. 10.) has 
one of its sides equal to the radius to which the trigonometrical 
tables are adapted. 

In the first place, let the base of the triangle be equal to the 
tabular radius. Then, if a circle be described, with this ra- 
dius, about the angle C as a center, DA will be the tangent, 
and DC the secant of that angle. (Art. 84, 85.) So that the 
radius, the tangent, and the secant of the angle at C, consti- 
tute the three sides of the triangle. The tangent, taken from 
the tables of natural sines, tangents, &c. will be the length of 
the perpendicular ; and the secant will be the length of the 
hypothenuse. If the tables used be logarithmic, they will give 
the logarithms of the lengths of the two sides. 

In the same manner, any right angled triangle whatever, 
whose base is equal to the radius of the tables, will have its 
other two sides found among the tangents and secants. Thus, 
if the quadrant AH (Fig. 11.) be divided into portions of 15° 
each } then, in the triangle 

CAD, AD will be the tan, and CD the sec of 15°, 
In CAD', AD' will be the tan, and CD^ the sec of 30°, 
In CAD'S Aiy' wiU be the tan, and CD'' the sec of 45°, &c. 

118. In the next place, let the hypothenuse of a right an- 
gled triangle CBF (Fig. 12.) be equal to the radius of the ta- 
bles. Then, if a circle be described, with the given radius, 
and about the angle C as a center ; BF will be the sine, and 
BC the cosine of that angle. (Art. 82, 89.) Therefore the 
sine of the angle at C, taken from the tables, will be the length 



68 RIGHT ANGLED T&IANGLCS. 

of the perpendicular^ and the cosine will be the length of the 
base. 

And any right angled triangle whatever, whose bypothenuse 
is equal to the tabular radius, will have its other two sides found 
among the sines and cosines. Thus if the quadrant AH (Fig. 
13.) be divided into portions of 15^ each, in the points F, F% 
F", be. ; then, in the triangle, 

CBF, FB will be the sin, and CB the cos, of 1 5^, 
In CB'F', F'B' will be the sin, and CB' the cos, of 30^, 
In CB'^F^', F''B'' will be the sin, and CB'' the cos, of 46°, be. 

119. By merely turning to the tables, then, we may find the 
parts of any right angled triangle which has one of its sides 
equal to the radius of the tables. But for determining the parts 
of triangles which have not any of their sides equal to the tabu- 
lar radius, the following proportion is used : 

Ab the radius of one circle, 
To the radius of any other ; 
So is a Sine, tangent, or secant, in one, 
To the sine, tangent, or secant, of the same nunAer of 
degrees, in the other. 

In the two concentric circles AHM, ahm, (Fig. 4.) the arcs 
AG and iigf contain the same number of degrees. (Art. 74.) 
The sines of these arcs are BG and bg, the tangents Ad and 
ad, and the secants CD and Cd. The four triangles, CAD, 
CBG, Cad, and Cbg, are similar. For each^of them, from 
the nature of sines and tangents, contains one right angle ; the 
angle at C is common to them all ; and the other acute angle 
in each is the complement of that at C. (Art. 77.) We have, 
then, the following proportions. (Euc. 4, 6.) 

1. CG:Cg::BG;bg. 

That is, one radius is to the other, as one sine to the other. 

2. CA :Ca::DA : da. 

That is, one radius is to the other, as one tangent to the other. 

3. CA : Ca::CD :Cd. 

That is, one radius is to the other, as one secant to the other. 
Cor. BG : bg: :DA : da: :CD : Cd. 
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That is, as the sine in one circle, to the sine in the other; so 
is the tangent in one, to the tangent in the other; and so is the 
secant in one, to the secant in the other. 

This is a general principle, which may be applied to most 
trigonometrical calculations. If one of the sides of the propos* 
ed triangle be made radius, each of the other sides will be the 
sine, tangent or secant, of an arc described by this radius. Pro- 
portrons are then stated, between these lines, and the tabular rad- 
ius, side, tangent, &c. 

)20. A line is said to be made radius, when a circle is descri- 
bed, or supposed to be described, whose semi-diameter is equal 
to the line, and whose center is at one end of it. 

121. In any right angled triangle, if i?ie htpothenuse 64s 
made radius, one of the legs will be a sine of its opposite angle, 
and the other leg a cosine of the same angle. 

Thus, if to the triangle ABC (Fig. 14.) a circle be applied, 
whose radius is AC, and whose center is A, then BC will be the 
sine, and BA the cosine, of the angle at A. (Art. 82, 8d.) 

If, while the same line is radius, the other end C be made the 
center, then BA will be the sine, and BC the cosine, of the an- 
gle at C. ' 

122. If either of the legs be made radius, the other leg wiU 
be a tangent of its opposite angle, and the hypothenusc wUt be 
a secant of the same angle ; that is, of the angle between the 
secant and the radius. 

Thus if the base AB (Fig. 15.) be made radius, the center 
being at A, BC will be the tangent, and AC the secant, of the 
angle at A. (Art. 84, 86.) 

But, \i iha perpendicular 'RC (Fig. 16.) be made radius, with 
the center at C, then AB will be the tangent, and AC the se- 
cant, of the angle at C. 

123. As the side which is the sine, tangent, or secant of one 
of tfie acute angles, is the cosine, cotangent, or cosecant of the 
other; (Art. 89.) ibe perpendicular BC (Fig. 14.) is the sine 
of the angle A, and the cosine of the angle C ; while the base 
AB is the sine of the angle C, and the cosine of the angle A. 

If the base is made radius, as in Fig. 15, the perpendicular 
BC is the tangent of the angle A, and the cotangent of the an- 
gle C; while the hr/pothenuse is the secant of the angle A, and 
the cosecant of the angle C. 

If the perpendicular is made radius, as in Fig. 16, the base 
AB.is the tangent of the angle C, and the cotangent of the angle 

P. T. 10 
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A, while the hjfpoihenun is the seeant of the angla C, and the 
coiecBfit of the angle A. ^ 

124. Whenever a right afngled triangle is proposed, whose 
sides or angles are required ; a similar triangle may be formed, 
from the sines, tangents, &c. of the tabki. (Art. 117, 118«) 
The parts required are then found, hy stating proportions be- 
tween the similar sides of the two triangles. If the triangle pro- 
posed be ABC, (Fig. 17.) another a&c, may he formed, haTing 
the same angles with the first, but differing from it in the length 
of its sides, so as to correspond with the numbers in the tables. 
If similar sides be made radius in both, the remaining similar 
sides will be lines of the same name; that is, if the perpendicalar 
in one of the triangles be a sine^ the perpendicular in the other 
will be a sine ; if the base in one be a cosine, the base in the oth- 
er will be a cosine, iic. 

If the hypothenuse in each triangle be made radius, as in Fig. 
14, the perpendicular be will be the tabular sine of the angle at 
a ; and the perpendicular BC will be a sine of the equal angle 
A, in a circle of which AC is radius. 

If the base in each triangle be made radius, as in Fig. 15, then 
the perpendicular be will be the tabular tangent of the angle at 
a; and BC will be a tangent of the equal angle A, in a circle of 
which AB is radius, be. 

125. From the relatbns of the similar sides of these trian- 

i^les, are derived the two following thearemsj which are sufficient 
or calculating the parts of any right angled triangle whatever, 
when the requisite data are furnished. One is used, whes a 
side is to be found ; the other, when an angle is to be found. 

Theorem I. 

126. When a side is required ; 

As THE TABULAR SINE, TANGENT, bc. OF THE 
SAME NAME WITH THE GIVEN SIDE, 

To THE GIVEN SIDE; 

So IS THE TABULAR SINE, TANGENT, bc« OF THE 
SAME NAME WITH THE REQUIRED SIDE, 

To THE REQUIRED SIDE. 

It will be readily seen, that this is nothing more than a state- 
ment, in general terms, of the proportions between the similar 
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sides of two triftngles, one proposed for solution, and the other 
Conned from the numbers in the tables. 

Thus if the hypotheniae be given, and the base or perpendic- 
ular be rehired; then, in Fig. 14, where ac is the tabular radi- 
us, be the tabular sine of a, or its equal A, and a6 the tabular 
sine of C; (Art. 124.) 

ac : AC6: :c : BC, that is, R : AC: :sin A : BC. 
ac : AC: :ab : AB, R : AC: :sin C : AB. 

In Fig. 15, where ab is the tabular radius, ac the tabular se- 
cant of A, and ab the tabular tangent of A ; 

ac: AC: :bc: BC, that is, sec A : AC: : tan A : BC. 
ac :AC::(A : AB, sec A : AC::R: AB. 

In Fig. 16, where be is the tabular radius, ac the tabular se- 
cant of C, and ab the tabular tangent of C ; 

ac : AC: :&c : BC, that is, sec C : AC: :R : BC. 
ac : AC: :ab : AB, sec C : AC : :tan C : AB. 

Thkorem II. 
127. When an angle is required ; 

As THE GITEN SIDE MADE RADIUS, 
To THE TABULAR RADIUS; 
So IS ANOTHER GIVEN SIDE, 

To THE TABULAR SINE, TANGENT, &C. OF THE 
SAHE NAME. 

Thus if the side made radius, and one other side be given, 
then, in Fig. 14, 

AC : ac: :BC : 6c, that is, AC : R: : BC : sin A. 
AC : ae: : AB lab AC : R: :AB : sin C. 

In Fig. 15, 

AB : a6: :BC : Jc, that is, AB : R: :BC : tan A. 
AB : ab: :AC : ac AB : R: :AC : sec A. 

In Fig. 16, 

BC : &c: : AB : ab, that is, BC : R: : AB : tan C. 
BC : be: : AC lac BC : R: :AC : sec C. 
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It will be observed, that in these theorems, angles are not in- 
troduced, though they are among the quantities which are either 
given or required, in the calculation of triangles. But the tab- 
ular sines, tangents, &;c. may be considered the representatives 
of angles, as one may be found from the other, by merely turn- 
ing to the tables. 

128. In the theorem for finding a side^ the first term of the 
proportion is a tabular number. But, in the theorem for find- 
ing an anghy the first terra is a side. Hence, in applying the 
proportions to particular cases, this rule is to be observed ; 

To find a side, begin with a tabular number^ 
To find an angle, begin with a side. 

Radius is to be reckoned among the tabular numbers. 

129. In the theoreni for finding, an angle^ the first term is a 
side made radius. As in every proportion, the three first terms 
must be given, to enable us to find the fourth, it is evident, that 
where this theorem is applied, the side made radius^ must be 
a given one. But, in the theorem for finding a side, it is not 
necessary that either of the terms should be radius. Hence, 

130. To find a side, ant side may be made radius 

To find an angle, a given side must be made radius. 

It will generally be expedient, in both cases, to make radius 
one of the terms in the proportion ; because, in the tables of 
natural sines, tangents, &.c. radius is 1, and in the logarithmic 
tables it is 10. (Art. 103.) 

131. The proportions in Trigonometry are of the same na- 
ture as other simple proportions. The fourth term is found, 
therefore, as in the Rule of Three in Arithmetic, by multiplying 
together the second and third terms, and dividing their product 
by the first term. This is the mode of calculation, when the tables 
of natural sines, tangents, &c. are used. But the operation by 
logarithms is so much more expeditious, that it has almost en- 
tirely superseded the other method. In logarithmic calculations, 
addition takes the place of multiplication ; and subtraction the 
place of division. 

The loi^arithms expressing the lengths of the sides of a tri- 
angle, are to be taken from the tables of common logarithms. 
The logarithms of the sines, tangents, &c. are found in the ta- 
bles of artificial sines, &c. The calculation is then made by 
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adding the second and third terms^ and subtracting the first, 
(Art. 62.) ' 

132. The logarithmic radius 10, or, as it is written in the ta- 
bles, 10.00000, is so easily added and subtracted, that the three 
terms of which it is one, may be considered as, in effect, redu- 
ced to two. Thus, if the tabular radius is in the first term, we 
have only to add the other two terms, and then take 10 from 
the index ; for this is subtracting the 6rst term. If radius oc- 
curs in the second term, the first is to be subtracted from the 
third, after its index is increased by 10. In the same manner, 
if radius is in the third term, the first is to be subtracted from 
the second. 

133. Every species of right angled triangles may be solved 
upon the principle, that the sides of similar triangles are propor- 
tional, according to the two theorems mentioned above. There 
wiH be some advantages, however, in giving the examples in 
distinct classes. 

There must be given, in a right angled triangle, two of the 
parts, besides the right angle. (Art. 116.) These may be; 

1. The hypothenuse and an angle; or 

2. The hypothenuse and a leg ; or 

3. A leg and an angle ; or 

4. The two legs. 

Case I. 

134. Given J T'^^ hypothenuse, > g^j ( The base and 

i And an angle, 5 I Perpendicular. 

Ex. 1. If the hypothenuse AC (Fig. 17.*) be 45 miles, and 
the angle at A 32° 20', what is the length of the base AB, and 
the perpendicular BC ? 

In this case, as sides only are required, any side may be made 
radius. (Art. 130.) 

If the hypothenuse be made radius, as in Fig. 14, BC will 
be the sine of A, and AB the sine of C, or the cosine of A. 
(Art. 121.) And if aba be a similar triangle, whose hypgthe- 
nuse is equal to the tabular radius, be will be the tabular sine 
of A, and ab the tabular sine of C. (Art. 124.) 



* The parts "which are given are distinguished by a mark across the line, or 
at the opeoing of the angle, and the parts required, by a cipher. 
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Then 100 : 66: rCO" : 40", which subtracted from 82^ 49', 
gives 82<=^ 48' 20" for the answer. 

It roust be observed here, as ia all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9° 15' 6'' the tan 10.43434 is 69^ 48' 16" 
the coa^9.98167 16^ 34' 30" the cot 10.38654 24° 47' 16' 

Method of Supplying the Secants and Cosecants. 

111. Tn some trigonometrical tables, the secants and cose- 
cants are not Inserted. But they may be easily obtained from 
the sines and cosines. For, by Art. 93, proportion 3d, 

cosXsec=R'. 

That is, the product of the cosine and secant, is equal to the 
square of radius. But, in logarithms, addition takes the place 
of multiplication; and, in the tables of logarithmic sines, tan- 
gems, be. the radius is 10. (Art. 103.) Therefore, in these 
tables, 

cos+sec=20. Or sec=20— cos. 

Again, by Art. 93, proportion 6, 

sinXcosec=R«. 

Therefore, in the tables, 

sin+cosecs=20. Or cosec=20 — sin. Hence, 

1 12. To obtain the secant, subtract the cosine from 20 ; and 
to obtain the cosecant, subtract the sine from 20. 

These subtractions are most easily performed, by taking the 
right hand figure frpm 10, and the others from 9, as in finding 
the arithmetical complement of a logarithm ; (Art. 55.) ob- 
serving however, to add 10 to the index of the secant or cose- 
cant. In fact, the secant is the arithmetical complement of the 
cosine, with 10 added to the index. 

For the secant =20 — cos. 

And the arith. corap. of cos=10-cos. (Art. 54.) 

So also the cosecant is the arithmetical complement of the 
me^ with 10 added to the index. The tables of secants and 
* are, therefore, of use, in furnishing the arithmetical 
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complement of the sine and cosine, in tbe follovving simple 
manner : 

113. For the arithmetical complement of ihe sine^ subtract 10 
from the index of the cosecant ; and for the arithmetical com- 
plement of the cosintj subtract 10 from the index of the secant. 

By this, we may sare the trouble of taking each of the figures 
from 9. 
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J 36. Ex. 2. If the hypothenuse (Fig. 19.) be 64 miles, 
and the perpendicular 48 miles, what are the angles, and the 
base ? 

Making the hypothenuse radius. 

ACrR: BC : Sin A 
R: AC::SinC: AB 

The numerical calculation will give A =62^ 44' and AB 
=24.74. 

Making the perpendicular radius. ' 

BC : R::AC : SecC 
R:BC::TanC: AB 

The angles cannot be found by making the base rkdius, when 
its length is not given. 

Case III. 

"'• Gi- { s ss-g, i-^i s ass 

Ex. 1. If the base (Fig. 20.) be 60,. and the angle at the 
base 47^ 12^', what is the length of the hypothenuse and the 
perpendicular ? 

In this case, as sides only are required, uny side may be ra- 
dius. 

Making the hypothenuse radius. 

SinC : AB::R: AC=88.31 
R: AC::SinA:BC=64.8 

Making the base radius. 

R: AB::SecA : AC 
R: AB::TanA:BC 

Making the perpendicular radius. 

TanC : AB::R:BC 
R:BC::Sec C : AC 
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138. Ex. 2. If the perpendicular (Fig. 21.) be 74, and the 
angle C 61^ 27^ what is the length of the base and the hypoth- 
enuse ? 

Making the hypothenu^e radius. 

Sin A:BC::R:AC 
R: AC::sinC : AB 

Making the base radius. 

TanA:BC::R: AB 
R: AB::secA : AC 

Making the perpendicular radius. 

R :BC::secC : AC 
R : BC::ianC : AB 

The hypothenuse is 164.84 and the base 136. 
Case IV. 

139. Given \ l^^ ^^^^ V"^ \ to find \ ^^^. hypothenuse, 

( Perpendicular ) ( And the angles. 

Ex. 1. If the base (Fig. 22.) be 284, and the perpendicular 
102, what are the angles, and the hypothenuse ? 

In this case, one of the legs must be made radius, to find an 
angle ; because the hypothenuse is not given. 

Making the base radius. 

AB : R: :BC : tan A=340 4' 
R : AB: :sec A : AC=342.81 

Making the perpendicular radius. 

BC : R::AB : tanC 
R: BC::secC : AC 

Ex. 2. If the base be 640, and the perpendicular 480, what 
are the angles and hypothenuse ? 

Ans. The hypothenuse is 800, and the angle at the base 36^ 
62' 12'^ 

P. T. 11 
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Examples for practice. 

1. Given the bypotbenuse 68, and the angle at the base 39^ 

17^ to find the base and perpendicular. 

2. Given the bypotbenuse 850, and the base 594, tofii)d the 

angles, and the perpendicular. 

3. Given the bypotbenuse 78, and perpendicular 57, to find 

the base, and the angles. 

4. Given the base 723,, and the angle at the base 64° 18',.to 

find the bypotbenuse and perpendicular. 
. 5. Given the perpendicular 632, and the angle at the base 

81° 36', to find the bypotbenuse and the base. 
6. Given the base 32, and the perpendicular 24, to find the 

bypotbenuse, and the angles. 
140. The preceding solutions are all effected, by means of 
the tabular sines, tangents, and secants. But, when any two 
sides of a right angled triangle are given, the third side may 
be found, without the aid of the trigonometrical tables, by the 
proposition, that the square ofthehypothenuse is equal to the 
sum of the squares of the two perpendicular sides. (Euc. 47. 

If the legs be given, extracting the square root of the sum 
of their squares, will give the bypotbenuse. Or, if the bypotbe- 
nuse and one leg be given, extracting the square root of the dif- 
ference of the squares, will give the other leg. 

Let A = the bypotbenuse Y 

p=tbe perpendicular > of a right angled triangle. 



6= the base 



Then h^=^b^+p^, or (Alg. 296.) A=\/p"+p» 

By trans. 6'=A^— p% or b^x^h^—p^ 

And p-^h'^-^b^ or p=^/h^'^^^ 

Ex. 1. If the base is 32, and the perpendicular 24, what is 
the bypotbenuse ? Ans. 40. 

2. If the bypotbenuse is 100, and the base 80, what is the 
perpendicular ? Ans. 60. 

3. If the bypotbenuse is 300, and the perpendicular 220, 
what is the base ? 

Ans. J3002 -220^ =41600, the root of which is 204 nearly. 



yr : t^ r. Jy : yC 4^'^y'J': 

U^. /r yifio^^ J. ^^. /. 
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141. It is generally most convenient to find the difference of 
the squares by logarithms. But this is not lo be done by «w6- 
traction. For subtraction, in logarithms, performs the office of 
division, (Art. 41.) If we subtract the logarithm of 6* from 
the logarithm of A^, we shall have the logarithm, not of the dif- 
ference of the squares, but of their quotient. There is, however, 

an indirect, though very simple method, by which the difference 
of the squares may be obtained by logarithms. It depends on 
the principle, that the difference of the squares of two quantities 
is eqtudto the product of the sum and difference of the quantities. 
(Alg. 235.) Thus, 

A2~6»=(A+6)x(A-6) 

as will be seen at once, by performing the multiplication. 
The two factors may be multiplied by adding their logarithms. 
Hence, 

142. To obtain the difference of the squares of two quantities j 
add the logarithm of the sum of the quantities, to the logarithm 
of their d^erence. After the logarithm of the difference of the 
squares is found ; the square root of this difference, is obtained, 
by dividing the logarithm by 2. (Art. 47.) 

Ex. 1. If the hypothenuse be 75 inches, and the base 45, 
what is the length of the perpendicular ? 

Sum of the given sides 120 log. 2.07918 

Difference of do. 30 1.47712 



Dividing by 2)3.55630 

Side required 60 1.77815 

2. If the hypothenuse is 135, and the perpendicular 108, 
what is the length of the base ? Ans. 81 . 



80 



SECTION IV. 



SOLUTIONS OF OBLIQUE ANGLED TRIANGLES. 



Art. 143. The sides and angles of oblique angled triangles 
may be calculated by the following theorems. 

Theorem I. , 
In any plane triangle, the sines or the angles are as 

their opposite SiDES. 

Let the angles be denoted by the letters A, B, C, and their 
opposite sides by a, 6, c, as in Fig. 23 and 24. From one of 
•the angles, let the line p be drawn perpendicular to the oppo- 
site side. This will fall either within or without the triangle. 

1. Let it fall within^ as in Fig. 23. Then, in the right angled 
triangles ACD and BCD, according to Art. 126, 

R : 6::sin A : p 
R : a : : sin B : p 

Here the two, extremes are the same in both proportions. 
The other four terms are, therefore, reciprocally proportional : 
(Alg. 387.*) that is, 

a : i : : sin A t sin B. 

2. Let the perpendicular p fall without the triangle, as in Fig. 
24. Then, in the right angled triangles ACD and BCD; 

R : i: Isin A : p 
R : a : : sin B : p 

Therefore as before, 

a : 6 : ! sin A : sin B. 



* Euclid 23. 5. 
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Sin A is here put both for the sine of DAC, and for that of 
BAG. For, as one of these angles is the supplement of the 
other, the} have the same sine. (Art 90.) 

The sines which are mentioned het'e, and which are used in 
calculation, are tabular sines. But the proportion will be the 
same, if the sines be adapted to any other radius. (Art. 1 19.) 

Theorem II. 
144. In a plane triangle, 

As THE SUM OF ANY TWO OF THE SIDES, 

To THEIR difference; 

So IS THE TANGENT OF HALF THE SUM OF THE 

OPPOSITE angles; 

To THE TANGENT OF HALF THEIR DIFFERENCE. 

Thus the sum of AB and AC (Fig. 25.) is to their difference ; 
as the tangent of half the sum of the angles ACB and ABC, to 
the tangent of half their difference. 

Demonstration, 

Extend CA to G, making AG equal to AB ; then CG is the 
sum of the two sides AB and AC. On AB set off AD equal 
to AC ; then DB tj the difference of the sides AB and AC. 

The sum of the two angles ACB and ABC, is equal to the 
sum of ACD and ADC ; because each of these sums is the sup- 
plement of CAD. (Art. 79.) But as AC=AD by construction, 
the angle ADC = ACD. (Euc. 5. 1.) Therefore ACD is half 
the sum of ACB and ABC. As AB=AG, the angle AGB= 
ABGorDBE. Also GCE or ACD=ADC=BDE. (Euc. 
15. 1.) Therefore, in the triangles GCE and DBE, the two 
remaining angles DEB and CEG are equal ; (Art. 79.) So that 
CE is perpendicular to BG. (Euc. Def. 10. 1.) If then CE is made 
radius, GE is the tangent of GCE. ( Arl. 84.) that is, the tangent 
of half the sum of the angles opposite to AB and x\C. 

if from the greater of the two angles ACB and ABC, there be 
taken ACD their half sum ; the remaining angle ECB will be 
their half difference. (Alg. 341.) The tangent of this angle, 
CE being radius, is EB, that is, the tangent of half the differ- 
ence of the angles opposite to AB and AC. We have then, 
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CG=the sura of the sides AB and AC ; 

DB=lheir difference; 

GE=the tangent of half the sum of the opposite angles ; 

EB=tbe tangent of half their difference. 

But by similar triangles, 
CG : DB : GE : EB. Q. E. D. 

Theorem III. 

145. If upon the longest side of a triangle, a perpendicular 
be drawn from the opposite angle ; 

As THE LONGEST SIDE, 
To THE SUM OF THE fWO OTHERS ; 
So IS THE DIFFERENCE OF THE LATTER, 
To THE DIFFERENCE OF THE SEGMENTS MADE B7 
THE PERPENDICULAR. 

In the triangle ABC, (Fig. 26.) if a perpendicular be drawn 
from C upon AB ; 

AB : CB+CA::CB-CA : BP-PA.* 

Demonstration, 

Describe a circle on the center C, and with the radius BC. 
Through A and C, draw the diameter LD, and extend BA to 
H. Then by Euc. 35. 3. 

ABxAH=ALxAD 

Therefore, 

AB: AD::AL: AH 
But AD=CD+CA=CB+CA 
And AL=CL-CA=CB-CA 
And AH-HP-PA=BP-PA (Euc. 3. 3.) 

If then, for the three last terms in the proportion, we sub- 
stitute their equals, we have, 

AB : CB+CA::CB-CA : PB-PA. 

146. It is to be observed, that the greater segment is next 
the greater side. If BC is greater than AC, (Fig. 26.) PB is 

* See note F. 
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greater than AP. With the radius AC, describe the arc AN. 
The segment NP=AP. (Euc. 3. 3.) But BP is greater than 
NP. 

]47. The two segments are to each other, as the tangents of 
the opposite angles, or the cotangents of the adjacent angles* 
For, in the right angled triangles ACP and BCP, (Fig. 26.) if 
CP be made radius, (Art. 126.) 

R:PC::TanACP: AP 
R : PC : Tan BCP : BP 

Therefore, by equality of ratios, (Alg. 384.*) 

Tan ACP : AP: :Tan BCP : BP 

That is, the segments are as the tangents of the opposite an- 
gles. And the tangents of these are the cotangents oi the adja- 
cent angles A and B. (Art. 89.) 

Cor. The greater segment is opposite to the greater angle. 
And of the angles at the base, the less is next the greater side. 
If BP is greater than AP, the angle BCP is greater than ACP ; 
. and B is less than A. (Art. 77.) 



148. To enable us to find the sides and angles of an oblique 
angled triangle, three of them must be given. (Art. 114.) 

These may be, either 

1. Two angles and a side, or 

2. Two sides and an angle opposite one of them, or 

3. Two sides and the included angle, or 

4. The three sides. 

The two first of these cases are solved by theorem I, (Art. 
143.) the third by theorem II, (Art. 144.) and the fourth by 
theorem III, (Art. 145.) 

149. In making the calculations, it must be kept in mind, that 
the greater side is always opposite to the greater angle, (Euc. 
18, 19. 1.) that there can be only one obtuse angle in a triangle, 
(Art. 76.) and therefore, that the angles opposite to the two 
least sides must be acute. 

m . . — -^ 

/Euc. 11.5. 
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OBLIQUE ANCr^ED TRIANGLES. 

Case I. 



. 150. Given, 

Two angles, and ^ . f; j J The remaining angle, and 
A side, 5 (. The other two sides. 

The third angle is found by merely subtracting the sum of the 
two which are given from 180°. (Art. 79.) 

The sides are found, by stating, according to theorem 1, the 
following prdportion ; 

As the sine of the angle opposite the given side. 
To the length of the given side ; 
So is the sine of the angle opposite the required side. 
To the length of the required side. 

As a side is to be found, it is necessary to begin with a tabu- 
lar number. 

Ex. 1. In the triangle ABC (Fig. 27.) the side b is given 32 
rods, the angle A 56° 20', and the angle C 49° lO', to find the 
abgle B, and the sides a and c. 

The sum of the two given angles 56° 20'+49° 10'= 105° 
30'; which subtracted from 180°, leaves 74° SO' the angle B. 

Then, 



Sin B : i 

Calculatic 

As the sine of B 

To the side b 

So is the sine of A 


. . ( Sin A : a 
• ' ( Sin C : c 

►n by logarithms. 

74° 30' a. c. 

32 

56°20' 

27.64 

74° 30' a. c. 

32 

49° 10' 


0.01609 
1.50515 
9.92027 


To the side a 


1.44151 


As the sine of B 

To the side b 

So is the sine of C 


0.01609 
1.50515 

9.87887 



To the side c 



25.13 



1.40011 
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The ariitmBiieal cdfnpiement used in the first term here, toay 
be found, la tb6 usual way, or by takitig out the cosecant of the 
givea angle, and rejecting 10 from the index. (Art. 113.) 

Ex. 2. Given the side b 71, the angle A 107^ 6', and the 
angle C 27^ 40^ ; to find the angle B, and the sides a and c. 
The angle B is 46^ 14^ Then 

q:« Ti > A . . i Sin A : a=95.58 
^'"^•*--isinC:c=46.43 

When one of the given angles is obtuse, as in this example, 
the sjne of its supplement is to be taken from the tables. (Art. 
99.) 

Case II. 

151. Given 

Two sides, and an 7 g j ^ The remaining side, and 
Opposite angle, ) ( The other two angles. 

One of the required angles is found, by beginning with a side, 
and, according to theorem I, stating the proportion, 

As the side opposite the given angle, 
To the sine of that angle ; 
So is the side opposite the required angle. 
To the sine of that angle. 

The third angle is found, by subtracting the sum of the oth* 
er two from 180^ ; and the remaining side is found, by the pro- 
pordon in the preceding article. 

152. In this second case, if the side opposite to the given 
angle be shorter than the other given side, the solution will be 
ambiguous. Two dififerent triangles may be formed, each of 
which will satisfy the conditions of the problem. 

Let the side 6, (Fig. 28.) the angle A, and the length of the 
side opposite this angle be given. With the latter (or radiusi 
(if it be shorter than 6,) describe an arc, cutting the line AH in 
the points B and B'. The lines BC and B^C, will be equal. 
So that, wiih the same data, there may be formed two different 
triangles, ABC and AB'C. 

P. T. 12 
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There will be the same ambiguity in the numerical calcula- 
tion. The answer found by the proportion will be the sine of 
an angle. But this may be the sine, either of the acute angle 
AB^C, or of the obtuse angle ABC. For, BC being equal to 
B'C, the angle CB'B is equal to CBB'. Therefore, ABC, 
which is the supplement of CBB^, is also the supplement of 
CB'B. But the sine of an angle is the same, as the sine of its 
supplement. (Art. 90.) The result of the calculation will, 
therefore be ambiguous. In practice however, there will gen- 
erally be some circumstances which will determine whether the 
angle required is acute or obtuse. 

If the side opposite the given angle be longer than the other 
given side, the angle which is subtended by the latter, will ne- 
cessarily be acute. For there can be but one obtuse angle in 
a triangle, and this is always subtended by the longest side. 
(Art. 149.) 

If the given angle be obtuse, the other two will, of course, 
be acute. There can, therefore, be no ambiguity in the so- 
lution. 

Ex. 1. Given the angle A, (Fig. 28.) 35^ 20^ the opposite 
side a 50, and the side b 10; to find the remaining side, and 
the other two angles. 

To find the angle opposite to i, (Art. 151.) 

a : sin A::& : sin B 

' The calculation here gives the acute angle AB'C 54P 3' 50", 
and the obtuse angle ABC 125° 56' 10'^ If the latter be 
added to the angle at A 35° 20', the sum will be 161° 16' lO'^ 
the supplement of which 18° 43' 50" is the angle ACB. Then 
in the triangle ABC, to find the side c=AB, 

Sin A: a::sinC : 0=27.76 

If the acute angle AB'C 54° 3' 50^' be added to the angle 
at A 35^ 20^ the sura will be 89^ 23' 50", the supplement of 
which 90° 36' 10" is the angle ACB'. Then, in the triangle 
AB'C, 

Sin A : CB': :sin C : AB'= 86.45' 

Ex. 2. Given the angle nt A 63° 35' (Fig. 29.) the side 
b 64, and the side a 72 ; to find the side c, and the angles B 
and C. 
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a : sin A: \h : siu 6=52^ 46' 25'' 
SinA : a::sinC : o=72.05 

The sum of ihe angles A and B is 1 16^ 20' 25", the supple- 
ment of which 63° 39' 35" is the angle C. 

In this example, the solutiou is not ambiguous^ because the 
side opposite the given angle is longer than the other given 
side. 

Ex. 3. In a triangle of which the angles are A, B, and C, 
and the opposite sides a, 6, and c, as before ; if the .angle A be 
1210 40/^ tijg opposite side a 68 rods, and the side b 47 rods ; 
what are the angles B and C, and what is the length of the side 
c ? Ans. B is 36^ 2' 4", C 22^ 17' 56", and c 30.3. 

In this example also, the solution is not ambiguous, because 
the given angle is obtuse. 

Case III. 

153. Given 

Two sides, and the ) g , ( The remaining side, and 
Included angle, ) ( '^'^^ ^^^^ t^o angles. 

In this case, the angles are found by theorem II. (Art. 144.) 
The required side may be found by theorem I. 

In making the solution^, it will be necessary to observe, that 
by subtracting the given angle from 180^, the sum of the other 
two angles is found ; (Art. 79.) and, that adding half the dif- 
ference of two quantities to their half sum gives the greater 
quantity, and subtracting the half difference from the half sum 
gives the less. (Alg. 341.) The latter proposition may be geo- 
metrically demonstrated thus ; 

Let AE (Fig. 32.) be the greater of two magnitudes, and 
BE the less. Bisect AB in D, and make AC equal to BE. 
Then 

AB is the sum of the two magnitudes ; 

CE their difference ; 

DA or DB half their sum ; 

DE or DC half their difference ; 
But DA+DE=AE the greater magnitude; 
And DB-DE=BE ihe less. 

Ex. 1. In the triangle ABC (Fig. 30.) the angle A is giv- 
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en. 26^ 14' the side b 39, and the side c 53; to find the angles 
B and C, and the side a. 

The sum of the sides b and c is 53+39=93, 

And their difference 53 — 89 = 14. 

The sum of the angles B and C=18Qo -260 i4/=i53P 45/ 

And half the sum of B and C is 76^ 53' 

Then, by theorem II, 
(i+c) : (i-c): : tan J(B+C) : tan i (B^C) 

To and from the half sum 76^ 53' 

Adding and subtracting the half difference 33 8 50 

We have the greater angle 110 1 50 

And the less angle 43 44 10 

As the greater of the two given sides is c, the greater angle 
is C, and the less angle B. (Art. 149.) 

To find the side a, by theorem I, 
Sin B ; J :: sin A : a=24.94, 

Ex. S. Given the angle A lOP 30', the side b 76, and the 
side e 109 ; to find the angles B and C, and the side a. 
B is 3.00 57J', C 470 32i', and a 144.8. 

Case IV. 

154. Given the three sides, to find the angles. 

In this case, the solutions may be made, by drawing a per- 
pendicular to the longest side, from the opposite angle. This 
will divide the given triangle into two rignt angled trianglea. 
The two segments may be found by theorem III. (Art. 145.) 
There will then be given, in each of the right angled trian- 
gles, the hypothenuse and one of the legs, from which the an- 
gles may be determined, by rectangular trigopoPAetry. (Art. 
135.) 

Ex. 1. In the triangle ABC (Fig. 31.) tbq lyde AB k 39, 
AC 35, and BC 27. What are the angles? 

Let a perpendicular be drawn from C, dividing the long- 
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eat side AB into the two segments AP and BP. Then by the- 
orem III, 

AB : AC+BC: :AC-BC : AP-BP 

As the longest side 39 a. c. 8.40894 

To the sum of the two others 62 1 .79239 

So is the difference of the latter 8 0.90309 



To the difference of the segments 12.72 1.1 0442 

The greater of the two segments is AP, because it is next 
tbe side AC, which is greater than BC. (Art. 146.) 

To and from half the sum of the segments 19.5 

Adding and subtracting half their difierence, (Art. 153.) 6.36 

We have the greater segment AP 25.86 

And the less BP 13.14 



Then, in each of the right angled triangles APC and BPC, 
we have given the hypothenuse and base ; and by Art. 135, 

AC ! R: :AP : cos A=42o 2V bT 
BC : R: :BP : cos B=:60o 52' 42' 

And subtracting the sum of the angles A and B from 180^, 
we have the remaining angle ACB=76° 45'^!''. 

Ex. 2. If the three sides of a triangle are 78, 96, and 104 ; 
what are the angles ? 

Ans. 450 41' 48^ 61^ 43' 27'', and 72° 34' 45". 

Examples for Practice, . / . 

1. Given the angle A 54° 30', the angle B 63° 10', and the 

side a 164 rods; to 6nd the angle C, and tbe sides b 
and c. 

2. Given the angle A 45^ 6', tbe opposite side a 93, and the 

side b 108 ; to 6nd the angles B and C, and the side c. 

3. Given the angle A 67^ 24', the opposite side a 62, and the 

side & 46 ; to find the angles B and C, and the side c. 

4. Given the angle A 127° 42', the opposite side a 381, and 

the side 6 184 ; to find the angles B and C, and the side c. 
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5. Given the side b 58, the side c 67, and the included angle 

A=36^ ; to find the angles B and C, and the side a. 

6. Given the three sides, 631, 268, and 546 ; to find the an- 

gles. 

155. The three theorems demonstrated in this section, have 
been here applied to oblique angled ti*iangles only. But they 
are equally applicable to right angled triangles. 

Thus, in the triahgle ABC, (Fig. 17.) according to theorem 
I, (Art. 143.) 

SinB : AC::sin A : BC 

This is the same proportion as one stated in Art. 134, ex- 
cept that, inHhe first term here, the sine of Bis substituted for 
radius. But, as B is a right angle, its sine is equal to radius. 
(Art. 96.) 

Again, in the u*iangle ABC, (Fig. 21.) by the same theorem ; 

Sin A :BC::sinC : AB 

This is also one of the proportions in rectangular trigonome- 
try, when the hypothenuse is made radius. 

The other two theorems might be applied to the solution of 
right angled triangles. But, when one of the angles is known 
to be a right angle, the methods explained in the preceding sec- 
tion, are much more simple in practice.^ 

* For the application of Trigonometry to the Mensuration of Heights and 
Distances, see Navigation and Surveying. 
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SECTION V. 



GEOHETRICAL CONSTRUCTION 07 TRIANGLES, BT THE PLANE 

SCALE. 



Art. 156. To facilitate the construction of geometrical fig- 
ures, a number of graduated lines are put upon the common 
two feet scale ; one side of which is called the Plane Scahj and 
the other side, Crunter^s Scale, The most important of these 
are the scales of equal parts, and the line of chords. In forming 
a given triangle, or any other right lined figure, the parts which 
must be made to agree with the conditions proposed) are the 
linesj and the angles. For the former, a scale of equal parts is 
used ; for the latter, a line of chords. 

157. The line on the upper side of the plane scale, is divided 
into inches and tenths of an inch. Beneath this, on the left hand, 
are two diagonal scales of equal parts,* divided into inches and 
half inches, by perpendicular lines. On the larger scale, one 
of the inches is divided into tenths, by lines which pass oblique" 
ly across, so as to intersect the parallel lines which run from 
right to left. The use of the oblique lines is to measure hun- 
dreths of an inch, by inclining more and more to the right, as 
they cross each of the parallels. 

To take off, for instance, an extent of 3 inches, 4 tenths, and 
6 hundredths ; 

Place one foot of the compasses at the intersection of the 
perpendicular line marked 3 with the parallel line marked 6, 
and the other foot at the intersection of the latter with the ob- 
lique line marked 4. 

The other diagonal scale is of the same nature. The divis- 
ions are smaller, and are numbered from left to right. 

158. In geometrical constructions, what is often required, 
is to make a figure, not equal to a given one, but only similar. 
Now figures are similar which have equal angles, and the 



'• * These lines are not represented in the plate, as the learner is supposed to 
havo the scale betbre hiio. 
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sides about the equal Singles proportional. (Euc. Def. 1. 6.) 
Thus a laud surveyor, in plotting a field, makes the several lines 
in his plan to have the same proportion to each other, as the 
sides of the field. For this purpose, a scale of equal parts may 
fc^e used, of any dimensions whatever. If the sides of the field 
are 2, 5, 7, and 10 rods, and the lines in the plan are 2, 5, 7, 
and 10 inches J and if the angles are the same in each, the fig- 
ures are similar. One is a copy of the other, upon a smaller 
scale. 

So any two right lined figures are similar, if the angles are 
the same in both, and if the number of smaller parts in each side 
of one, is equal to the number of larger parts in the correspond- 
ing sides of the other. The several divisions on the scale of 
equal parts may, therefore, be considered as representing any 
measures of length, as feet, rods, miles, inc. All that is neces- 
sary is, that the scale be not changed, in the construction of the 
same figure ; and that the several divisions and subdivisions be 
properly proportioned to each other. If the larger divisions, on 
the diagonal scale, are units, the smaller ones are tenths and 
hundredths. If the larger are tens, the smaller are units and 
tenths. 

159. In laying down an angle^ of a given number of degrees, 
it is necessary to measure it. Now the proper measure of an 
angle is an arc of a circle. (Art. 74.) And the measure of an 
arc, where the radius is given, is its chord. For the chord is 
the distance, in a straight line, from one end of the arc to the 
other. Thus the chord AB (Fig. 33.) is a measure of the arc 
ADB, and of the angle ACE. 

To form the line of chords, a circle is described, and the 
lengths of its chords determined for every degree of the quad- 
rant. These measures are put on the plane scale, on the line 
marked CHO. 

160. The chord of 60° is equal to radius. (Art. 95.) In 
laying down or measuring an angle, therefore, an arc must be 
drawn, with a radius which is equal to the extent from to 60 
on the line of chords. There are generally on the scale, two 
lines of chords. Either of these may be used ; but the angle 
must be measured by the same line from which the radius is 
taken. 

161. To make an angle, then, of a given number of de- 
grees ; From one end of a straight line as a center, and with 
a radius equal to the chord of 60^ on the line of chords, de- 
scribe an arc of a circle cutting the straight line. From tl^e 
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point of intersection, extend the chord of the given number of 
degrees, applying the other extremity to the arc ; and through 
the place of meeting, draw the other line from the angular point. 

If the given angle is obtuse, take from the scale the chord of 
half the number of degrees, and apply it twice to the arc. Or 
make use of the chords of any two arcs whose sum is equal to the 
given number of degrees. 

A right angle may be constructed, by drawing a perpendicu- 
lar without using the Kne of chords. 

Ex. 1. To make an angle of 32 degrees. (Fig. 33.) With 
the point C, in the line CH, for a center, and with the chord of 
60° for radius, describe the arc ADF. Extend the chord of 
32° from A to B ; and through B, draw the line BC. Then is 
ACB an angle of 32 degrees. 

2. To make an angle of 140 degrees. (Fig. 34.) On the 
line CH, with the chord of 60°, describe the arc ADF ; and 
extend the chord of 70° from A to D, and from D to B. The 
arcADB=70°x2=140°. 

On the other hand ; 

162. To measure an angle; On the angular point as a cen- 
ter, and with the chord of 60° for radius, describe an arc to cut 
the two lines which include the angle. The distance between 
the points of intersection, applied to the line of chords, will give 
the measure of the angle in degrees. If the angle be obtuse^ 
divide the arc into two parts. 

Ex. 1. To nieasure the angle ACB. (Fig. 33.) Describe 
the arc ADF cutting the lines CH and CB. The distance AB 
will extend 32° on the line of chords. 

2. To measure the angle ACB. (Fig. 34.) Divide the arc 
ADB into two parts, either equal or unequal, and measure each 
part, by applying its chord to the scale. The sum of the two 
will be 140° 

163. Besides the lines of chords, and of equal parts, on the 
plane scale ; there are also lines of natural sines, tangents, and 
secants^ marked Sin. Tan. and Sec; of semitangents, marked 
S. T.; of longitude, marked Lon. or M. L.; ofrhvnJts, marked 
Rhu. or Rum. &lc. These are not necessary in trigonometrical 
constructions. Some of them are used in Navigation ; and some 
of them, in the projections of the Sphere. 

164. In Navigation, the quadrant, instead of being gradua- 
ted in the usual manner, is divided into e^ht portions, called 

P. T. 13 
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Rhumbs. The Rhumb line, on the scale, is a line of chords, 
divided into rhumbs and quarter-rhumbs, instead of degrees. 

165. The line of jLonffi7t/rfe is intended to show the number 
of geographical miles in a degree of longitude, at difierent distan- 
ces from the equator. It is placed over the line of chords, vi^ith 
the numbers in an inverted order : so that the figure above shows 
the length of a degree of longitude, in any latitude denoted by 
the figure below.* Thus at the equator, where the latitudte is 
0, a degree of longitude is §0 geographical miles. In latitude 
40, it is 46 miles ; in latitude 60, 30 miles, &^c. 

166. The graduation on the line of secants begins where the 
line of sines ends. For the greatest sine is only equal to radius ; 
but the secant of the least arc is greater than radius. 

167. The semitangents are the tangents of half ihe given 
arcs. Thus the semitangent of 20° is the tangent of I'O^. 
The line of semitangents is used in one of the projections of the 
sphere. 



168. In the construction of triangles, the sides and angles 
which are given, are laid down according to the directions in 
Arts. 158, 161. The parts required are then measured, accor- 
ding to Arts. 158, 162. The following problems correspond 
with the four cases of oblique angled triangles ; (Art. 148.) but 
are equally adapted to right angled triangles. 

169. Pros. I. The angles and one side of a triangle being 
given ; to find, by construction, the other two sides. 

Draw the given side. From the ends of it, lay ofFtwo of the 
given angles. Extend the other sides till they intersect ; and 
then measure their lengths on a scale of equal parts. 

Ex. 1. Given the side b 32 rods, (Fig. 27.) the angle A 56° 
20', and the angle C 49° 10' ; to construct the triangle, and find 
the length of the sides a and c. 

Their lengths will b^ 25 and 27^. 

2. In a right angled triangle, (Fig. 17.) given the hypothe- 
nuse 90, and the angle A 32° 20', to find the base and perpen- 
dicular. 

The length of AB will be 76, and of BC 48. 



* Sometimes the line of longitude is placed under the line of chords. 
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3. Given the side AC 68, the angle A 124°, and the angle 
C 37° : to construct the triangle. ' 

170. Prob. II. Two sides and an opposite angle being giv- 
en, to find the remaining side, and the other two angles. 

Draw one of the given sides; from one end of it, lay off the 
given angle ; and extend a line indefinitely for the required side. 
From the other end of the first side, with the remaining given 
side for radius, describe an arc cutting the indefinite line. The 
point of intersection will be the end of the required side. 

If the side opposite the given angle be less than the other giv« 
en side, the case will be ambiguous, (Art. 152.) 

Ex. 1. Given the angle A 63° 35' (Fig. 29.) the side h 32, 
and the side a 36. 

The side AB will be 36 nearly, the angle B 52° 45^, and 
C 63° 39^'. 

. 2. Given the angle A (Fig. 28.) 35° 20', the opposite side' a 
25, and the side b 35. < 

Draw the, side b 35, make the angle A 35° 20', and extend 
AH indefinitely. From C with radius 25, describe an arc cutting 
AH in B and B'. Draw CB and CB^ and two triangles will 
be formed, ABC, and AB C, each corresponding with the con- 
ditions of the problem. 

; 3. Given the angle A 116°, the opposite side a 38, and the 
$ide 5 26 ; to construct the triangle. 

171. Pros. III. Two sides and the included angle being 
giyen ; to find the other side and angles. 

Draw one of the given sides. From one end of it lay off the 
given angle, and draw the other given side. Then connect the 
extremities of this and the first line. 

Ex. 1. Given the angle A (Fig. 30.) 26° 14', the side h 78, 
and the side c 106 ; to find B, C, and a. 

The side a will be 50, the angle B 43° 44', and C 110° 2'. 

2. Given A 86°, b 65, and c 83 ; to find B, C, and a. 

172. Prob. IV. The three sides being given ; to find the an- 
gles. 

Draw one" of the sides, and from one end of it, with an extent 
equal to the second side, describe an arc. From the other end, 
with an extent equal to the third side, describe a second arc 
cutting the first ; and from the point of intersection draw the two 
sides. (Euc. 22. 1.) 

Ex. 1. Given AB (Fig. 31.) 78, AC 70, and BC, 64; to 
find the angles. 
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The angles will be A 42° 22', B 60° 52 1', and C 76° 461', 

2. Given the three sides 58, 39, and 46; to find the Angles. 

173« Any right lined figure whatever, whose sides and an- 
gles are given, may be constructed, by laying down the side3 
vom a scale of equal parts, and the angles from a line of chords. 

Ex. Given the sides AB (Fig. 35.) =20, BC=22, CD= 
30, DE:=ri2; and the angles B*102O, C=130O, D=108o, 
to construct the figure. 

Draw the side AB=:20, make the angle B'=^102^, draw 
BC=22, make C=130O, draw CD=30,'make D=108o, 
draw DE=sl2, and connect E and A. 

The last line £A may be measured on the scale of equal 
parts ; and the angles E and A, by a line of chords. 
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SECTION VI. 



Art. 174. An expeditious method of solving the problems 
in trigonometry, and making other logarithmic calculations, in 
a mechanical way, has been contrived by Mr. Edmund Gun- 
ter. The logarithms of numbers, of sines, tangents, &c. are 
represented by lines. By means of these, multiplication, di* 
vision, the rule of three, involution, evolution, &c. may be 
performed much more rapidly, than in the usual method by 
figures. 

The logarithniiic lines are generally placed on one side only 
of the scale in common use. They are, 

A line of artificial Sines divided into Rhumbs^ and mark- 
ed S. R. 
A line of artificial Tangents, do. T. R. 
A Kne of the logarithms of nuwhers. Num. 
A line of artificial Sines, to every degree, SIN. 
A line of artificial Tangents, do. TAN. 
A line of Versed Sines, V. S. 

To these are added a line of equal parts, and a line of Me- 
ridional Parts, v^hich are not logarithmic. The latter is used 
in Navigation. 

The Ldne of Numbers, 

175. Portions of the line of Numbers, are intended to rep- 
resent the logarithms of the natural series of numbers 2, 3, 4, 
6, &c. 

The logarithms of 10, 100, 1000, &c. are 1, 2, 3, 8cc, 
(Art. 3.) 

If then, the log. of 10 be represented by a line of 1 foot; 
the log. of 1 00 will be repres'd by one of 2 feet ; 
the log. of 1000 by one of 3 feet; 

the lengths of the several lines being proportional to the cor- 
responding logarithms in the tables. Portions of a foot will 
represent the logarithms of numbers between 1 and 10 ; and 
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portions of a line 2 feet long, the logarithms of numbers between 
1 and 100. 

On Gunter's scale, the line of the logarithms of numbers 
begins at a brass pin on tiie left, and the divisions are number- 
ed 1, 2, 3, &c. to another pin near the middle. From this, the 
numbers are repeated, 2, 3, 4, &^c. which may be read 20, 30, 
40, &c. The logarithms of numbers between 1 and 10, are 
represented by portions of the first half of the line ; and the log- 
arithms of numbers between 10 and 100, by portions greater 
tban lialf the line, and less than the whole. 

176. The logarithm of 1, which is 0, is denoted, not by any 
extent of line, but by a point under 1, ni the commencement 
of the scale. The distances from this point to different parts of 
the line, represent other logarithms, of which the fgures pla- 
ced over the several divisions are the natural numbers. For 
the intervening logarithms, the intervals between the figures, 
are divided into tenths, and sometimes into smaller portions. 
On the right hand half of the scale, as the divisions which ai;e 
numbered are tens^ the subdivisions are units. 

Ex. 1. To take from the scale the logarithm of 3.6 j set one, 
foot of the compasses under 1 at the beginning of the scale, and 
extend the other to the 6th division after the first figure 3. 

2. For the logarithm of 47 ; extend from 1 at the beginnings 
to the 7th subdivision after the second fig<ure 4.* 

177. It will be observed, that the divisions and subdivisions 
decrease^ from left to right ; as in the tables of logarithms^ the 
differences decrease. The difference between the logarithms 
df 10 and 100 is no greater, than the difference between the 
logarithms of 1 and 10. 

178. The line of numbers, as it has been here explained, fur- 
nishes the logarithms of all numbers between I and 100. 

And if the indices of the logarithms be neglected, th6 same 
scale may answer for all numbers whatever. For the deci- 
mal part of the logarithm of any number is the same, as that 
of the number multiplied of divided by 10, 100, &c. (Art. 
14.) In logarithmic calculations, the use of the indices is to 
determine the distance of the several figures of the natural 
numbers from the place of units, (Art. 11.) But in those 
cases in which the logarithmic line is commonly used, it will 

** If (he compasses will not reach the distance reouired ; first open them so 
as to take off half, or any part of the distance, and then the remaining part. 
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not generally be difficult to determine the local value of the fig- 
ures in the result. 

179. We may, therefore, consider xhe point under 1 at the 
left hand^ as representing ^the logajiithm of ], or 10, or 100; or 
tV» or TTiTJ 8ic. for the decimal part of the logarithm of each of 
these IS 0. But if the first 1 is reckoned 10, all the succeeding 
numbers must also be increased in a tenfold raiio ; so as to read, 
on the first half of the line, 20,- 30, 40, &c. and on the other 
half, 200, 300, &c. 

The whole extent of the logarithmic line, 
is from 1 to 100, or from 0.1 to 10, 

or from 10 to 1000, or from 0.01 to 1 , 

or from 100 to 10000, Kc. or from 0.001 to 0.1 &c. " 
Different values may, on different occasions, be assigned to 
the several numbers and subdivisions marked on this liiie. But 
for any one calculatioif, the value must remain the same. 
Ex. Take from the scale 365. 

As the number is between 10 and 1000, let the 1 at the be- 
ginning of the scale, be reckoned 10. Then, from this point 
to the second 3 is 300 ; to the 6th dividing stroke is 60 ; and 
half way from this to the next stroke is 5. 

180. Muhiplication, division, &^c. are performed by the line 
of numbers, on the same principle, as by common logarithms. 
Thus, 

To multiply by this line, add the logarithms of the two fac- 
tors ; (Art. 37.) that is, take off, with the compasses, that length 
of line which represents the logarithm of one of the factors, and 
apply this so as to extend forward from the end of that which 
represents the logarithm of the other factor. The sum of the 
two will reach to the end of the line representing the logarithm 
of the product. 

Ex. Multiply 9 into 8. The extent from 1 to 8, added to 
that from 1 to 9, will be equal to the extent from 1 to 72 the 
product. 

181. To divide by the logarithmic line, subtract the logarithm 
of the divisor from that of the dividend ; (Art. 41.) that is, take 
off the logarithm of the divisor, and this extent set back from 
the end of the logarithm of the dividend, will reach to the loga- 
rithm of the quotient. 

Ex. Divide 42 by 7. The extent from 1 to 7, set back from 
42, will reach to 6 the quotient. 

182. Involution is performed in logarithms, by multiplying 
the logaritlim of ihe quantity into the index of the powet 
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(Art. 45.) that is, by repeating the logarithms as many tiroes n^ 
there are units in the index. To involve a quantity on the scale, 
then, take in the compasses the linear logarithm, and double tV, 
treble it, be. according to the index of the proposed power. 

Ex. 1. Required the square of 9. Extend the compasses 
from 1 to 0. Twice this extent will reach to 81 the square. 

2. Required the cube of 4. The extent from 1 to 4, repeat- 
ed three times, will reach to 64 the cube of 4. 

183. On the other hand, to perform evolution on the scale ; 
take half, one third, &lc. of the logarithm of the quantity, accor- 
ding to the index of the proposed root. 

Ex. 1. Required the square root of 49. Ha[/* the extent 
from 1 to 49, will reach from 1 to 7 the root. 

2. Required the cube root of 27. One third the distance 
from 1 to 27, will extend from 1 to 3 the root. 

184. The Rule of Three may be performed on the scale, ia 
the same manner as in logarithms, by adding the two middle 
terms, and from the sum, subtracting the first term. (Art. 62.) 
But it is more convenient in practice to begin by subtracting the 
first term from one of the others. If four quantities are propor- 
tional, the quotient of the first divided by the second, is equal 
to the quotient of the third divided by the fourth. (Alg. 364.) 

a c a b 
Thus if a : 6: :c : rf, then t=,, and-=^. (Alg. 380.) 

But in logarithms, subtraction takes the place of division ; so 
that, 

log. a— log. 6=log. c - log. d. Or log. a— log. c=log. b - log. df. 

Hence, 

186. On the scale, the difference between the first and second , 
terms of a proportion, is equal to the difference between the third 
and fourth. Or, the difference between the first and third terms, 
is equal to the difference between the second and fourth. 

The diflference between the two terms is taken, by extend- 
ing the compasses from one to the other. If the second 
term be greater than the first ; the fourth must be greater 
than the third ; if less, less. (Alg. 395.*) Therefore if the 
compasses extend forward from left to right, that is, from a 



* Euc. 14. 5. 
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less Qurober to a greater, from the first term to the second ; 
tbey must also extend forward from the third to the fourth. 
But if tbey extend backward, from the first term to the sec* 
ond ; tliey must extend the same way, from the third to the 
fourth. 

Ex. 1. In the proportion 3 : 8: : 12 : 32, the extent from 3 
to 8, will reach from 12 to 32 ; Or, the extent from 3 to 12, 
will reach from 8 to 32. 

2. If 54 yards of cloth cost 48 dollars, what will 18 yards 

cost? 54 :48::i8 : 16 

The extent from 54 to 48, will reach backwards from 18 to 
16. 

3. If 63 gallons of wine cost 81 dollars, what will 35 gal- 
lons cost? 63 : 8i::35 :45 

The extent from 63 to 81, will reach from 35 to 45. 

The Line of Sines. 

186. The line on Gunter's scale marked SIN, is a line of 
logarithmic sines, made to correspond with the line of numbers. 
The whole extent of the line of numbers, (Art. 179.) 

is from 1 to 100, whose logs, are 0.00000 and 2.00000, 
or from 10 to 1000, whose logs, are 1.00000 and 3.00000, 
or from 100 to 10000, whose logs, are 2.00000 and 4.00000, 

the difference of the indices of the two extreme logarithms be- 
insT in each case 2. 

Now the logarithmic sine of 0^ 34' 22'' 41'" is 8.00000 
And the sine of 90° (Art. 95.) is 10.00000 

Here also the difference of the indices is 2. If then the 
point directly beneath one extremity of the line of numbers, be 
marked for the sine of 0° 34' 22" 41'"; and the point bedeath 
the other extremity, for the sine of 90^ ; the interval may fur- 
nish the intermediate sines ; the divisions on it being made to 
correspond with the decimal part of the logarithmic sines in the 
tables.^ 



* To represent the sines less than 84' 22'' 41"', the scale must be eztesded 
on the left indefinitely. For, as the sine of an arc approaches to 0, its loga- 
rithm, which is negative, increases without limit (Art. 15.) 
P. T. 14 
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The first dividing stroke in the line of Sines is generally at 
0° 40', a little farther to the right than the beginning of the 
line of numbers. The next division is at 0° 50' ; then be- 
gins the numbering of the degrees, 1, 2, 3, 4, &c. from left 
to right. 

The Line of Tangents. 

187. The first 45 degrees on this line are numbered from 
left to right, nearly in the same manner, as on the line of 
Sines. 

The logarithmic tangent of 0^ 34' 22" 35'" is 8.00000 
And the tangent of 45^, (Art. 95.) 10.00000 

The difierence of the indices being 2, 45 degrees will reach 
to the end of the line. For those above 45° the scale ought 
to be continued much farther to the right. But as this would 
be inconvenient, the numbering of the degrees, after reaching 
46, is carried back from right to left. The same dividing 
stroke answers for an arc and its complement, one above and the 
other below 450. For, (Art. 93. Propor. 9.) 

tan : R::R : cot. 

In logarithms, therefore, (Art. 184.) 

tan— R=R-coti 

That is, the difference between the tangent and radius, is 
equal to the difference between radius and the cotangent : in 
other words, one is as much greater than the tangent of 45^, 
as the other is less. In taking, then, the tangent of an arc 
greater than 45°, we are to suppose the distance between 45 
and the division marked with a given number of degrees, to be 
added to the whole line, in the same manner as if the line were 
continued out. In working proportions, extending the com- 
passes back, from a less number to a greater, must be consid- 
ered the same as carrying them forward in other cases. See 
Art. 186. 

Trigonometrical Proportions on the Scale. 

188. In working proportions in trigonometry by the scale ; 
the extent from the first term to the middle term of the same 
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namij toUl reach from the other middle term to the fourth term. 
(Art. 185.) 

In a trigonometrical proportion, two of the terms are the 
lengths of sides of the given triaTigle ; and the other two are tab- 
ular sines, tangents, Sec. The former are to be taken from the 
line of numbers ; the latter, from the lines of logarithmic sines 
and tangents. If one of the terms is a secant, the calculation 
cannot be made on the scale, whi'ch has commonly no line of se- 
cants. It must be kept in mind that radius is equal to the sine 
of 90^, or to the tangent of 45^. (Art. 95.) Therefore, when- 
ever radius is a term in the proportion, one foot of the compass- 
es must be set on the end of the line of sines or of tangents. 

189. The following examples are taken from the proportions 
which have already been solved by numerical calculation. 

Ek. 1. In Case I, of right angled triangles, (Art. 134. ex. 1.) 

R: 45:: sin 32° 20' : 24 

Here the third term is a sine; the first term radius is, there- 
fore, to be considered as the sine of 90°. Then the extent from 
90^ to 32° 20' on the line of sines, will reach from 45 to 24 on 
the line of numbers. As the compasses are set back from 90° 
to 32° 20' ; they must also be set back from 45. (Art. 185.) 

2. In the same case, if the base be made radius, (page 60.) 

R : 38::tanai2°20' :24 

Here, as the third term is a tangent, the first terra radius is to 
be considered the tangent of 45°. Then the extent from 45° 
to 32° 20' on the line of tangents, will reach from 38 to 24 on 
the line of numbers. 

3. Iftbe perpendicular be made radius, (page 60.) 

R:24::tan 57° 40': 38 

The extent from 45° to 57° 40' on the line of tangents, will 
reach from 24 to 38 on the line of numbers. For the tangent 
of 57° 40' on the scale, look for its complement 32° 20^. (Art. 
187.) In this example, although the compasses extend badi 
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irom 45^ to 57^ 40' ; yet, as this is from a less number to a 
greater^ tbey must ^yAenA forward on the line of numbers. (Arts. 
186, 187.) , 

4. In art. 135, 35 : R: :26 : sin 48^ 
The extent from 35 to 26 will reach from 90^ to 48°. 

5. In an. 136, R : 48 : : tan 27J<5 : 24} 
The extent from 45^ to 274°, will reach from 48 to 24|. 

6. In art. 160, ex. 1. Sin 74° 30' : 32: : sin 56° 20' : 27 J. 

For other examples, see the several cases in Sections III. and 
IV. 

190. Though the solutions in trigonometry may be effected 
by the logarithmic scale, or by geometrical construction, aS'Well 
as by arithmetical computation ; yet the latter method is by far 
the most accurate. The first is valuable principally for the ex- 
f edition with which the calculations are made by it. The sec- 
ond is of use, in presenting xheform of the triangle to the eye. 
But the accuracy which attends arithmetical operations, is not to 
be expected, in taking lines from a scale with a pair of com- 
passes.* 

* See note G. 
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SECTION VII * 



THE FIRST PRINCIPLES OF TRIGONOMETRICAL ANALYSIS. 

Art. 191. In the preceding sections, sines, tangents, and 
secants have been employed in calculating the sides and angles 
of triangles. But the use of these lines is not confined to this 
object. Important assistance is derived from them, in con- 
ducting many of the investigations in the higher branches of 
analysis, particularly in physical astronomy. It does not belong 
to an elementary treatise of trigonometry, to prosecute these in- 
cjuiries to any considerable extent. But this is the proper place 
ior preparing the formula, the applications of which are to be 
made elsewhere. 

Positive and negative signs in trigonometry. 

192. Before entering on a particular consideration of the 
algebraic expressions which are produced by combinations of 
the several trigonometrical lines, it will be necessary to attend 
to the positive and negative tigns in the different quarters of 
the circle. The sines, tangents, &c. in the tables, are calcula- 
ted for a single quadrant only. But these are made to answer 
for the whole circle. For they are of the same length in each 
of the four quadrants. (Art. 90.) Some of them, however are 
positive ; while others are negative. In algebraic procesises, 
this distinction must not be neglected. 

193. For the purpose of tracing the changes of the signs, in 
different parts of the circle, let it be supposed that a straight 
line CT (Fig. 36.) is fixed at one end C, while the other end 
is carried round, like a rod moving on. a pivot ; so that the point 
S shall describe the circle ABDH. If the two diameters AD 
and BH be perpendicular to each other, they will divide the 
circle into quadrants. 



* fiuler's Anaiyris of Infinites, Hutton's Mathematicfl, Lacroiz's Difleren- 
tial Calculas, Mantfield't Essays, Legendre's, Lacroiz's, Play fair's, Cagioli's, 
and Woodhouse's TrigODometry. 
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194. Id the Jirst quadrant A6, the sine, cosine, tangent, 
&c. are considered all positive. In the second quadrant BD, 
the sine P^S^ continues positive ; because it is still on the up* 
per side of the diameter AD, from which it is measured. But 
the cosine^ which is measured from BH, becomes n^ative^ as 
soon as it changes from the right to the left of this line. (Alg. 
507.) In the third quadrant^ the sine becomes negative, by 
changing from the upper side to the under side of DA. The 
tosine continues negative, being still on the left of BH. In the 
fourth quadrant^ the sine continues negative. But the cosine 
becomes positive, by passing to the right of BH. 

195. The signs of the tangents and secants may be derived 
from those of the sines and cosines. The relations of these 
several lines to each other must be such, that a uniform meth- 
od of calculation may extend through the different quad- 
rants. 

In the first quadrant, (Art. 93. Proper. 1.) 

„ . , . ^ Rxsin 

R : cos : : tan : sm, that is. Tan = • 

cos 

The sign of the quotient is determined from the signs of the 
divisor and dividend. (Alg. 123.) The radius is considered 
as always positive. If then the sine and cosine be both positive 
or both negative, the tangent will be positive. But if one of 
these be positive, while the other is negative, the tangent will 
be negative. 

Now by the preceding article. 
In the 2d quadrant, the sine is positive, and the cosine neg- 
ative. 

The tangent must therefore be negative. 
In the 3d quadrant, the sine and cosine are both negative. 

The tangent must therefore be positive. 
In the 4th quadrant, the sine is negative, and the cosine posi- 
tive. 

The tangent must therefore be negative. 

196. By the 9th, 3d, and 6th proportions in Art. 93. 

1. Tan : R : : R : cot, that is Cot =— • 

tan 
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Therefore^ as radius is uQiforraly positive, the cotangent must 
have the same sigQ as the tangent. 

2. Cos : R: :R : sec, that is, Sec=-— . 

cos 

The secantf therefore, must have the same sign as the cosine. 

R« 

3. Sin : R: :R : cosec, that is, Cosec=-r-* 

^ sin 

The cosecantf therefore, must have the same sign as the sine. 
The versed me, as it is measured from A, in one direction 
only, is invariably positive. 

197. The tangent AT (Fig. 36.) increases, as the arc ex- 
tends from' A towards B. See also Fig. 11. Near B the in- 
crease is very rapid ; and when the difference between the arc 
and 90^, is less than any assignable quantity, the tangent is^ea^- 
er than any assignable quantity, and is said to be infinite. ( Alg. 
447.) If the arc is exactly 90 degrees, it has, strictly speaking, 
no tangent. For a tangent is a line drawn perpenijicular to 
the diameter which passes through one end of the arc, and ex- 
tended till it meets a line proceeding from the center through 
the other end. (Art. 84.) But if the arc is 90 degrees, as A&, 
(Fig. 36.) the angle ACB is a right angle, and therefore AT is 
parallel to CB ; so that, if these lines be extended ever so far, 
they never can meet. Still, as an arc infinitely near to 90^ has 
a tangent infinitely great, it is frequently said, in concise terms, 
that the tangent of 90^ is infinite. 

In the second quadrant, the tangent, is, at first, infinitely great, 
and gradually diminishes, till at D it is reduced to nothing. la 
the third quadrant it increases again, becomes infinite near H, 
and is reduced to nothing at A. 

The cotangent is inversely as the tangent. It is therefore no- 
thing at B and H, (Fig. 36.) and infinite near A and D. 

198. The secant increases with the tangefnt, through the first 
quadrant, and becomes infinite near B ; it then diminishes, in 
the second quadrant, till at D it is equal to the radius CD. In 
the third quadrant it increases again, becomes infinite near H, 
after which it diminishes, till it becomes equal to radius. 

The cosecant decreases, as the secant increases, and v. v. It 
is therefore equal to radius at B and H, and infinite near A and 
D. 
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199. The sine increases through the first quadrant, till at B 
(Fig. 36.) it is equal to radius. See also Fig. 13. It then di- 
minishes, and is reduced to nothing at D. In the third quadrant^ 
it increases again, becomes equal to radius at H, and is redu- 
ced to nothing at A. 

The cosine decreases through the first quadrant, and is redu- 
ced to nothing at B. In the second quadrant, it increases, till 
it beconaes equal to radius at D. It then dinainishes again, is re- 
duced toiiothing at H, and afterwards increases till it becomes 
equal to radius at A. 

In all these cases, the arc is supposed to begin at A, and to 
extend round in the direction of BDH. 

200. The sine and cosine vary from nothing to radius, which 
they never exceed. The secant and cosecant are never less than 
radius, but may be greater than any given length. The tangent 
and cotangent have every value from nothing to infinity. Each 
of these lines, after reaching its greatest limit begins to decrease ; 
and as soon as it arrives at its least limit, begins to increase. 
Thus the sine begins to decrease, after becoming equal to radius^ 
which is its greatest limit. But the secant begins to increase 
aftei^ becoming equal to radius, which is its least limit. 

201. The substance of several of the preceding articles is 
comprised in the following tables. The first shows the signs of 
the trigonometrical lines, in each of the quadrants of the circle. 
The other gives the values of these lines, at the extremity of 
each quadrant. 



' 




Quadrant Ist 


2d 


3d 


4th 


Sine and cosecant 




+ 


+ . 


— 


— 


Cosine and secant 




+ 


— 


— 


+ 


Tangent and 


cotangent 




+ 


— 


+ 


— 






oo 


90^ 


180O 


270° 


360^ 


Sine 







r 





,r 





Cosine 




r 





r 





r 


Tangent 


. , 





oc 





oc 





Cotangent 




oc 





cc 





oc 


Secant 




r 


OD 


r 


^ o: 


r 


Cosecant 




oc 


r 


oc 


r 


oc 



Here r is put for radius, and oc for infinite. 

202. By comparing these two tables, it will be seeui that 
each of the trigonometrical lines changes from positive to ne- 
gative, or from negative to positive, in that part of the circle 
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in which the line is either nothing or infinite. Thus the tan- 
gent changes from positive to negative, in passing from the first 
quadrant to the second, through the place vt^here it is infinite* 
It becomes positive again, in passing from the second quadrant 
to the third, through the point in which it is nothing. 

203. There can be no more than 3G0 degrees in any circle. 
But a body may have a number of successive revolutions in the 
same circle ; as the earth moves round the sun, nearly in the 
same orbit, year after year. In astronomical calculations, it is 
frequently necessary to add together parts of different revolutions. 
The sum may be more than 360^. But a body vt^hicb has made 
more than a complete revolution in a circle, is only brought back 
to a point vtrhich it had passed over before. So the sine, tangent, 
be. of an arc greater than 360^, is the same as the sine, tan- 
gent &c. of some arc less than 360^. If an entire circumfer- 
ence, or a number of circumferences be added to any arc, it will 
terminate in the same point as before. So that, if C be put for 
a whole circumference or 360^, and x be any arc whatever ; 

sin a?=sin (C+a?)=sin (2C+a?)=sin (3C+a?), &c. 
tan aj=tan(C +a?)=tan (2C+a:) =tan (3e+a;), &c. 

204. It is evident also, that, in a number of successive revo- 
lutions, in the same circle ; 

The first quadrant must coincide with the 5th, 9th, 13th, ITtfa, 
The second, with the 6th, 1 0th, 14th, 18tb, &c. 

The third, with the 7th, 11th, 15ih, 19th, fcc. 

The fourth, with the 8th, 12th, 16ih, 20th, &c. 

205. If an arc extending in a certain direction from a given 
point, be considered positive ; an arc extending from the same 
point, in an opposite direction, is to be considered negative. 
(Alg. 507.) Thus, if the arc extending from A to S (Fig. 36.) 
be positive ; an arc extending from A to S^^^ will be negative. 
The latter will not terminate in the same quadrant as the other ; 
and the sines of the tabular lines must be accommodated to this 
circumstance. Thus the sine of AS will be positive, while that of 
AS'" will be negative, (Art. 194.) When a greater arc is sub- 
tracted from a less, if the latter be positive, the remainder must 
be negative. (Alg. 58, 9.) 

TRIGONOMETRICAL FORMULA. 

206. From the view which has here been taken of the changes 
in the trigonometrical lines, it will be easy to see, in what parts of 

P.T. 16 
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the circle each of them increases or decreases. But this does 
not determine their exact values, except at the extremities of the 
several quadrants. In the analytical investigations which are 
carried on by means of these lines, it is necessary to calculate 
the changes produced in them, by a given increase or diminu* 
tion of the arcs to which they belong. In this there would be 
no difficulty, if the sines, tangents, he. were proportioned to 
their arcs. But this is far from being the case. If an arc is 
doubled, its sine is not exactly doubled. Neither is its tangent 
or secant. We have to inquire, then, in what manner, the sine, 
tangent, 8tc. of one arc may be obtained, from those of other 
arcs already known. 

The problem on which almost the whole of this branch of 
analysis depends, consists in deriving, from the sines and cosines 
of two given arcs, expressions for the sine and cosine of their 
sum and difference. For, by addition and subtraction, a few 
arcs may be so combined and varied, as to produce others of al- 
most every dimension." And the expressions for the tangents 
and secants may be deduced from those of the sines and co- 
sines. 

Expressions for the sine and cosine of the sum and differ- 
ence of arcs, 

207. Let fl=AH, the greater of the given arcs, 
And 6=HL=HD, the less. (Fig. 37.) 

Then a+6=AH+HL=AL, the^um of the two arcs, 
And a — 6 = AH — HD = AD, their difference. 

Draw the chord DL, and the radius CH, which may be rep- 
resented by R. As DH is, by construction, equal to HL ; DQ 
is equal to QL, and therefore DL is perpendicular to CH. (Euc. 
8. 3.) Draw DO, HN, QP, and LM, each perpendicular to 
AC ; and DS and QB parallel to AC. 

From the definitions of the sine and cosine, (Arts. 82, 9.) k 
18 evident, that 



The sine-( 



^of AH, that is, sin a=HN, 
ofHL, sin 6=QL, 



of AL, sin(a+6)=LM, 
of AD, sia(a-6)=DO. 
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of AH, that is, cos a=CN| 

The cosine } °^ ^^' ^°^ 6=CQ, 

Ihe cosine < .^ ,t ^^^ (a+6)=CM, 

cos (a -6)= CO, 

The triangle CHN is' obviously similar to CQP ; and it is 
also similar to BLQ, because the sides of the one are per- 
pendicular to those of the other, each to each. We have, 
then, 

1. CH : CQ: :HN : QP, that is, R : cos 6: :sin a : QP, 

2. CH : QL: :CN : BL, R : sin 6: :cos a : BL, 

3. CH : CQ::CN : CP, R : cosi::cosa : CP, 

4. CH : QL: :HN : QB, R ; sin 6: :sin a : QB. 

Converting each of these proportions into aa equation ; 

sin a cos 6^ cos a cos & 

1. QP=: ^ 3. CP= ^ 

sio b cos a __ sin a sin h 

2. BL= ^ — 4. QB=— g— 

Then adding the first and second, 

sin a cos 6+sin h cos a 

QP+BL = ^ 

Subtracting the second from the first, 

^^ ^^ sin a cos 6 — sin b cos a 
QP-BL= ^ 

Subtracting the fourth from the third, 

^_ cos a cos 6 — sin a sin 6 i 

CP~QB= ^ 

Adding the third and fourth, 

cos a cos 6+sin a sin 6 

CP+QB= ^ 



* In these formulae, the sign of multiplication is omitted ; sin a cos h being 
put for sin a X cos by that is, the product of the sine of a into the cesiae of ^. 
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But it will be seen, from the figure, that 

QP+BL=BM+BL=LM=sin(a+6) 
QP-BL=QP-QS =D0=sin(a-6) 
CP-QB=CP-PiM=CM=cos(a+6) 
CP+QB=CP+ SD =^CO=co9(a -6) 

208. If then, for the first member of each of the four equa- 
tions above, we substitute its value, we shall have, 

sin a cos i+ sin 6 cos a 

I. sin(a+6)= ^ 

sin a cos b — sin b cos a 

II. sm(fl-6)= ^ 

cos a cos 6 —sin fl sin b 

III. cos(a+6)= ^ 

cos a cos 6+sin a sin 6 

IV. cos(a - b) = ^ 

Or, multiplying both sides by R, 
R sin (a+6)=sin a cos 6+sin 6 cos a 
R sin (a — 6Wsin a cos 6 — sin 6 cos a 
R cos (a+6)=cos a cos 6 - sin a sin 6 
R cos (a — 6)= cos a cos 6+sin a sin b 

That is, the product of radius and the sine of the sum of two 
arcs, is equal to the product of the sine of the first arc into the 
cosine of the second + the product of the sine of the second 
into the cosine of the first. 

The product of radius and the sine of the difference of two 
arcs, is equal to the product of the sine of the first arc into the 
cosine of the second - the product of the sine of the second 
into the cosine of the first. , 

The product of radius and the cosine of the sum of two arcs, 
is equal to the product of the cosines of the arcs — the product 
of their sines. 

The product of radius and the cosine of the difference of two 
arcs, is equal to the product of the cosines of the arcs + the 
product of their sines. 

These four equations may be considered as fundamental 
propositions, in what is called the Arithmetic of Sines and Co^ 
sineSj or Trigonometrical Analysts. 
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Expressions for the sine and cosine of a double are, 

209. When the sine and cosine of any arc are given, it is easy 
to derive from the equations in the preceding article, express- 
ions for the sine and cosine of double that arc. As the two arcs 
a and b may be of any dimepsions, they may be supposed to be 
ej[uaL Substituting, then, a for its equal 6, the first and the 
third of the four preceding equations will become, 

R sin(a-f a)=sin a cos a+sin a cos a 
R cos(a+a)=cos a cos a — sin a sin a 

That is writing sin^a for the square of the sine of a, and cos' a 
for the square of the cosine of a, 

I. R sin 2a = 2sin a cos a 

II. R cos 2a=cos'a.-- sin'a 

Expressions ft>r the sine and cosine of bjllf a given arc. 

210. The arc in the preceding equations, not being necessa'- 
rily limited to any particular value, may be haJfOf as well as a. 
Substituting then {a for a, we have, 

R sin as=2sin la cos ia 
Rcosa=cos' ^a — sin* \a 

Putting the sum of the squares of the sine and cosine equal to 
the square of radius, (Art. 94}) and inverting the members of 
the last equation, 

cos* Jfl+sin* ia= R' 
cos'^a — sin*|a=:R cos a 

If we subtract one of these from the other, the terms contain* 
ing cos'ia will disappear; and if we add them, the terms con- 
taining sin'^a will disappear : therefore, ' 

2sin«ia=R»-Rcosa 
2cos*ia=R*+R cos a 
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Dividing by 2, aod extracting the root of both sides^ 

I. sinifl=v^iR«-jRxcora 

II. cosia=r\/-«Ra + iRxcosa 

Exfrtiiionifor the sines and cosines of ^jltiflz arcs. 

211. In the same manner, as expressions for the sine and co- 
sine of a double arc, are derived from the equations in Art. 208 ; 
expressions for the sines and cosines of other multiple arcs may 
be obtained, by substituting successively 2a, 3a, kc. for 6, or for 
b and a both. Thus, 

R sin 3a=R sin(a4'2a)=sin a cos 2a+sin 2a cos a 
I. ^ R sin 4a=R sin(a+3a)^sin a cos 3a+sin 3a cos a 

; cos 4a+8in 4a cos a 
&c. 



( R sin 3a=R sin(a4'2a)=sin a i 

I. < R sin 4a=R sin(a-|-3aWsin a ^ 

( R sin 5a =R sin(a-f 4a)ssin a ( 

n. <R 



R cos 3a=R cos(a4'2a^ =cos a cos 2a — sin a sin 2a 
cos 4a=R cos(a+3a)^ cos a cos 3a— sin a sin 3a 
cos 5a =c R cos(a + 4a) «= cos a cos 4a -* sin a sin 4a 
&c. 



Expressions for the pboducts of sines and cosines. 

212. Expressions for the products of sines and cosines may 
be obtained, by adding and suotracting the four equations in Art. 
208, viz. 

R sin(a+i)— sin a cos J+sin b cos a 
R sin(a — 6)=sin a cos 6 — sin i cos a 
R cos(a+i)=cos a cos 6 — sin a sin b 
R cos(a —6) =cos a cos i+sin a sin 6 

Adding the first and second, 
R sin(a+6)+R sin(a - 6) =2 sin a cos i 

Subtracting the second from the first, 
R sin(a+6) — R sin(a - 5)£=2sin b cos a 

Adding the third and fourth, 
R cos(a— 6)4-R cos(a+i)=2cos a cos b 

Subtracting the third from the fourth, 
R cos(a— 6)— R cos(a+6)=2siD a sin b 
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Inverting the members of eac^b of these equations, and divi- 
ding by 3, we have, 

I. sina cos6=iR sin (a+i)+JR sin(a — 6) 

II. sin b cosa — ^R sin(a+6) — ^Rsin(a — 6) 

III. cos a cos 6 = JR cos(a — 6) + J R cos(a +b) 

IV. $in a sin i= JR cos(a — 6) — JR cos(<i+6) 

C13. If 6 be taken equal to a, then a+b=^2af and a — 6=0, 
the sine of which is 0, (Art. 201.) ^ and the term in which this 
is a factory is reduced to 0. (Aig. 1 12.) But the come of 
18 equal to radius, so that RxcosO=R^ Reducing, then, 
the preceding equations. 

The first becomes sin a cos a= jft sin 2a 
The third, cos2a=JR«+JRcos2a 

The fourth, sin ^ o = JR=» - JR cos 2a 

214. If 8 be the sum^ and d the difference of two arcs, 
i^s+d) will be equal to the greater, and i{s — d) to the less. 
(Art. 153.) Substituting then, in the four equations in Art. 
212, 

3 for a+b, i(s+d) for o 

d for a — b, i{s - d) for b, we have, 

I. sin i{s+d)cos ^{s - rf)= JR (sin 5+sin d) 

II. sin i{s — d)cos i(s+d) = JR (sin s - sin d) 

III. cos i{s+d)cos 5(« - d)=. JR (cosd+cos*) 

IV. sin J(*+d)sini(5-d)=iR(cosrf-cosf) 

Or, making R=l, 

I. sin(a+6)+sin(a— 6)=2sina cosi 

II. sin {a+b) -sin(a— 6)=2 sin b cos a 

III. cos(a - 6^+cos(a+i)=2 cos a cos b 

IV. cos(a — 6) — cos(o-f 6) = 2 sin a sin i 

215. If radius be taken equal to 1, the two first equations in 
Art. 208, ar«, 

sin(a+6)=sin a cos 6+ sin 6 cos a 
sin(a - 6) ==sin a cos 6 - sin 6 cos a 

Multiplying these into each other, 
sin(a+J) Xsin(a- 6)=sin*a cos'6— sin'i cos'a 
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But by Art. 94, if radius is 1, 

cos'6 =1 -sin^J, and cos'a=:l — sin'a 

Substituting, then, for cos' 6 and cos' a, their values, multiply- 
ing the factors, and reducing the terms, we have, 

sin(a+6)Xsin(a — i)=sin'a— sin'J 

Or, because the difference of the squares of two quantities is 
equal to the product of their sum and difference, ( Alg. 235.) 

sin(a+6) X sin(a - 6)=:(sin a+sin 6) X (sin a— sin 6) 

That is, the product of the sine of the sum of two arcs, into 
the sine of their difference ; is equal to the product of the sum 
of their sines, into the difference of their sines. 

Expressions for the tangents of arcs. 

216. Expressions for the tangents of arcs may be derived 
from those already obtained for the sines and cosines. By Art. 
93, proportion 1st, 

R : tan : : cos : sin 

^, . R cos tan sin Rxsin 

That IS, : — s=i-:-9 and Tr= — » aod tan=-— — > 
' tan sm R cos cos 

Thustan(a+6)=— ^^:pj^- 

If, for sin(a+i) and cos(a+6) we substitute their values, as 
given in Art. 208, we shall have, 

Rfsin a cos 6+sin b cos a) 

tan(a+i) ^— r^- ^• 

^ ' cos a cos o—sma sin o 

217. Here, the value of the tangent of the sum of two arcs 
b expressed, in terms of the sines and cosines of the arcs. To 
exchange these for terms of the tangentsy let the numerator and 
denominator of the second member of the equation be both di- 
vided by cos a cos 6. This will not alter the value of the frac- 
tion. (Alg. 140.) 

The numerator, divided by cos a cos 6, is 

R(«n a cos 6+sin b cos a) _ /sin a sin h\ 

-^ TT =R I + 1 =tan a+tan b 

cosa cohb Vcos a cos bl 
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And the denominator^ divided by cos a cos by is 
cos a cos i — sin a sin h sin a sin b tan a tan 6 

cos a cos 6 cosa cos6 R R 

r«i ^ ^ / ,x lana+tani 

Therefore tan (a+b)=' — r 

^ ' ^ tan a tan 6 

^" R^ 

The denominator of the fraction may be cleared of the divi- 
sor R*, by multiplying both the numerator and denominator into 
R' . And if we proceed in a similar manner to find the tan- 
gent of a - i we shall have, 

«,« T / . TV R"* (^an fl+tan t) 

218. I. tan (a+ft)= P5. • . : — r 

\ r y jj^a —tan a tan b 

TT * r AN R' (tan a ~tan&) 

II. tan (a — o)= p, , ^ — r- 

^ ' R*+tan a tan 6 

If the arcs a and b are e^vaZ, then substituting i a, a, Sa^ 3a, 
&c. as in Art. 210, 211. 

,^ ^ ^ R»(2tanja) 
tan a=tan (Ja+ia)=j^. _^^^^,j^ 

R»(2tana) 
tan2a=tan(a+a)=^ri:^^-^ 

R*(tan d+tan 2a) ^ 
tan 3a=un(a+2a)= ^^,,^^^^^^^^ ^, &c. 

219. If we divide the first of the equations in Art. 214f by 
the second ; we shall have, after rejecting JR' from the numer- 
ator and denominator, (Alg. 140.) 

sin i {s+d)cos ^ (5 — d) sin ^+8101? 
sin J(5--d)cosJ (*+d)"'sin^— sind 
But the first member of this equation, (Alg. 155,) is equal to 
sinK^+d) cos^(^^J) tanK^+(f) R 

C08i(*+rf)^sini(^-rf)- R ^tani(*-d)-^^'^* ^^^') 
Therefore, 
sin <+sin d tan ^ {9+d) 
sin <— sin d~"tan J («— d) 

P. T. 16 
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220. According to the Dotation in Art. 214, « stands for the 
9um of two arcs, and d for their difference. But it is evident 
that arcs may be taken, whose sum shall be equal to any arc a, 
and whose difference shall be equal to any arc b, provided that 
a be greater than b. Substituting then, in the preceding equation 
a for <, and b for d, 

sin fl+s in& tnni(a+b) 
sin a — sin 6"" tan J(a — 6) ^* 
sin a-fsin b I sin a— sin i: Itan i{a+b) I tan i (a — 6.) 

That is, The sum of the sines of two arcs or ansles^ is to ike 
difference of those sines ; as the tangent of half the sum of the 
arcs or angles^ to the tangent of half their difference. 

By Art. 143, the sides of triangles are as the sines of iheir op- 
posite angles. It follows, therefore, from the preceding pro- 
position, (Alg. 389.) (hat the sum of any two sides of a triangle, 
is to their difference ; as the tangent of half the sum of the op- 
posite angles, to the tangent of half their difference. 

This is the second theorem applied to the solution of oblique 
angled triangles, which was geometrically demonstrated in Art. 
144. 

Expressions, for the cotangents may be obtained by putting 
^^^-^ (Art. 93.) 

^ , , R^ R» -tan a tan 6, 

Thus cot (a+i)==^^,-qT)= tana'+tan6 (^^- ^^^•) 

Substituting Tzrz for tan a, and . ^ for tan t, 
R« R' 



cot (a+6)= 



R' y — T 

cot a '^cott 



R« R» 

cot a"* cot 6 

Multiplying both the numerator and denominator by cot a cot 
&, dividing by R^, and proceeding in the same manner, for cot 
(a — 6) we have, 

, -^ cot a cot 6-- R* 

I. cot fa+6)= r^ 

* wi. V T ; ^Qj 6+cot a 
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_ , , cotflcotJ+R' 

n. cot(«-6)= ^„j4_,o,„ 

220. b. By comparing the expressions for the sines, nnd co- 
sines, with those for the tangents and cotangents, a great varie- 
ty of formulae may be obtained. Thus the tangent of the sum 
or the difierence of two arcs, may be expressed in terms of the 
cotangent. 

Putting radius =1, we have (Arts. 93, 220.) 

1 cot 6+ cot g 

I. tan (a+6) =^^3^^^=^^^ a cot 6 - 1 

„ , _ 1 cot i — cot a 

IL tan (0—6)= — -7 rT= — : nm 

^ ' col (« — 6) cot a cot 6+ 1 

By Art. 208, 

sin (a+&) sin a cos 5+ sin & cos a 
sin (a-^b) "~ sin a cos 6 — sin b cos a 

Dividing the last member of the equation, in the first place 
by cos a cos &, as in Art. 217, and then by sin a sio i, we 
have 

8in(o4 -^) tan 0+ ta n 6__cot i+col a 
sin (a — 6) ~" tan a — tan 6 ""cot 6 — cot a 

In a similar manner, dividing the expressions for the cosines, 
in the first place by sin b cos a, and then by sio a cos &, we 
obtain 

' cos (a +6) cot b — tan a cot a — tan b 

cos(o--i)"~cot 6+tan o""cot a+tan b 

Dividing the numerator and denominator of the expression 
for the tangent of a, (Art. 218.) by tan ^a, we have 



tana = 



cot ia--tan \a 

These formulae may be multiplied jalmost indefinitely, by 
combining the expressions for the sines, tangents, &c. The 
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following are put down without demonstrations, for the exercise 
of the student. 

1 - cos a 



1 . tan jta=s cot Ja — 2 cot a. 2. tan ia- 



sma 



^ sin a 1 - cos o 

2taoia l-tan'^a 

l+tan^ifl 1+tan'^a 

cot^a-tan^a 2 

7. cos a= — ri — TT — r 8« sin a= — — — — — r 

cot ^a+tan {a cot ^a+tan \a 

I 1 

9. sinas — r\ r 10' sina= — : — 7- — r* 

cot {a - cot fl cot a+tan ^a 



Expression for the area of a triangle, in terms o( the sides. 

221. Let the sides of the triangle ABC (Fig. 23.) be ex- 
pressed by a, bj and c, the perpendicular CD by p, the seg* 
ment AD by d, and the area by S. 

Then a^=b^+c^ -2cJ, (Euc. 13. 2.) 

Transposing and dividing by 2c; 

d^^-^ Therefore J» =^-^. (Alg.223.) 

By Euc. 47. 1, p»=6«^d»=t» -^ — ^ 

Reducing the fraction, (Alg. 150.) and extracting the root of 
both sides. 
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P^ ¥c * 

This gives the length of the perpendicular^ in terms of the 
sides of the triangle. But the area is equal to the product of 
the base into half the perpendicular height. (Alg. 518.) that 
is, 

Here w« have an expression for the area, in terms of the 
sides. But this may be reduced to a form much better adapt* 
ed to arithmetical computation. It will be seen, that the quan- 
tities 46«c«, and (6»+c' -a')« are both square*; and that the 
whole expression under the radical sign is the difference of these 
squares. But the difference of two squares is equal to the pro- 
duct of the sum and difference of their roots. (Alg. 235.) 
Therefore Ab^c^ -{b^+c^ —a*y may be resolved into the 
two factors, 

(2Jc+(6^+c^--aM which is equal to (6+c)*— a" 
(26c-.(i«+c'--a') which is equal to o« -(6— c)« 

Each of these also, as will be seen in the expressions on the 
right, is the difference of two squares ; and may, on the same 
principle, be resolved into factors, so that, 

( (J+(r)>-a« = (6 + c+a)x(6+c-a) 
(o«-(6-c)»=(a+i-c)x(o--i+c) 

Substituting, then, these four factors, in the place of the quan- 
tity which has been resolved into them, we have, 

S=i\/(t+c+a)x(6+c-a)x(a+6-c)x(o-i+c) 



* The expression for the perpendicular is the sanie, when one of the anglei 
b obtwt, as in Fig. 24. Let KD^d. 

Then a«=t«+c»+2c(Z. (Euc. 12. 2.)And d= ^ 

Therefore d-=>' i"^" =" ^1^^ ^(Alg.219.) 

And p= 2'c ^ above. 
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Here it will be observed, that all the three sides, a, by and c, 
are id each of these factors. 

Let h^l{a+b+c) half the svm of the sides. Then 
S=%/Ax(A-.a)x(A-6)x(A^c) 

322. For finding the area of a triangle, then, when the three 
sides are given, we have this general rule ; 

From half the sum of the stdes^ subtract each side severally; 
multiply together the half sum and the three remainders; and tx* 
tract the square root of the product. 



> -/ J 
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SECTION VIII. 



COMPUTATION OF THK CANON. 



Art. 223. The trigonometrical canon is a set of tables con- 
taining the sines, cosines, tangents, &c. to every degree and 
minute of the quadrant. In the computation of these tables, it 
is common to find, in the first place, the sine and cosine of one 
minute ; and then, by successive additions and multiplications, 
the sines, cosines, be. of the larger arcs. For this purpose, it 
will be proper to begin with an arc, whose sine or cosine is a 
known portion of the radius. The cosine of 60^ is equal to half 
radius. (Art. 96. Cor.) A formula has been given, (Art. 210.*^ 
by which, when the cosine of an arc is known, tlie cosine of half 
that arc may be obtained. 

By successive bisections of 60^, we have the arcs 

3QO ^ 2W T 3(K'' 

160 14 3 45 

70 30' 7 1 62 30 

30 46' 3 30 66 16 

1° 62' 30" 1 46 28 7 30 

0° 66' 16'' O' 62'' 44'" 3""46""' 

By formula U, Art. 210. 

cos ia=:\/iRH^iRxcoso 

If the radius be. 1, and if d=60O i=30°, c=160, &c.; then 

cos i=cos ia=\/i+i Xi=0.8660264 

cos c=cos i6=:v^i+icos6=:0.9659268 

cos J=cos ic=v^i+Icosc= 0.9914449 

cos e=cos W« \/i+lcos<i=0.9978689 
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Proceediog in tbis mannep, by repeated extractions of the 
square root, we shall find the cosine of 

OO (y 52" 44'" &'" Ab""' to be 0.99999996732 
And the sine (Art. 94.)=^v^l -cos* =0.00026666346 

This, however, does not give the sine of one minute exacdy* 
The arc is a little ItBs than a minute. But the ratio of very- 
small arcs to each, other, is so nearly equal to the ratio of their 
sines, that one may be taken for the other, without sensible er- 
ror. Now the circumference of a circle is divided into 21600 
parts, for the arc of 1' ; and into 24676, for the arc of (P 0' 
62" 44"' Z'*" 46''"' 

Therefore, 

21600 : 24676: 10,00026666346 : 0.0002908882, 

which is tbe sine of 1 minute very nearly.* 

And the cosine =v^l -sin '=0.9999999677. 

224. Having computed the sine and cosine of one minute, we 
may proceed, in a contrary order, to find the sines and cosines 
of larger larcs. 

Making radius =1, and adding the two first equations in Art. 
208, we have 

sin(a+ J)+sin(a— 6)=2sin a cos I 

Adding the third and fourth, 
cos(a+J)+cos(fl— 6)=2cos a cos b 

Transposing sin(a — J) and cos(a — 6) 

I. sin(o+5)=2sin fl cos J — sinfa— i) 
II. cos(a+6)=2cos a cos 6— cos(o— i) 

If we put 6=1', and a=l', 2', 3', 8cc. successively, we shall 
have expressions for the sines and cosines of a series of arcs in- 
creasing regularly by one minute. Thus, 

* See note H. 
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sin (r+10=2 sin rxcos I'-sin 0=0.0006817764, 
sin (2'+l')=2 sin 2'Xcos 1' -sin 1'= 0.0008726646, 
sin (3'+ V) =2 sin 3' X cos 1' - sin 2'=0.001 1636626, 
Sec. &c. 

cos (r+r)=2 cos rxcos r-cos o =0.9999998308 

cos (2'+r)=2cos2'Xcos I'-cos 1'- 0.9999996 192 

cos (3'+ 1) =2 cos 3' X cos 1' - cos 2' ==0.9999993230 

be. &c. 

The constant multiplier here, cos V is 0.9999999677, which 
is equal to 1 - 0.0000000423. 

226. Calculating, in this manner, the sines, and cosines from 
1 minate up to 30 degrees, we shall have also the sines and co- 
sines from 60° to 90°. For the sines of arcs between QP and 
30°, are the cosines of arcs between 60° and 90°. And the 
cosines of arcs between 0° and 30°, are the sines of arcs be- 
tween 60° and 90°. (Art. 104.) 

226. For the interval between 30° and 60°, the sines and 
cosines may be obtained by subtraction merely. As twice the 
sine of 30° is equal to radius (Art. 96.) ; by making 0=30°, 
the equation marked I, in Article 224 will become 

sin (30°+J)=cos 6 -sin (30° - b.) 

And putting 6=1', 2', 3', &c. successively, 



sin (30° r)=cos I'-sin (29° 59') 

}° 2') =cos 2' - sin (29° 58') 

(30° 30=t;os 3' -sin (29° 57') 



(30° 2') =cos 2' - sin (29° 58') 

(30° 30=t;os 3' -sin (29° 57') 

8z;c. 8z;c. 

If the sines be calculated from 30° to 60°, the cosines will air 
so be obtained. For the sines of arcs between 30° and 46°, 
are the cosines of arcs between 45° and 60°. And the sines of 
arcs between 45° and 60°, are the cosines of arcs between 30° 
and 45°.* (Art. 96.) 

227. By the methods which have here been explained, the 
natural sines and cosines are found. 

The logarithms of these, 10 being in each instance added to 
the index, will be the artificial sines and cosines by which trig- 
onometrical calculations are commonly made. (Arts. 102,3.) 

228. The tangents^ cotangents, secants, and cosecants, are 
easily derived from the sines and cosines. By Art. 93, 

* See note I. 
P. T. 17 
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R : cos: :tan : sin cos : R: :R : sec 

R : sin: :cot : cos sin : R: : : cosec 

Therefore, 

r„i rw, Rxsin ^. R^ 

The Tangent = The secant = — 

° cos cos 

r^. Rxcos ^. R2 

The cotancent= — : — The cosecant=-r- 

° sm sm 

Or if the computations are made by logarithms, 

The tangent=10+sin— cos, The secant =20— cos. 

The cotangent = 10+ cos - sin, The cosecant =20 — sin. 
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SECTION IX. 



PARTICULAR SOLUTIONS OF TRIANGLES."^ 

Art. 231. Ant triangle whatever may be solved, by the the- 
orems in Sections III. IV. Bui there are other methods, by 
which, in certain circumstances, the calculations are rendered 
more expeditious, or more accurate results are obtained. 

The differences in the sines of angles near 90^, and in the co^ 
sines of angles near 0^ are so small as to leave an uncertainty of 
several seconds in the result. The solutions should be varied, 
so as to avoid finding a very small angle by its cosine, or one 
near 90° by its sine. 

The differences V in the logarithmic tangents and cotangents 
are least at 45°, and increase towards each extremity of the 
quadrant. In no part of it, however, are they very small. In 
the tables which are carried to 7 places of decimals, the least 
difference for one second is 42. Any an^le may be found with- 
in one second, by its tangent, if tables are used which are calcu- 
lated to seconds. 

But the differences in the logarithmic sines and tangents with- 
in a few minutes of the beginning of the quadrant, and in cosines 
and tangents within a few minutes of 90°, though they are very 
large, are too unequal to allow of an exact determination of their 
corresponding angles, by taking proportional parts of the differ- 
ences. Very small angles may be accurately found, from their 
sines and tangents, by the rules given in a note at the end.f 

232. The following formulae may be applied to right angled 
triangles, to obtain accurate results, by finding the sine or tangent 
of Aajf an arc, instead of the whole. 

In the triangle ABC (Fig. 20, PI. U.) making AC radiua, 
AC : AB::i : Cos A 
By conversion. (Alg. 389, 6.) 
AC : AC-AB::l : 1-Cos A. 



* Simson's, Woodbouse's, and Cagooli's Trigonometry. t See note K. 
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Therefore, 

AC-AB 
-If;— =1 -COS A=2 sin'iA. (Art 210.) 



^./ 



X^ /i/fj-i^^^/ / / ;: /^4l : 



CO:,. S7 



wjr we second, we have 

TaniA 



M«|uuu\#U a%J\J'>l^ 



BC ~AC+AB 
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Therefore, 
II. 1 :tan}A::AC+AB:BC 

Again, it) the triangle ABC, Fig. 20, 

AB :BC::i : taaA 

Therefore, 

AB+BC : AB-BC::l + mnA: 1-ianA 

Or, 

AB+BC :AB-BC::i:[^^ 

By Art. 218, one of (he arcs being A, and the other 45^, the 
tangent of which is equal to radius, we have, 

_ ,1 -tan A 

Therefore, 
m. 1 : tan (450 -A):: AB+BC : AB-BC 

That is unity, is to the tangent of the difference between 45^ 
find one of the acute angles ; as the sum of the perpendicular 
sides is to their difference. 

Ex. 1. In a right angled triangle, if the difference of th^ hy- 
pothenuse and base be 64 feet, and the angle at the base 33|^, 
what is the length of the perpendicular ? Ans. 211. 

2. If the sum of the hypothenuse and base be 1853, and the 
angle at the base 37^ ; what is the perpendicdiar ? Ans. 620. 

3. Given the sum of the base and perpendicular 128.4, and 
the angle at the base 41|^, to find the sides. 

1 : tan(450-41i<^): :128.4 : 8.4, 

the difference of the base and perpendicular. Half the difier* 
ence added to, and subtracted from, the half sum, gives the base^ 

68.4, and the perpendicular 60. 

4. Given the sum of the hypothenuse and perpendicular 83, 
aind the angle at the perpendicular 40^, to find the base. 

5. Given the difference of the hypothenuse and perpendicular 

16.5, and the angle at the perpendicular 374^, to find the base. 

6. Given the difibrence of the base and perpendicular 35, 
and the angle at the perpendicular, 27^^, to find the sides. 
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234. The following solutions may be applied to the third and 
fourth cases of oblique angled triangles ; in one of wbicfa, two 
sides and the included angle are given, and in the other, the 
three sides. See pages 87 and 88. 

Cask III. 

In astronomical calculations, it is frequently the c^se, that two 
sides of a triangle are given by their logarithms. By the fol-^ 
lowing proposition, the necessity of finding the corresponding 
natural numbers is avoided. 

Theorem A. In any plane triangle^ of the two sides which 
include a given angle, the less is to the greater; as radius to the 
tangent of an angle greater than 45° : 

And radius is to the tangent of the excess of this angle above 
45° ; as the tangent of half the sum of the opposite angles j to the 
tangent of half their difference. 

In the triangle ABC, (Fig. 39.) let the sides AC and AB, 
and the angle A be given. Through A draw DH perpendicu- 
lar to AC. Make AD and AF each equal to AC, and AH 
equal to AB. Arid let HG be perpendicular to a line drawn 
from C through F. 

Then AC : AB: :R : tan ACH 

And R : tan(ACH-45°): :tanJ(ACB+B) : tani(ACB-B) 
Demonstration. 

In the right angled triangle ACD, as the acute angles are sub- 
tended by the equal sides AC and AD, each is 45°. For the 
same reason^ the acute angles in the triangle CAF are each 45°. 
Therefore, the angle DCF is a right angle, the angles GFH 
and GHF are each 45°, and the line GH is equal to GF and 
parallel to DC. 

In the triangle ACH, if AC be radius, AH which is equal to 
AB will be the tangent of ACH. Therefore, 

AC : AB::R: tanACH. 

Id the triangle CGH, if C6 be radius, GH which is equal to 
FG will be the tangent of HCG. Therefore, 

R : tan (ACH ~ 45°) : : CG : FG. 
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And, as GH and DC are parallel, (Euc. 2. 6.) 

CG:FG::DH:FH. 

But DH is, by construction, equal to the sym, and FH to the 
difference of AC and AB. And by theorem II, (Art. 144.) the 
sum of the sides is to their difference ; as the tangent of half the 
sum of the opposite angles, to the tangent of half their difference. 
Therefore, 

R : tan(ACH-450)::tanJ(ACB+B) : tan i(ACB^B) 

Ex. In the triangle ABC, (Fig. 30.) given the angle A=260 
14', the side AC=39, and the side AB=63. 

AC 39 1.5910646 R 10. 

AB 53 1.7242759 Tan 8° 39' 9" 9.1823381 

R 10. Tan i(B+C)76o 53' 10.6326181 



Tan 530 39^9" 10.133211 3 Tani(B^C)33O8'50''9.8149562 

The same result is obtained here, as by theorem II, p. 75. 

To find the required side in this third case, by the theorems 
in section IV, it is necessary to find, in the first place, an angle 
opposite one of the given sides. But the required side may be 
obtained, in a different way, by the following proposition. 

Theorem B. In a plane triangle^ tvnce the product of any 
two sidesy is to the difference between the sum of the squares of 
those sides, and the square of the third side, as radius to the co- 
sine of the angle included between the two sides. 

In the triangle ABC, (Fig. 23.) whose sides are a, b, and c 

26c: 6» + c«-a»::R:cosA 

For in the right angled triangle ACD, ( : c^.* :R : cos A 
Multiplying by 2c 26c : 2rfc: :R : cos A 

But, by Euclid 13. 2, 2dc=63 ^.c» - a« 

Therefore, 26c : 6» +c« - a> : : R : cos A 

The demonstration is the same, when the angle A is obtuse, 
as in the triangle ABC, (Fig. 24.) except that a* h greater 
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than b* +e* ; (Euc. 12. 2.) so that the cosine of A is negative. 
See Art. 194. 

From this theorem are derived expressions, both for the tides 
of a trianglei and for the cosines of the angles. Converting the 
last proportion into an equation, and proceeding in the same man- 
ner with the other sides and angles, we have the following ex- 
pressions } 



For the angles. 

2bc 



Cos A=Rx 
CosB=Rx 
CosC=Rx 



2ac 
2ab 



For the sides. 

2bc cos A 



,=^(6«+c«- ^ 



) 



/ 2ac cos B\ 

/ 2abcosC\ 
^c^^[a*+b' g-) 

These formulae are useful^ in many trigonometrical investiga- 
tions ; but are not well adapted to logarithmic computation. 

Case IV. 

When the three sides of a triangle are given, the angles may 
be found, by either of the following theorems; in which a, 6, and 
c are the sides. A, B, and C, the opposite angles, and A=half 
the sum of the sides. 



Theorem C. 



2R 



SinA^j^^4(^.^)(Xrj)^A.e) 



2R 



' S5n B=— v/A(A^fl)(A. 6)(A-c) 
^. _ 2R ____^ 

The qtkantities under the radical sign are the same in all the 
equations. 

In the triangle ACD, (Fig. 23.) 

R : 6: :sm A : p Therefore, sin Ax6=Rxp. 



But p- 



2^ 



(Art. 221, p. 121.) 
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This, by the reductions in page 122, becomes 
^/2hx2{h-a)x2{h-'b jx2(h^ 
P^ ~2c 

Substituting this value of p, and reducing, 

2R 

Sin A=J^^/h{h -a)(A-6)(A-c) 

The arithmetical calculations may be made, by adding the 
logarithms of the factors under the radical sign, dividing the sura 
by 2, and to the quotient, adding the logarithms of radius and 2, 
and the arithmetical complements of the logarithms of b and c. 
(Arts. 39, 47, 69.) 

Ex. Given a=134, 6=;108, and c=80, to find A, B, and C. 



For the aogle A. 
h 161 log. 2.2068259 
A -a 27 log. 1.4313638 
A- 6 63 log. 1.7242759 
A-c 81 log. 1.9084860 



For the angle B. 

13.9365053 

a 134 a.c. 7.8728952 

c 80 a.c. 8.0969100 



Rx2 



b 108 a. c. 
c 80 a. c. 



2)7.2709606 

*3.6354753 

log. 10.3010300 

13.9365053 
7.9665762 
8.0969100 



SinB. 



9.9063105 



B=530 42'9'' 

For the angle C. 

13.9365053 
fl 134 a. c. 7.8728952 
b 108 a. c. 7.9665762 



Sin A. 9.9999915 

A=890 38' SV 



Sin C. 9.7759767 

0=36^39' 20" 



Theorem D. < 



s,„,^_K^fc:aazf) 



Sin JB=Rv/ 



(A-a)(A-c) 



ac 



(A-a)(A-6) 
Sin ^C-Rv^^ ab~^'^ 



By Art. 210, 2 Sin4A=R» -Rxcos A. 

Substituting for cos A, its value as given in page 132, 



• ThU is the logarithm of the area of the triangle. (Art. 222.) 
P. T. 18 
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2Sin»iA=R«-R>X 



26c 



ButR»=R»X2j-, And-R'X— 267— =R'X— 26r- 



Therefore 2Sin' JA=R» X 



26c4-a«-6«-c« 
—26c 



But26c+a"-6»-c«=a»-(6-c)»=(a+6-c)(a-6+c) 
(Alg. 235.) 
Pulting then A=J (o+6+c)> reducing, and extracting; 

Ex. Given a, 6, and c, as before, to find A and B. 

For the angle B. 



For the angle A 
A- 6 63 1.7242759 

A-c 81 1.9084860 

h 108 a. c. 7.9666762 
c 80 a. c. 8.0969100 



A- a 27 1.4313638 

A-c 81 1.9084850 

a 134 a. c. 7.8728962 

c 80 a. c. 8.0969100 



2)19.6962471 
Sin JA 9.8481236 



2)19.3096640 
Sin JB 9.6648270 



A=89o 38' 3r' 



B=63o 42' 9" 

A(A-a) 



Cos JA=Rv^ — g^ 
Theorem E. { Cos ^B=Rv^ ^^"" ^ 

Cos JC=Rv/^^ 

By Art. 210, 2Cos'JA=R»+RXcos A. 
Substituting and reducing, as in the demonstration of the last 
theorem, 



^ ,. „ 2Jc+6'+c'-fl» „ ib+c+a){b+e-a) 
2Cos»}A=R» X ^. =R' X £: '- 

ucing and 
h{h-a) 



'}A=rv-A 2bc ^"'^ 26c" 

Putting h=i {a-\-b+c), reducing and extracting, 

CosM=R\/- ^ 
Ex. Given the sides 134, 108, 80; to find B and C. 
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For the angle B. 
h 161 2.2068259 
A- 6 53 1.7242759 
a 134 a. c. 7.8728952 
c 80 a. c. 8.0969100 



For the angle C. 
h 161 2.2068259 
A— c 81 1-9084850 
a 134 a. c. 7.8728952 
h 108 a. c. 7.9665762 



CosiB 



2)19.9009070 
9.9504535 



2)19.9547823 
CosiC 9.9773911 



B=530 42' 9'^ 



Theorem F. -^ 



Tan JA=Rv^ 
TanJB=Rv/ 
TaniC = Rv/ 



0=36^39' 20" 



A(A-6) 

(A-fl )(A~6) 

A(A-c) 



^ The tangent is equal to the product of radius and the sine, divi- 
ded by the cosine. (Art. 216.) By the last two theorems, then. 



Tan JA= 



R sin ^A 



cos JA 



-=RV 



(A-6)(A->c) A(A~fl) 



be 



~R^/' 



be 



That is, tan JA=R\/ 



(A-6)(A-c) 



A(A-a) 
Ex. Given the sides as before, to find A and C. 

For the angle A. For the angle C. 

A -6 53 1.7242759 A- a 27 1.4313638 

A-c 81 1.9084850 A-6 53 1.7242759 

A -a 27 a. c. 8.5686362 A-c 81 a. c. 8.0915150 

A 161 a. c. 7.7931741 A 161 a. c. 7.7931741 



Tan iA 



2)19.9945712 
9.9972856 



Tan JC 



2)19.0403288 
9.5201644 



A-=89o 38' 31'' 



C=36O39'20'' 



The three last theorems give the angle required, without am' 
biguity. For the half of any angle must be less than 90°. 

Of these different methods of solution, each has its advanta- 
ges in particular cases. It is expedient to find an angle, some- 
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times by its sine, sometimes by its cosine, and sometimes by its 
tangent. 

By the first of the four preceding theorems marked C, D, E, 
and F, the calculation is made for the sine of the whole angle ; 
by the others, for the sine, cosine, or tangent, of half the angle. 
For finding an angle near 90°, each of the three last theorems is 
preferable to the first. In the example above, A would have 
been uncertain to several seconds, by theorem C, if the other 
two angles had not been determined also. 

But for a very small angle, the first method has an advantage * 
over the others. The third, by which the calculation is made 
for the cosine of half the required angle, is in this case the most 
defective of the four. The second will not answer well for an 
angle which is almost 180°. For the half of this is almost 90° ; 
and near 90°, the dififerences of the sines are very small. 
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NOTES. 
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Note A. Page I. 



The name Logarithm is from Xo/o^ ratio and d^i&itiog nvtnher. 
Considering the ratio of a to 1 as a simple ratio, that of a' to 1 
is a duplicate ratio, of a ^ to 1 a triplicate ratio, &c. (Alg. 354.) 
Here the exponents or logarithms 2, 3, 4, &c. show how many 
times the simple ratio is repeated as a factor^ to form the com- 
pound ratio. Thus tlie ratio of 100 to 1, is the square^ of the 
ratio of 10 to 1 ; the ratio of 1000 to 1, is the cvhe of the ratio 
of 10 to 1, &c. On this acount, logarithms are called the mea«- 
ures of ratios ; that is, of the ratios which different numbers bear 
to unity. See the Introduction to Button's Tables, and Merca- 
tor's Logarithmo-Technia, in Maseres' Scriptores Logarithmici. 

Note B. p. 4. 

If 1 be added to-. 09691, it becomes 1 -.09691, which is 
equal to -+-.90309. The decimal is here rendered positive, by 
subtracting the figures from 1. But it is made 1 too great. This 
is compensated, by adding — 1 to the integral part of the Ioga« 
rithm. So that - 2-. 09691 = -3+. 90309. 

In the same manner, the decimal part of any logarithm which 
is wholly negative, may be rendered positive, by subtracting it 
from 1 and adding — 1 to the index. The subtraction is most 
easily performed, by taking the right band significant figure from 
10, and each of the other figures from 9. (Art 55.) 

On the other hand, if the index of a logarithm be negative, 
while the decimal part is positive ; the whole may be rendered 
negative by subtracting the decimal part from 1, and taking— 1 
from the index. 
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Note C. p. 7. 

It is common to define logarithms to be a series of numbers 
in arithmetical progression, corresponding with another series 
in geometrical progression. This is calculated to perplex the 
learner, when, upon opening the tables, he Gnds that the natural 
numbers, as they stand there, instead of being in geometrical^ 
are in arithmetical progression ; and that the logarithms a!re not 
in arithmetical progression. 

It is true, that a geometrical series may be obtained, by tak- 
ing out, here and there, a few of the natural numbers ; and that 
the logarithms of these will form an arithmetical series. But the 
definition is not applicable to the whole of the numbers and loga- 
rithms, as they stand in the tables. 

The supposition that positive and negative numbers have the 
same series of logarithms, (p. 7.) is attended with some theo- 
retical difficulties. But these do not afiect the practical rules 
for calculating by logarithms. 

Note D. p. 43. 

To revert a series, of the form 
j;=^a»-f6n*+cn'+di»*+en*+, Six;. 

that is, to find the value of n, in terms of Xy assume a series, with 
indeterniinate co-efficients, (Alg. 490.) 

Let n=Aa;+Ba;«+Ccc'+Da;*+Ea;«+, &c. 

Finding the powers of this value of n, by multiplying the series 
into itself, and arranging the several terms according to the pow- 
ers of cr; we have 

n«=A'a:»+2ABa?»+2AC> +2BC) ^ 

+ B» r +2AD5^ +'*^- 

n»= A»a?»+3A«B«« +3A»C> ,, « 

n*= A*a?* +4A'Ba?»+,&c. . 

n»= A««»+,&c. 



a?=< 



)'X^ 
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Subsiiiuting these values, for n and its powers, !n the first se- 
ries above, we have 

^a\x+aB) +aC ^ + aD^ + aE 

+6A» >a?«+26AB( a?»+ 2bAC + 26BC 

) + cA3 ( .+ hB' U*+ 26AD 

) +3cA^B| +3cA«C 

• + dA*j +3cAB« 

+4dA»B 

+ eA*J 

Transposing cr, and making the co-efficients of the several 
powers of x each equal to 0, we have 

aA-l=0, 

€iB+6A>=0, 

aC+26AB+cA3=0, 

flD+26AC+6B«+3cA>B+rfA«=:0, 

iiE+26BC+26AD+3cA*C+3cAB=^+4dA«B+eA«=0. 



And reducing the equations, 



1 

26»-ac 



D=- 



56» — 6aJc+a«rf 



_ 146«-21a6»c+3a'c»+6a»6(/-a»e 
E=6 ~, 

These are the values of the co-efficients A, B, C, be. in the 
assumed series 

n=Aa?+Ba?«tfCa?»+Da?*+Ear«+, he. 

Applying these results to the logarithmic series ; (Art. 66« p. 
43.) 

a?=n -in'+Jn^— in* + Jn» — &c. 
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in which 
a=l, 6=-J, c=J,d=-i, e=i, - 
we have, in the inverted series 
n=Aa?+Bx«'+Ca?»+Da?*+Ea?«+, &c. 

B= -b=i 

C=26« -ac=5-5 E= 



2.3 *"""2.3.4.6 

Therefore, 
a?' a;' a?* a?* 

^~^+■2 +2:3"'" 2:3:4+2:3X5+' ^• 

Note E. p. 60. 

According to the scheme lately introducied into France, of 
dividing the denominations of weights, measures, &c. into tenths, 
hundredths, &c. the fourth part of a circle is divided into 100 
degrees, a degree into 100 minutes, a minute into 100 seconds, 
tac. The whole circle contains 400 of these degrees ; a plane 
triangle 200. If a right angle be taken for the measuring unit ; 
degrees, minutes and seconds, may be written as decimal frac- 
tions. Thus 360 5/ 49// is 0.360549. 



According to the French 



C 100=90 ) 

division < 100^=54' > English. 
( 1000^^=324'' ) 



Note F. p. 82. 

If the perpendicular be drawn from the angle oppositie the 
longest side, it will always fall within the triangle ; because the 
other two angles must, of course, be acute. But if one of the 
angles at the base be obtuie, the perpendicular will fall vnthout 
the triangle, as CP, (Fig 38.) 

In this case, the side on which the perpendicular falls, is to the 
sum of the other two ; as the difference of the latter, to the sum^ 
of the segments made by the perpendicular. 
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The demonstration is the same, as in the other cftset except 
that AH=BP+PA, instead of BP-PA. 

Thus in the circle BDHL (Fig. 38.) of which C is the cen- 
ter, 

ABxAH:=ALxAD; therefore AB : AD::AL ; AH. 

But AD=«:CD+CA=CB+CA 
And AL=-CL-CA=CB-CA 
And AH=HP+PA=BP+PA. 

Therefore 
AB : CB+CA: :CB-CA : BP+PA 

When the three sides are given, it may be known whether 
one of the angles isiobtuse. For any angle of a triangle is ob- 
tuse or acute, according as the square of the sides subtending 
the angle is greater or Zeis, than the sum of the squares of the 
sides containing the angle. (Euc. 12, 13. 2.) 

Note G. p. 104. 

Gunter's Sliding JRuZe, is constructed upon the same princi- 
ple as bis scale, with the addition of a slider, which is so contri- 
ved as to answer the purpose of a pair of compasses, in work- 
ing proportions, multiplying, dividing, be. The lines oo th« 
fixed part are the same as on the scale. The slider contains 
two lines of numbers, a line of logarithmic sines, and a line of 
logarithmic tangents. 

To muhiply by this, bring 1 on the slider, against one of the 
fectorson the fixed part; and against the other factor on the 
slider, will be the product on the fixed part. To divide, brmg 
the divisor on the slider, against the dividend on the fixed pan; 
and against 1 on the slider, will be the quotient on the fixed part. 
To work a proportion, bring the first term on the slider, against 
one of the middle terms on the fixed part ; and against the other 
middle term on the slider, will be the fourth term on the fixed 
part. Or the first term may be taken on thp fixed part; and 
tben the fourth term will be found on the slider. 

Another instrument frequently used in trigonometrical coup 
trt»tions,is 

P.T. 19 
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THE SECTOR. 



This consists of two equal scales moveable about a point as a 
center. The lines which are drawn on it are of two kinds ; some 
being parallel to the sides of the instrument, and others diver- 
ging from the central point like the radii of a circle. The latter 
are called the double lines, as each is repeated upon the two 
scales. The single lines are of the same nature, and have the 
same use, as those which are put upon the common scale ; as the 
lines of equal parts, of chords, of latitude, &c. on one face ; and 
the logarithmic lines of numbers, of sines» and of tangents, on 
the other. 

The double lines are 

A line o{ Lines or equal parts, marked Lin. or L. 

A line of Chords, Cho. or C 

A line of natural Siiies^ Sin. or S. 

A line of natural Tangents to 45^, Tan. or T. 

A line of tangents above 45°, Tan. or T. 

A line of natural Secants^ Sec. or S. 

A line of Polygons, Pol. or P. 

The double lines of chords, of sines and of tangents to 46°, 
are all of the same radius ; beginning at the central point, and 
terminating near the other extremity of each scale ; the thords 
at 60°, the sines at 90°, and the tangents at 45°. (See Art. 95.) 
The line o( lines is also of the same length, containing ten equal 
parts which are numbered, and which are again subdivided. 
The radius of the lines of secants, and of tangents above 45°, 
is about one fourth of the length of the other lines. From the 
end of the radius, which for the secants is at 0, and for the tan- 
gents at 45°, these lines extend to between 70° and 80°. The 
line of polygons is numbered 4, 5, 6, &c. from the extremity of 
each scale, towards the center. 

The simple principle on which the utility of these several pairs 
of lines depends is this, that the sides of similar triangles are 
proportionaL (Euc. 4. 6.) So that sines, tangents, he. are 
furnished to any radius, within the extent of the opening of the 
two scale?. Let AC and AC (Fig. 40.) be any pair of lines 
on the sector, and AB and AB' equal portions of these lines. 
As AC and AC^ are equal, the triangle ACC is isosceles, and 
similar to ABB'. Therefore, ' 

AB: AC::BB':CC'. 
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Distances from the center on either scale, as AB and AC, 
are called lateral distances. And the distances between cor- 
responding points of the two scales, as BB^ and CC^ are called 
transverse distances. 

Let AC and CC^ be radii of two circles. Then if AB be 
the chord, sine, tangent, or secant, of any number of degrees in 
one ; BB^ will be the chord, sine, tangent, or secant, of the same 
number of degrees in the other. (Art. 119.) Thus to find the 
chord of 30^, to a radius of four inches, open the sector, so as to 
make the transverse distance from 60 to 60, on the lines of 
chords, four inches ; and the distance from 30 to 30, on the 
same lines, will be the chord required. To find the sine of 28^, 
make the distance from 90 to 90, on the lines of sines, equal to 
radius ; and the distance from 28 to 28 will be the sine. To 
find the tangent of 37^, make the distance from 45 to 45, on 
the lines of tangents, equal to radius ; and the distance from 37 
to 37 will be the tangent. In finding secants, the distance from 
to must be made radius. (Art. 201.) 

To lay down an an^le of 2Ml°, describe a circle, of any con- 
venient radius, open the sector, so that the distance from 60 to 
60 on the lines of chords shall be equal to this radius, and to the 
circle apply a chord equal to the distance from 34 to 34. (Art. 
161 .) For an angle above 60°, the chord ofhalf the number of 
degrees may be taken, and applied twice on the arc, as in Art. 
161. 

The line of polygons contains the chords of arcs of a circle 
which is divided into equal portions. Thus the distances from 
the center of the sector to 4, 5, 6, and 7, are the chords of i 
|, ij and |, of a circle. The distance 6 is the radius. (Art. 95.) 
This line is used to make a regular polygon, or to inscribe one 
in a given circle. Thus to make a pentagon with the transverse 
distance from 6 to 6 for radius, describe a circle, and the dis- 
tance from 5 to 5 will be the length of one of the sides of a pen- 
tagon inscribed in that circle. 

The line of lines is used to divide a line into equal or propor- 
tional parts, to find fourth proportionals, &c. Thus, to divide a 
line into 7 equal parts, make the length of the given line the 
transverse distance from 7 to 7, and the distance from 1 to 1 
will be one of the parts. To find | of a lipe, make the trans- 
verse distance from 5 to 5 equal to the given line ; and the dis- 
tance from 3 to 3 will be | of it. 

In working the proportions in trigonometry on the sector, the 
lengths of the sides of triangles are taken from the line of lines. 
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tod the degrees and minutes from the lines of sines, tangents, or 
sectnts Thus in Art. 135, ex. 1, 

35 : R::26 :sln480. 

To find the fourth term of this proportion by the sector, make 
the lateral distance 35 on the line of lines, a transverse distance 
from 90 to 90 on the lines of sines ; then the lateral distance 26 
on the line of lines, will be the transverse distance from 48 to 48 
on the lines of sines. 

For a more particular account of the construction and uses of 
the Sector, see Stone's edition of Bion on Mathematical InstrU"* 
ments, Hutton's Dictionary, and Robertson^s Treatise on Math* 
ematical Instruments. 

Note H. p. 124. 

The error in supposing that arcs less than 1 minute are pro- 
portional to their sines, cannot affect the first ten places of de- 
cimals. Let AB and AB' (Fig. 41.) each equal 1 minute. 
The tangents of these arcs BT and B^T are equal, as are also 
the sines BS and B'S. The arc BAB' is greater than BS+ 
B S, but less than BT+B'T. Therefore BA is greater than 
BS, but less than BT : that is, the difference between the tine 
and the arc is leu than the difference between the sine and the 
iangeiU. 

Now the sine of 1 minute is 0.000290888216 
And the tangent of 1 minute is 0.000290888204 

The difference is 0.00000000000012 



Tbr difiTerence between the sine and the arc of 1 minute is 
less than this; and the error in supposing that the sines of 1% 
and of O' 52'' 44'" 3"" 45'"" are proportional to their arcs, as 
m Art. 223, is still less. 

< 
Note L p. 125. 

There are various ways in which sines and cosines may kei 
more eacpeditiously calculated, than by the method n^icli is 
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given here. But as w6 are already supplied with accurate trig- 
ODometrical tables, the computation of the canon is, to the great 
body of our students, a subject of speculation, rather than of 
practical utility. Those who wish to enter into a minute exam- 
ination of it will of course consult the treatises in which it is par- 
ticularly considered. 

There are also numerous formulae of verification^ which are 
used to detect the errors with which any part of the calculation 
b liable to be affected. For these, see Legendre's and Wood- 
house's Trigonometry, Lacroix's Differential Calculus, and par- 
ticularly Euler's Analysis of Infinites. 

Note K. p. 127. 

The follbwing rules for finding the sine or tangent of a very 
small arc, and on the other hand, for finding the arc from its 
sine or tangent, are taken from Dr. Maskelyne's Introduction to 
Taylor's Logarithms. 

To find the logarithmic sine of a very small arc. 

From the sum of the constant quantity 4.6855749, and the 
logarithm of the siven arc reduced to seconds and decimals, sub- 
tract one third of the arithmetical complement of the logarithmic 
cosine. 

To find the logarithmic tangent o/* a very tmall arc. 

To the sum of the constant quantity 4.6855749, and the loga- 
rithm of the given arc reduced to seconds and decimals, i|dd 
two thirds of the arithmetical complement of the logaritbmic 
cosine. 

To find a small arc from its logarithmic sine. 

To the sum of the constant quantity 5.3144251, and the given 
Ic^rithmic sine, add one third of the arithmetical complement 
of the logarithmic cosine. The remainder diminished by 10, 
will be the logarithm of the number of seconds in the arc. 
To find a small arc from its logarithmic tanqsnt. 

From the sum of the constant quantity 5.3144251, and tbe 
given logarithmic tangent, subtract two thirds of the arithmetical 
complement of the logarithmic cosine. The remainder dimin- 
ished by 10, will be the logarithm of the number of seconds in 
the arc. 

For tbe demonstration of these rules, see Woodhouse's Trig- 
onometry, p. 189. 



A TABLE or 



NATURAL SINES AND TANGENTS; 



TO EVERT TEN HINtTTES OF A DEGREE. 



tF the given angle is less than 45^, look for the title of the 
Tiolumn, at the top of the page ; and for the degrees and min« 
utes, on the kft. But if the angle is between 45^ and 90^, 
look for the title of the column, at the bottom; and for the de- 
grees and minutes, on the right. 
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KATOBAL SINES AND TAMaCHTS. 



D. M. 


Sine. 


Tangent 


Cotangent. 


Cosine. 


D.M. 


qp w 


0.0000000 


U.OOOOUOO 


Infinite. 


l.OOMNMX) 


90° Of 


10 


0020089 


0029089 


343.77371 


0.0999958 


60 


30 


00681"n 


0058178 


171.88640 


0999831 


40 


30 


0087265 


0087269 


114.68865 


9999619 


30 


40 


0116353 


0116361 


85.939791 


9999323 


20 


0° W 


0145439 


0145454 


68.780077 


9998942 


89° 10' 


1° V 


0.0174624 


0.0174651 


67.289962 


0.9998477; 


89° 0* 


10 


0203608 


0203660 


40.103881 


9997927 


60 


ao 


0232690 


0232763 


42.964077 


9997292 


40 


30 


0261769 


0261869 


3aiM8459 


9996573 


30 


40 


0200847 


0290970 


34.367771 


9995770 


20 


i° sc 


0319922 


0320086 


31.241577 


9094881 


88° 10* 


2° 0- 


0.0348996 


0.0349208 


28.636253 


09093908 


88° 0' 


10 


0378066 


0S78336 


26.431600 


9992851 


50 


20 


0407131 


0407469 


24.541758 


9991 7Q9 


40 


30 


0436194 


04366C9 


22.903766 


9990482 


30 


40 


0466263 


0465757 


21.470401 


9989171 


90 


a<'50' 


0494308 


0494913 


20.205563 


9987775 


87° 10* 


30 0- 


a0623360 


0.0524078 


19.081137 


0.9986205 


87° 0- 


10 


0662406 


0553251 


18.074977 


9984731 


50 


ao 


0681448 


0682434 


17.169337 


9983082 


40 


30 


0610486 


0611626 


16.349665 


9961348 


30 


40 


0639617 


0640829 


16.604784 


9979630 


20 


3° 50" 


0668644 


0670043 


14.924417 


9977027 


86° 10- 


4= V 


0.0097565 


ojomms 


14.300666 


9975641 


86° C 


10 


0736680 


0728605 


13.726738 


9973669 


50 


20 


0755589 


075T765 


13.190883 


9971413 


40 


30 


0784691 


0787017 


12.706206 


9969173 


80 


40 


0813587 


0816293 


12.260606 


9966640 


20 


4» 69 


0842576 


0845583 


11.826167 


9964440 


85° 10' 


6° C 


0.0871567 


0.0874887 


11.430052 


0.9961947 


85° 0' 


10 


0900632 


0904206 


11.069431 


9959370 


50 


20 


0920499 


0933540 


10.711913 


9956708 


40 


30 


0068458 


0962890 


10.388397 


9953902 


30 


40 


0087408 


0992267 


10.078031 


9951132 


20 


50 60 


1016351 


1021641 


9.7881732 


9948217 


84° 10' 


fc.M. 


Cosine. 


Gounirent. 


Tangent 


Sine. 


d.m: 



tfATUBAL SINES AND TANGENTS. 



14$ 



b.M. 


Sine. 


TangeDt. 


Cotangent. 


Cosine. 


D.M. 


6° C 


0.1045286 


0.1061042 


9.6143646 


0.9945219 


84° 0" 


10 


1074210 


1080462 


9.2563035 


9942136 


50 


ao 


1103126 


1109899 


9.0098261 


9938969 


40 


30 


1132032 


1139366 


8.7768874 


9935719 


30 


40 


1160029 


1168832 


8.5655468 


9932384 


20 


6° SC 


1180816 


1198329 


8.3449558 


9928065 


83° 10* 


7° C 


0.1218693 


0.1227846 


8.1443464 


0.9925462 


83° 0" 


10 


1247560 


1267384 


7.9530224 


9921874 


50 


ao 


1276416 


1286943 


7.7703506 


9918204 


40 


30 


1305262 


1316625 


7.5957541 


9914449 


30 


40 


1334096 


1346129 


7.4287064 


9910610 


20 


7° W 


1362919 


1375767 


7.2687265 


9906687 


82° 10- 


8° (y 


0.1391731 


0.1404085 


7.1163697 


0.9902681 


82° Of 


10 


1420531 


1436084 


6.9682336 


9898590 


50 


20 


1449319 


1464784 


6.8269437 


9894416 


40 


30 


1478094 


1494510 


6.6911662 


9890169 


30 


40 


1506857 


1624262 


6.6606538 


9885817 


20 


8° 50' 


1535607 


1554040 


6.4348428 


9881392 


81° W 


9° 0" 


0.1564345 


0.1583844 


6.313^15 


0.9876883 


81° C 


10 


1593069 


1613677 


6.1970279 


9872291 


50 


90 


1621779 


1643637 


6.0844381 


9867615 


40 


80 


1650476 


1673426 


6.9767644 


9862856 


30 


40 


1679159 


1703344 


6.8708042 


9858013 


ao 


QP W 


1707828 


1733292 


6.7693688 


9863087 


80° 10- 


10° a 


0.1736482 


0.1763270 


5.6712818 


0.9848078 


80° 0' 


10. 


1765121 


1793279 


5.5763786 


9842986 


50 


ao 


1793746 


1823319 


6.4845052 


9837808 


40 


30 


1822355 


1863390 


5.3955172 


9832549 


30 


40 


1850949 


1883495 


6.3092793 


9827206 


ao 


10° 50' 


1879628 


1913632 


5.2256647 


9821781 


79° lO* 


11° 0* 


0.1908090 


0.1943803 


5.1446540 


0.9816272 


79° 0* 


10 


1936636 


1974008 


6.0658352 


9810680 


50 


ao 


1965166 


2004248 


4.9894027 


9805006 


40 


30 


1993679 


2034523 


4.9151570 


9799247 


30 


40 


2022176 


2064834 


4.8430045 


9793400 


ao 


11° 50- 


a0S0655 


2095181 


4.7728568 


9787483 


78° IC 


D.M. 


Cosine. 


Cotangent. 


Tangent. 


Sine. 

t 


D.M. 



P.T. 



20 
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NATDBAL SINES AND TANGENTS. 



D.M. 


Sine. 


Tangent 


Cotangent 


Cosine. 


D.M.r 


1»° 0' 


02079117 


0.2125566 


4.7046301 


0.9781476 


78° 0- 


10 


2107561 


2155988 


4.6382457 


9775387 


60 


20 


21359S8 


2186448 


4.5736287 


9769216 


40 


30 


2164396 


2216947 


4.5107085 


9762960 


30 


40 


2192786 


2247486 


4.4494181 


9756623 


20 


12° 50 


2221158 


2278063 


4.3896940 


9760203 


77° 10- 


13° 0* 


0.2249511 


0.2308682 


4.3314759 


0.9743701 


77° 0- 


10 


2277844 


2339342 


4.2747066 


9737116 


60 


20 


2306159 


2370044 


4.2193318 


9730449 


40 


30 


2334454 


2400788 


4.1652998 


9723699 


30 


40 


2362729 


2431575 


4.1125614 


9716867 


20 


13° 50' 


2390984 


2462405 


4.0610700 


9709953 


76° 10 


14° O 


0.2419219 


0.2493280 


4.0107809 


0.9702957 


76° C 


10 


2447433 


2524200 


3.9616518 


9695879 


60 


20 


2475627 


2555165 


3.9136420 


9688719 


40 


30 


2503800 


2586176 


3.8667131 


9681476 


30 


40 


2531952 


2617234 


3.8208281 


9674152 


20 


14° 50 


2560082 


2648339 


3.7759519 


0666746 


76° W 


16° C 


0.258S19O 


0.2679492 


3.7320508 


0.9659258 


75° C 


10 


2616277 


2710694 


3.6890927 


9661689 


60 


90 


2644342 


2741946 


3.6470467 


9644037 


40 


30 


2672384 


2773245 


3.6058835 


9636306 


30 


40 


2700403 


2804597 


3.5655749 


9628490 


20 


16° 50 


2728400 


2835999 


3.5260938 


9620604 


74° 10 


16° 


0.2756374 


0.2867464 


a4874144 


09612017 


74° C 


10 


2784324 


2898961 


3.4495120 


9604558 


60 


20 


2812251 


2930521 


3.4123626 


9596418 


40 


30 


2840153 


2962135 


3.3759434 


9588197 


30 


40 


2868032 


2993803 


3.3402326 


9579896 


20 


16° 50* 


2895887 


3025527 


3.3052091 


9671612 


73° 10 


17° 0' 


0.2923717 


03057307 


3.2708526 


09669048 


73° 


10 


2951522 


3089143 


3.2371438 


9564602 


60 


20 


2979303 


3121036 


3.2040638 


9546870 


40 


30 


3007058 


3152988 


3.1715948 


9637170 


30 


40 


3034788 


3184908 


3.1397194 


952838Si 


20 


17° 50' 


3062492 


3217067 


3.1084210 


9519514 


72° 10' 


D.M. 


Cosine. 


Ck>tangent. 


Tangent 


Sine. 


b.uA 
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D.M. 


Sine. 


Tangent. 


Cotangent. 


Cosine. 


D.M. 


18° C 


0.3090170 


0.3249197 


a0776«35 


0.9610565 


72° C 


10 


3117822 


3281387 


3.0474915 


9501636 


50 


ao 


3145448 


3313639 


3.0178301 


0492426 


IS 


30 


3173047 


3346953 


2.9886850 


9483237 


40 


3200619 


3378330 


2.9600422 


9473966 


ap 


18° BC 


3288164 


3410771 


2.9318886 


9464616 


71° 10' 


19° ff 


0.3255682 


0.3443276 


2.9042100 


0.9455186 


71° C 


10 


3283172 


3476846 


2.8769970 


9445675 


% 


ao 


3310634 


3508483 


2.8502349 


9436085 


30 


3338069 


3541186 


2.8239129 


9426416 


30 


40 


3365475 


3673956 


2.7980198 


9416665 


20 


19° W 


3392852 


3606795 


2.7726448 


9406835 


70° IP- 


80° 0* 


0.3420201 


0.3639702 


2.7474774 


0.9396926 


70° 0' 


10 


3447621 


3672680 


2.7228076 


9386938 


50 


ao 


3474812 


3706728 


2.6985264 


9376869 


40 


30 


3502074 


3738847 


2.6746215 


9366722 


30 


40 


3629306 


3772038 


2.6510867 


9366495 


^ 


WW 


3556508 


3806302 


2.6279121 


9346189 


69° Iff 


81° 0* 


0.3583679 


a3838640 


2.6080891 


0.9336604 


69° C 


10 


3610821 


3872063 


2.5826094 


9325340 


60 


20 


3637932 


3905541 


2.6604649 


9314797 


40 


30 


3665012 


3939106 


2.5386479 


9304176 


30 


40 


3692061 


3972746 


2.6171507 


9293475 


20 


21° 50- 


3719079 


4006466 


2.4959661 


9282696 


68° W 


22° 0' 


0.3746066 


0.4040262 


2.4760869 


0.9271839 


68° ff 


10 


3773021 


4074139 


2.4546661 


9260902 


50 


20 


3799944 


4108097 


2.4342172 


9249888 


40 


30 


3826834 


4142136 


2.4142136 


9238795 


30 


40 


3863693 


4176257 


2.3944889 


9227624 


20 


22° 60' 


3880618 


4210460 


2.3750372 


9216376 


67° W 


23° 0- 


0.3007311 


0.4244748 


2.3568524 


0.9205049 


67° 0' 


10 


3934071 


4279121 


2.3369287 


9193644 


50 


20 


3960798 


4313579 


2.3182606 


9182161 


40 


30 


3987491 


4348124 


2.2998425 


9170601 


30 


40 


4014160 


4382766 


2.2816693 


9158963 


20 


23° W 


4040775 


4417477 


2.2637367 


9147247 


66° 10' 


D.M. 


Cosine. 


Cotangent. 


Tangent. 


Sine. 


D.M. 
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D. M. 


Sine. 


Tangent. 


Cotangent. 


Cosine. 


D.M. 


w (y 


0.4067366 


0.4452287 


2.2460368 


0.9136466 


66* C 


10 


4093923 


4487187 


2.2285676 


9123684 


60 


20 


4120445 


4522179 


2.2113234 


9111637 


40 


30 


4146932 


4557263 


2.1942997 


9099613 


30 


40 


4173385 


4592439 


2.1774920 


9087611 


20 


24° 50' 


4199801 


4627710 


2.1608958 


9075333 


66° 10- 


26° 


0.4226183 


0.4663077 


2.1445069 


0.9063078 


66° 9 


10 


4252528 


4698539 


2.1283213 


9060746 


60 


20 


4278838 


4734098 


2.1123348 


9038338 


40 


30 


4305111 


4769755 


2.0965436 


9036863 


30 


40 


4331348 


4805512 


2.0809438 


9013292 


20 


26° 50 


4357548 


4841368 


2.0655318 


9000664 


64« W 


26° 


0.4383711 


0.4877326 


2.05(a038 


0.8987940 


64° V 


10 


4409838 


4913386 


2.0362565 


8976161 


60 


20 


4435927 


4949549 


2.0203862 


8962286 


40 


30 


4461978 


4985816 


2.0056897 


8949344 


30 


40 


4487992 


5022189 


1.9911637 


8936326 


20 


26° 50' 


4513967 


5058668 


1.9768050 


8923234 


63° W 


27° O' 


0.4539905 


0.5095254 


1.9626105 


0.8910065 


63° C 


10 


4565804 


5131950 


1.9486772 


8896822 


60 


20 


4591665 


5168755 


1.9347030 


8883603 


40 


30 


4617486 


5205671 


1,9309821 


8870108 


30 


40 


4643269 


5242698 


1.9074147 


8866639 


20 


27° 50^ 


4669012 


5279839 


1.8939971 


8843096 


62* W 


28° 0' 


0.4694716 


0.5317094 


1.8807265 


0.8829476 


62° 0' 


10 


4720380 


5354465 


1.8676003 


8816782 


60 


20 


4746004 


5391952 


1.8546159 


8802014 


40 


30 


4771588 


5429567 


1.8417709 


8788171 


30 


40 


4797131 


546r28I 


1.8290628 


8774264 


20 


28° 50' 


4822634 


5505125 


1.8164892 


8760263 


61° W 


29° 0' 


0.4848096 


0.5543091 


1.8040478 


0,8746197 


610 C 


10 


4873517 


5581179 


1.7917362 


8733066 


60 


20 


4898897 


5619391 


1.7796634 


8717844 


40 


30 


4924236 


5657728 


1.7674940 


8703667 


30 


40 


4949532 


5696191 


1.7555590 


8689196 


20 


29° 50' 


4974787 


6734783 


1.7437453 


8674762 


60o IC 


D. M. 


Cosine. 


Cotangent. 


Tangent 


Sine. [D.M. 1 
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D. M. 



Sine. 



Tangent. 



Cotangent. 



Cosine. 



D. M. 



ao'^ 00.60000000. 

10 6026170 

5060298 

30 6076384 

40 6100426 

\30P 60^ 6126426 



3F 

10 

20 

30 

40 

31° 60' 



0^0.6160381 0. 
6176293 
6200161 
6224986 
6249766 
6274602 



.6773503 
6812363 
6861336 
6890460 
6929099 
6969084 

.OUUoDUO 
6048266 
6088067 
6128008 
6168092 



O'O 



32° 
10 
20 
30 
40 

32° 60' 



O'O, 



33^ 

10 
20 
30 
40 
33° 60' 

34° 0' 
10 
20 
30 
40 

34° 50 

35° 
10 
20 
30 
40 

35° 60 
D. M. 



.62991930 

6323839 

6348440 

6372996 

6397507 

6421971 

.64463900 

6470763 

5495090 

6519370 

5543603 

6567790 

0.55919290. 
5616021 
5640066 
6664002 
5688011 
5711912 

0.57357640 
5759568 
5783323 
5807030 
6830687 
5854294 
Cosine. 



6289214 
6329883 
6370703 
6411073 
6452797 

6494076 
6536511 
6577103 
6618866 
6660769 
6702845 

1.6746085 
6787492 
6830066 
6872810 
6915725 
6958813 

7002075 
7045515 
7089133 
7132931 
7176911 
7221076 



l.r3206080. 

1.7204736 

1.7090116 

1.6976631 

1.6864261 

1.6752988 



866026460° 

8646673 

8631019 

8610292 

8601491 

868661969° 



1.66427960.867167369° 



1.6633663 
1.6425576 
1.6318617 
1.6212469 
1.6107417 

1.60033450 

1.5900238 

1.5798079 

1.5696856 

1.5596562 

L5497155 



8666665 
8641564 
8626403 
8511167 
849686068° 



0^1 
60 
4$ 
90 
20 
W 

a 

60 
40 
30 
29 
W 



,8480481168° a 
60 



8465030 
8449608 
8433914 
8418249 
840261367° W 



40 
30 



1.5398650 0.8386706|6r 

1.5301023 

1.5204261 

1.6108352 

1.6013282 

1.4919039 



83)0627 

8364878 
8338868' 
8322768 



1.48266100 

1.4732983 

1.4641147 

1.4550090 

1.4459801 

1.4370268 



9 

60 
40 

ao 



830660766° 10' 



1.8290376 
8274074 
8267703 
8241262 
8224751 
820§170|65° 10' 



56«» cr 
50 
40 
90 



1.42814800.819152056° a 
1.4193427 8174801 60 
1.4106098 8158013 40 
1.4019483 8141166 90 
1.3933571 81242291 20 
1.3848353 



810723464° W 



Cotangent. 



Tang ent. 



Sine. 



(D. M. 
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NATtTSAL SINKS AMD 1}AlKWn». 



DM. 


Sine. 


Tangent 


Cotangent; Cosine. | D. M. 


36° Of 


0.5877853 


0.7265425 


1.3763819,O.809017ol54° 0- 


10 


5901361 


7309963 


1.3679969 


8073038 


60 


20 


5924819 


7354691 


1.3696764 


8055837 


40 


30 


5948228 


7399611 


1.3514224 


8038569 


30 


40 


5971586 


7444724 


1.3432331 


8021232 


20 


36° W 


5994893 


7490033 


1.3S51075 


800382753° 10 


37° a 


0.6018150 


0.7535541 


1.3270448 


0.798635553° 0* 


10 


6011366 


7581248 


1.2190441 


7968816 


50 


ao 


6064511 


7627167 


1.3111046 


7951208 


40 


30 


6087614 


7873270 


1.3032254 


7933533 


30 


40 


6110666 


7719589 


1.2964067 


7915792 


20 


37° 50 


6133666 


7766118 


1.2876447 


7897983 


52° 10- 


38° a 


0.6166615 


0.7812866 


1.2799416 


a7880106 


52° & 


10 


6179611 


7860806 


1.2722957 


7862165 


60 


20 


6202355 


7906975 


1.2647062 


7844157 


40 


30 


6225146 


7954359 


1.2671723 


7826082 


30 


40 


6247885 


8001963 


1.2496933 


7807940 


20 


38° 80- 


6270671 


8049790 


1.2422686 


7789733 


61° la 


39° a 


0.6293204 


0.8097840 


1.2348972 


0.7771460 


51° 0' 


10 


6315784 


8146118 


1.2275786 


7763121 


60 


20 


6338310 


8194626 


1.2203121 


7734716 


40 


30 


6360782 


8243364 


1.2130970 


7716246 


30 


40 


63^201 


8292337 


1.2CB9327 


7697710 


20 


39° 5W 


6405666 


8341547 


1.1988184 


7879110 


60° 10- 


*0P 


0.6427876 


0.8390996 


1.1917636 


0,7660444 


50° 0' 


10 


6450132 


8440688 


1.1847376 


7641714 


60 


20 


6472334 


8490624 


1.1777698 


7622919 


40 


30 


6494480 


8540807 


1.1708496 


7604060 


30 


40 


6516572 


8591240 


11639783 


7586136 


20 


40" 60- 


6538609 


8641926 


1.1671496 


7666148 


49° 10' 


41° C 


0.6560590 


0.8692867 


1.1503684 


0.7847096 


49° 0' 


10 


6682616 


8744067 


1.1436326 


7527980 


60 


20 


6604386 


8796828 


1.1389414 7508800 


40 


30 


6626200 


8847253 


1.1302944 7489667 


30 


40 


6647959 


8899244 


I.123«»09J 7470251 


20 


41° 50' 


6669661 


8951506 


1.11713051 7450881 


48° 10' 


D. M. 


Cosine. 


Cotangent! Tangent. ' Sine. 


D. M. 
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D.M., Sine. 


Tangent. 


Oo tangent 


Cosine. 


.D. M. 


42° a 0.6691306 


0.9004040 


1.1106125 


0.7431446 


48° 0' 


10 


6712895 


9056851 


1.1041365 


7411963 


50 


ao 


6734421 


9109940 


1.0977020 


7392394 


40 


30 


6755002 


9163312 


1.0913085 


7372773 


30 


40 


6777320 


9216969 


1.0649564 


7363090 


20 


^° 50' 


6798681 


9270914 


1.0786423 


7333346 


47» 10- 


43° 0' 


0.6819984 


0.9325151 


1.0723687 


0.7313637 


47° 0- 


10 


6841229 


9379683 


1.0661341 


7293668 


50 


20 


6862416 


9434513 


1.0509361 


7273736 


40 


30 


6883546 


9489646 


1.0637801 


7263744 


30 


40 


6904617 


9545083 


1.0476698 


7223690 


20 


43° 50- 


6925630 


9600629 


1.0416767 


7213674 


46° W 


44° C 


0.6946684 


0.9666868 


1.0356303 


0.7193398 


46° a 


10 


6967479 


9713262 


1.0295203 


7173161 


60 


20 


6968315 


9769966 


1.0235461 


7152863 


40 


30 


7009093 


9826973 


1.0176074 


7132804 


30 


40 


7029811 


9884316 


1.0117038 


7112086 


20 


44° 65 


7050460 


9941991 


1.0068348 


7091607 


46° 10- 


46° 0' 


0.7071068 


1.0000000 


1.0000000 


0.7071068 


46° 0- 


D. M. 


CJoaine. 


Cotangent. 


Tangent. ' Sine. 


D.M. 



The Secants and Cosecants, which are not inserted in this 
table, may be easily supplied. If 1 be divided by the cosme 
of an arc, the quotient will be the secant of that arc. (Art. 
328.) And if 1 be divided by the sine, the quotient wiU be 
the cosecant. 
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The following short Treatise contains little more than an 
application of the principles of Geometry, to the numerical 
calculation of the superficial and solid contents of such 
figures as are treated of in the Elements of Euclid. As the 
plan proposed for the work of which this number is a part, 
does not admit of introducing rules and propositions which 
are not demonstrated ; the particular consideration of the 
ar€}as of the Conio Sections and other curves, with the con- 
tents of solids produced by thdir revolution, is reserved for 
succeeding parts of the course. The student would be little 
profited by applying arithmetical calculation, in a mechan^i- 
cal way, to figures of which he has not yet learned even the 
definitions. But as this number may fall into the hands of 
some who will not read those which are to follow, the prin- 
cipal rules for conic areas and solids, and for the gauging of 
casks, are given, without demonstrations, in the appendix. 
Those who wish to take a complete view of Mensuration, in 
all its parts, are referred to the valuable treatise of Dr. Hutton 
on the subject. 
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SECTION I. 



AREAS or FIGURES BOUNDED BT RIGHT LINES« 



Art. 1. The following definitions, which are nearly the 
same as in Euclid, are inserted here for the convenience of 
reference. 

1. Four-sided figures have different names, according to 
the relative position and length of the sides. A parallelogram 
has its opposite sides equal and parallel ; as ABCD. (Fig. 2.) 
A rectangle^ or right parallelogram, has its opposite sides 
equal, and all its angles right angles ; as AC. (Fig. 1.) A 
square has all its sides equal, and all its angles right angles ; 
as AB6H. (Fig. 3.) A rhombus has all its sides equal, and its 
angles oblique ; as ABCD. (Fig. 3.) A rhomboid has its op- 
posite sides equal, and its angles oblique ; as ABCD. (Fig, 
2.) A trapezoid has only two of its sides parallel ; as ABCD. 
(Fig* 4.) Any other four sided figure is called a trapezium, 

II. A figure which has more than four sides is called a 
polygon. A regular polygon has all its sides equal, and' all 
its angles equal. 

IIL The height of a triangle is th^ length of a perpendicu- 
lar, drawn from one of the angles to the opposite side ; as 
CP. (Fig. 5.) The height of a four sided figure is the per- 
pendicular distance between two of its parallel sides ; as CP. 
(Fig. 4.) 

IV. The area or superficial contents of a figure is the space 
contained within the line or lines by which the figure is 
bounded. . , 

2. In calculating areas, some particular portion of surface 
is fixed upon, as the measuring unit, with which the given 
figure is to be compared. This is commonly a square^ as a 
square inch, a square foot, a square rod, &c. For this rea- 
son, determining the quantity of surface in a figure is called 
squaring it, or finding its quadrature ^ that is, finding a square 
or number of squares to which it is equal. 

I 



2 MENSURATION OF ]PLANE SURFACES. 

3. The superficial unit has generally the same name, as 
the linear unit which forms the side of the square. 
The side of a square inch is a linear inch ; 
of a square foot, a linear foot ; 
of a square rod, a linear rod, (fee- 
There are some superficial measures, however, which have 
no corresponding denominations of length. The acre^ for 
instance, is not a square which has a line of the same name 
for its side. 

The following tables contain the linear measures in com- 
mon use, with their corresponding square measures. 



Linear 1 


\ieasures. 


Square 


Measures. 


12 inches 


=1 foot. 


144 inches 


= 1 foot. 


3 feet 


= 1 yard. 


9 feet 


= 1 yard. 


6 feet 


= 1 fathom. 


36 feet 


= 1 fathom. 


161 feet 


= 1 rod. 


2721 feet 


= 1 rod. 


5^ yards 


= 1 rod. 


301 yards 


= 1 rod. 


4 rods 


= 1 chain. 


16 rods 


= 1 chain. 


40 rods 


= 1 furlong. 


1600 rods 


= 1 furlong, 


20 rods 


= 1 mile. 


102400 rods 


= 1 mile. 



An acre contains 160 square rods, or 10 square chains. 
By reducing the denominations of square measure, it will 
be seen that 

1 sq. mile=:640 acre8sl02400 rods=27878400 feet=^014489600 inches. 
1 acres=10 chams=;160 rods=43560 feet=::6272640 inehes. 

The fundamental problem in the mensuration of Superfi- 
cies is the very simple one of determining the area of a right 
parallelogram. The contents of other figures, particularly 
those which are rectihnear, may be obtained by finding par- 
allelograms which are equal to them, according to the prin- 
ciples laid down in Euclid. 

PROBLEM I. 

To find the area of a parallelogram, square^ rhombus^ or 
rhomboid. 

4. Multiply the length by the perpendicular height 
OR breadth. 

It is evident that the number of square inches in the par- 
allelogram AC (Fig. 1 .) is equal to the nupdber of linear inches 
in the length AB, repeated as many times as there arp 
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inches in the breadth BC. For a more particular illustration 
of this^ see Alg. 5 1 1 — 5 1 4, 

The oblique parallelogram or rhomboid ABCD (Figw 2.) 
is equal to the right parallelogram GHCD. (Euc, 36. 1,) 
The area, therefore, is equal to the length AB multiplied 
into the perpendicular height HC. And the rhombus ABCD 
(Fig. 3.) is equal to the parallelogram ABGH. As the sides 
of a square are all equal, its area is found, by multiplying one 
of the sides into itself, 

Ex. 1. How many square feet are there in a floor 33^ feet 
long, and 18 feet broad? Ans. 235 XI 8=423. 

2. What are the contents of a piece of ground which is 68 
feet square ? Ans. 4356 sq. feet=16 sq. rods. 

3. How many square feet ar^ there in the four sides of a 
room which is 22 feet long, 1 7 feet broad, and 1 1 feet high ? 

Ans. 858. 

Art. 5. If the sides and angles of a parallelogram are given, 
the perpendicular height may be easily found by trigonome- 
try. Thus CH (Fig. 2.) is the perpendicular of a right an- 
gled triangle, of which feC is the hypothenuse. Then (Trig. 
134.) 

R : BC::sinB : CH. 

The area is obtained by multiplying CH thus found, into' 
the length AB. 

Or, to reduce the two operations to one, 

As radius, 

To the sine of any angle of a parallelogram ; 

So is the product of the sides including that angle. 

To the area of the parallelogram. 

For <Ae«rea=ABxCH,(Fig.2.) ButCH=2£2^'L?. 

R 

Therefore, 

The area«^l2i|j2l£E?.Or,R:sinB::ABxBC:<A«af«a. 
R 

Ex. If the side AB be 58 rods, BC 42 rods, and th^ angle 
B 63^, what is the area of the parallelogram ? 
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As radius lO.OOOOQ 

To the sine of B 63° 9.94988 

5 So is the product of AB 58 1.76343 

I Into BC (Trig. 39.) 42 1.62325 

To the area 2170.5 sq. rods 3.33666 

2. If the side of a rhombus is 67 feet, and one of the an- 
gles 73°, what is the area ? Ans. 4292.7 feet. 

6. When the dimensions are given in feet and inches, the 
multiplication may be conveniently performed by the arith- 
metical rule of Duodecimals ; in which each inferior denom- 
ination is one twelfth of the next higher. Considering a foot 
as the measuring unit^ a prime is the twelfth part of a foot ; 
a secondi the twelfth part of a prime, &c. It is to be ob- 
served, that, in measures of lengthy inches are primes ; but in 
superficial measure they are seconds. In both, a prime is y'^ 
of a foot. But yV *of a square foot is a parallelogram, a foot 
long and an inch broad. The twelfth part of this is a square 
inch, which is ttt of a square foot. 

Ex. 1. What is the surface of a board 9 feet 5 inches^by 
2 feet 7 inches. 

r 

9 5' 

2 7 



18 10 
5 5 11 

24 3 1 1", or 24 feet 47 inches. 



% How many feet of glass are there in a window 4 feet 1 1 
inches high, and 3 feet 5 inches broad ? 

Ans. 16F. 9' 7", or 16 feet 115 inches. 

7. If the area and one side of a parallelogram be given, the 
other side may be found by dividing the area by the given side^ 
And if the area of a square be given, the side may be found 
by extracting the square root of the area. This is merely re* 
versing the rule in art. 4. See Alg. 520, 521. 

Ex. 1. What is the breadth of a piece of cloth whic|;i is 36 
yds. long, and which contains 63 square yds. Ans. 1 1 yds. 
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2. What is the side of a sqaare piece of land contatiDhig 
289 square rods ? 

3. How many yards of carpeting li yard wide, will cover 
a floor 50 feet long and 22^ broad ? 

Ans. 30X221 feet=10X7|=75 yds. And 75~-U=60. 

4. What is the side of a square which is equal to a paral- 
lelogram 936 feet long and 104 broad? / 

5. How many panes of 8 by 10 glass are there, in a win- 
dow 5 feet high, and 2 feet 8 inches broad ? 

PROBLEM II. 

To find the area of a triangle. 

8. Rule L Multiply one side by half the p£rp£;n- 
DicuLAR prom THE OPPOSITE* ANGLE. Or^ multiply half the 
side by the perpendicular. Or, multiply the whole side by 
the perpendicular, and take half the product. 

The area of the triangle ABC (Fig. 5.) is equal to \ PC X 
AB, because a parallelogram of the same base and height is 
equal to PC X AB, (Art. 4.) and by Euc. 41, 1, the triangle 
is half the parallelogram. 

Ex. 1. If AB (Fig. 5.) be 65 feet, and PC 31.2, what is the 
area of the triangle ? Ans. 1014 square feet. 

2. What is the surface of a triangular board, whose base 
is 3 feet 2 inches, and perpendicular height 2 feet 9 inches ? 
Ans. 4F. 4' 3", or 4 feet 51 inches. 

9. tf two sides of a triangle and the included angle, are 
given, the perpendicular on one of.these sides may bo easily 
found by rectangular trigonometry. And the area may be 
calculated in the same manner as the drea of a parallelo- 
gram in art. 5. In the triangle ABC (Fig. 2.) 

R:BC::sinB : CH 

And because the triangle is half the parallelogram of the- 

same base and height, 
As radius. 

To the sine of any angle of a triangle ; 
So is the product of the sides including that angle, 
To twice the area of the triangle. (Art. 5.) 
Ex. If AC (Fig. 5.) be 39 feet, AB 65 feet, and the angle 

at A 53"* r 48'\ what i? the area of the triangle ? 

Ans. 1014 square feetr 
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9. 6. If one «u?e and the angles are given ; then 

As the product of radius and the sine of the angle opposite 
the given side, 
To the product of the sines of the two other angles ; 
So is the square of the given side. 
To twice the area of the triangle. 

If PC (Fig. 5.) be perpendicular to AB. 

R :sinB::BC : CP 
sinACB :sinA::AB : BC 
Therefore (Alg. 390, 382.) 
_R X sin AGB : sin Ax sin B::ABx BC : CPxBC:: 
AB^ : ABxCP= twice the area of the triangle. 

Ex, If one side of a triangle be 57 feet, and the angles at 
the ends of this side 50"^ and 60°, what is the area ? 

Ans. 1147 sq. feet. 

10. If the sides only of a triangle are given, an angle may 
be found, by oblique trigonometry. Case IV, and then the 
perpendicular and the area may be calculated. But the area 
may be more directly obtained, by the following method. 

Rule II. When the three sides are given, from half their 
sum subtract each side severally^ multiply together the hcdf 
sum and the three remainders^ and extract the square root of 
the product. 

If the sides of the triangle are a, 6, and c, and if A=half 
their sum, then 

The area=^^h X{h-a)x (h—b) X (A — c) 

For the demonstration of this rule, see Trigonometry, 
Art. 221. 

If the calculation be made by logarithms^ add the loga- 
rithms of the several factors, and half their sum will be the 
logarithm of the area. (Trig. 39, 47.) 

Ex. 1. In the triangle ABC (Fig. 5.) given the sides a 52 
feet, 6 39, and c 65; to find the side of a square which has 
the same area as the triangle. 

J(a+6+c)=A==78 A-6=39 

A — a=26 A— c=13 

Then the area=:V'78 X26 x39 X 13=1014 square feet. 
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By logarithms. 

The half stitti =78 « 1.89209 

Fiist remainder =526 1.41497 

Second do. =39 1.59106 

Third do. =13 1.11394 



2)6.01206 

The area required =1014 2)3.00603 

Side of the square =31.843 (Trig. 47) 1.50301 

2. If the sides of a triangle are 134, 108, and 80 rods, what 
is the area? Ans. 4319. 

3. What is the area of a triangle whose sides are 371, 264, 
and 225 feet? 

11. In an equilateral triangle, one of whose sides is a, the 
expression for th e area becomes 

^^Ax(A-a)x(A— a)x(A-a) 

But as A=|a, and A — a=|a — a=^«, the area is 

'/|aX|aX5tfX^a=\//^a*=:JaV3 (Alg. 271.) 
That is, the area of an equilateral triangle is equal to J the 
square of one of its sides, multiplied into the square root of 3, 
which is 1.732. ^ /. VJ ^ 0^^ f\ 

Ex. 1. What is the arra of a triangle whose sides are 
each 34 feet ? Ans. 500i feet. 

2. If the sides of a triangular field are each 100 rods, how 
many acres does it contain ? , 

Pi^oBLEM in. 
To find the area of a trapezoid. 
21. Multiply half the sum of the parallel sides 

INTO THEIR perpendicular DISTANCE, 

The area of the trapezoid ABCD (Fi^. 4.) is equal to half 
the sum of the sides AB and CD, multiplied into the perpen- 
dicular distance PC or AH. For the whole figure is made 
up of the two triangles ABC and ADC ; the area of the first 
of which is equal to the product of half the base AB into 
the perpendicular PC, (Art. 8.) and the area of the other is 
equal to the product of half the base DC into the perpen- 
dicular AH or PC. 
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Ex. If AB (Fig. 4.) be 46 feet, BC .31, DC 38, and the 
angle B 70^, what is the area of the trapezoid 1 

R : BC: :sin B ; PC=29.13. And 42X29.13==1223i. 

2. What are the contents of a iSeld which has two parallel 
sides C5 and 38 rods, distant from each other 27 rods? 

PROBLEM ly. 

To find the area of a trapezium, or of an irregular poly- 
gon. 

13. Divide the whole figure into triangles, bt 
drawing diagonals, and find the sum of the areas 

OF THESE TRIANGLES. (Alg. 519.) 

IT the perpendiculars in two triangles fall upon the same 
diagonal^ the area of the trapezium formed of the two trian- 
gles, is equal to half the product of the diagonal into the sum 
of the perpendiculars. 

Thus the area of the trapezium ABCH (Fig. 6.) is 

iBHxAL+JBHxCM=iBHx(AL+CM.) 
Ex. In the irregular polygon A^CDH (Fig. 6.) 

(BH=36 rAL=5.3 

if the <li^gc>i)^I'3«jL-^^T^^^ jin4 Ike j^f^rpe^icularsj CM=9.3 

. The area=18X 14.6+16X7.3=379.6. 

14. If the diagonals of a trapezium are given, the area may 
be found, nearly in the same manner as the area of a paraK 
lelogram in Art. 5, and the area«of a triangle in Art. 9. 

In the trapezium ABCD (Fig. 8.) the sines of the four an- 
gles at N, the point of intersection of the diagonals, are all 
equal. For the two acute angles are supplements of the oth- 
er two, and therefore have the same sine. (Trig. 90.) Put- 
ting, then, sin N for the sine of each of these angles, the 
areas of the four triangles of which the trapezium is compos- 
ed, are given by the following proportions ; (Art. 9.) 
rBNxAN :2flrcaABN 
Tj ♦ • Tvr.J BNxCNiSflreaBCN 
^ ♦ ^'" ^^ i DN xCN : 2 area CDN 
IdNxAN : Sorca ADN 
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And by addition, (Alg. 388, Cor. 1.*) 

R : sin N::BNx'aN+BNxCN+DNxCN+DNxAN: « 
area ABCD. 

The 3d term=t(AN+CN)x(BN+DN)=iACxBD, by 
the figure. 

Therefore, R : sin N : : AC X BD : 2 area ABCD. That is, 

As Radius, 

To the sine of the angle at the intersection of the di" 

agonals of a trapezium ; 
So is the product of the diagonals^ 
To twice the area of the trapezium. 

It is evident that thi^ rule is applicable to a parallclogram« 
as well as to a trap^.zium. 

If the diagonals intersect at right angles^ the sine of N is 
equal to radius ; (Trig. 95.) and therefore the product of the 
diagonals is equal to twice the area. (Alg. 395.t) 

Ex. 1. If the two diagonals of a trapezium are 37 and 62, 
and if they intersect at an angle of 54°, what is the area of 
the trapezium ? Ans. 928. 

2. If the diagonals are 85 leind 93, and the angle of inter- 
section 74% what is the area of the trapezium ? 

14. 6. When a trapezium can be inscribed in a circle^ the 
area may be found by either of the following rules. 

I. Multiply together any two adjacent sides^ and also the 
two other sides ; then multiply half the sum of these products 
by the sine of the angle included by either of the pairs of sides 
multiplied together* 

Or, 

II. From half the sum of all the sides^ subtract each side 
severally ^multiply together the four remainders^ and extract 
the square root of the product. 

If the sides are a, &, c, and(^; and if A •= half their sum ; 
The area = v^(A-a) X(A-6) x (A-c) X(A-^ 

* Euclid % 6. Cor. t Euclid 14. ». 
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If the trapezium ABCD (Fig. 33.) can be inscribed in a 
circle, the sum of the opposite angles BAD and BCD is 1 80** 
(Euc. 22. 3.) Therefore the sine of BAD is equal to that of 
BCD or PCD. 

If s=the sine of either of these angles, radius being 1, and if 
AB=a, BC=6, CD=c, AD=d; 

The triangle BAD=^adx«, And BCD=^5cXs ; (Art. 9.) 

Therefore, 

1. The area of ABCD=i(ad+6c)x«. 

To obtain the value of «, in terms of the sides of the tra- 
pezium, draw DP and DP' perpendicular to BA and BC. 

Then Rad. : 5! : AD : DP: :CD : DP'. 

Also AP^=AD« --DPS and CP' ^=CD^ -DP'^ 

o ,u ,fDP=ADxs=d«A . <AP=\/d«-rfa59 = dv/l-5» 
Sothat^ jjp,^CDx^=c«^"^ ^Cp,^^-^_^_^ ^^— - 

D*k ^K fi JBP=AB-AP=a-rfv/r=7^ 
But by the figure J bP'=BC+CP'=6+c^/TZ:^7 

And BP'+DP'=DB'=BP''+DF^ 
That is a^ - Slad\/\—s^+d^ =i^ +^bcx/T^ +c» 
Reducing the equation, we have 
(6^+c»-a^-- rf«)» ^ 

' =*" {^ad+^bcy '^"^ 

\^(2ad+26c)^ -(b^+c ^ ^a^^d^y 

^"^ 2ad+2bc 

Substituting for s in the first rule, the value here found, we 
have the area of the trapezium, equal to 

i\/(2ad+26c)^-(6«+ca ^a^—d»y 

The expression under the radical sign is the diflference of 
two squares, and may be resolved, as in Trig. 221, into the 
factors 



(5+c'-a-d')X(«+d"-6-c") 

and these again into 

(a+6+c-d) {b+c+d—a) (a+b+d-c) (a+d+c-b) 

If then A=half the sum of the sides of the trapezium, 
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II. rAcarea='/(A-a)x(A-6)X(A-c)X(A-rf) 
If one of the sides, as d^ is supposed to be diminished, till it 
is reduced to nothing ; the figure becomes a triangle^ and the 
expression for the area is the same as jn art. 10. See Hut- 
ton^s Mensuration. 



PROBLEM v. 

To find the area of a regular polygon. 

15. Multiply one op its sides into half its perpen- 
dicular DISTANCE FROM THE CENTER, AND THIS PRODUCT 
INTO THE NUMBER OF SIDES. 

A regular polygon contains as many equal triangles as the 
figure has sides. Thus the hexagon ABDFGH (Fig. 7.) 
contains six triangles, each equal to ABC. The area of one 
of them is equal to the product of the side AB, into half the 
perpendicular CP. (Art. 8.) The area of the whole, there- 
fore, is equal to this product multiplied into the number of 
sides. 

Ex. 1. What is the area of a regular octagon, in which 
the length of a side is 60, and the perpendicular from the 
center 72.426 ? Ans. 17382. 

2. What is the area of a regular decagon whose sides are 
46 each, and the perpendicular 70.7867 ? 

16. If only the length and number of sides of a r^ular 
polygon be given, ihe perpendicular from the center may bp 
easily found by trigonometry. The periphery of the circle 
in which the polygon is inscribed, is divided into as many 
equal parts as the polygon has sides. (£uc. 16. 4. Schol.) 
The arc, of which one of the sides is a chord, is therefore 
known ; and of course, the angle at the center subtended by 
this arc. 

Let AB (Fig. 7.) be one side of a regular polygon, in- 
scribed in the circle ABDG. The perpendicular CP bisects 
the line AB, and the angle ACB. (Euc. 3. 3.) Therefore 
BCP is the same part of 360^, which BP is of the perimeter 
of the polygon. Then, in the right angled triangle BCP, if 
BP be radius, (Trig. 122.) 

R ; BP : : cot BCP : CP. That is. 
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As Radius, 

To half of one of the sides of the polygon ; 
So is the cotangent of the opposite angle, 
To the perpendicular from the center. 

Ex. 1. If the side of a regular hexagon (Fig. 7.) be 38 
inches, what is the area ? 

The angle BCP=t'3 of 360°=30^ Then, 

R : 19::cot30° : 32.909=CP, the perpendicular. 

And the area 5=19X32.909X6 =375 1.6. 

2. What is the area of a regular decagon whose sides are 
each 62 feet 7 Ans. 29576. 

17. From the proportion in the preceding article, a table 
of perpendiculars and areas may be easily formed, for a series 
of polygons, of which each side is a unit. Putting R=1, 
(Trig. 100.) and ii=the number of sides, the proportion be* 
comes 

1 • ^::cot — : the perpendicular. 

360 
So that, thep€rp.=^cot — 

And the area is equal to half the product of the perpen- 
dicular into the number of sides. (Art. 15.) 

Thus, in the trigon, or equilateral triangle, the perpendic- 
ular =icot5^''=i cot 60°=^0.2886752, 
6 , 

And the area =0.4330 127. 

QgQO 

In the tetragon, or square, the perpendicular=i cot 

8 

psl cot 45°=0.5. And the area=I. 

In this manner, the following table is formed, in which the 
»de of each polygon is supposed to be a unit. 
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A TABLE OF REGULAR POLYGONS. 



Names. 


Sides. 


Angles. 


Perpendiculars. 


Areas. 


Trigon, 


3 


60° 


0.2886752 


0.4330127 


Tetragon, 


4 


45° 


0.5000000 


1.0000000 


Pentagon, 


5 


36° 


0.6881910 


1.7204774 


Hexagon, 


6 


30° 


0.8660254 


2.5980762 


Heptagon, 


7 


25f 


1.0382601 


3.6339124 


Octagon, 


8 


22| 


1.2071069 


4.8284271 


Nonagon, 


9 


20° 


1.3737385 


6.1818242 


Depagon, 


10 


18° 


1.5388418 


7.6942088 


Undecagon, 


11 


16t*t 


1.7028439 


9.3656399 


Dodecagon, 


12 


15° 


1.8660252 


11.1961524 



By this table may be calculated the area of any other 
regular polygon, of the same number of sides with one of 
these. For the areas of similar polygons are as the squares 
of their homologous sides. (Euc. 20, 6.) 

To find, then, the area of a regular polygon, multiply the 
square of one of its sides by the area of a similar polygon of 
which the side ts a unit. 

Ex. 1. What is the area of a regular decagon whose sides 
are each 102 rods? Ans, 80050.5 rods. 

2. What is the area of a regular dodecagon whose side9 
are each 87 feet? 
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SECTION IT * 



THE (QUADRATURE OF THE CIRCLE AND ITS PARTS. 

Art. 18. Definition I. A circle is a plane bounded by a 
line which is equally distant in all its parts from a point with- 
in called the center. The bounding line is called the cir- 
cumference or periphery. An ctrc is any portion of the cir- 
cumference. A semi-circle is half, and a quadrant one 
fourth, of a circle. 

II. A Diameter of a circle is a straight line drawn through 
the center, and terminated both ways by thecircumference. 
A Radius is a straight line extending from the center to the 
circumference. A Chord is a straight line which joins the 
two extremities of an arc. 

III. A Circular Sector is a space contained between an arc 
and the two radii drawn from the extremities of the arc. It 
maybe less than a semi-circle, as ACBO, (Fig. 9.) or greater^ 
as ACBD. 

IV. A Circular Segment is the space contained between an 
arc and its chord, as ABO or ABD. (Fig. 9.) The chord 
is sometimes called the base of the segment. The height of 
a segment is the perpendicular from the middle of the base to 
the arc, as PO. (Fig. 9.) 

V. A Circular Zone is the space between two parallel 
chords, as AGHB. (Fig. 15.) It is called the middle zone^ 
when the two chords are equal. 

VI. A Circular Ring is the space between the peripheries 
of two concentric circles, as A A', BB'. (Fig. 1 3.) 

VII. A Lune or Crescent is the space between two circu- 
lar arcs which intersect each other, as ACBD. (Fig. 14.) 

19. The Squaring of the Circle is a problem which has 
exercised the ingenuity of distinguished mathematicians for 



• Wallis's Algebra, Legendre's Geometry, Book iv, and Note iv. Hut- 
ton's Mensuration, Horseley's Trigonometry, Book i, Sec. 8 ; Introduction to 
Euler's Analysis of Infinites, London PML Trans. Vol. vi, No. 76, i,xvi, p. 
476, Lxxxiv, p. 217, and Hutton's abridgment of do. Vol. ii, p. 547. 
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many centuries. The result of their efforts has been only 
an approximation to the value of the area. This can be 
carried to a degree of exactness far beyond what is necessary 
for practical purposes. 

20. If the circumference of a circle of given diameter were 
known, its area could be easily found. For the area is equal 
to the product of half the circumference into half the diam- 
eter. (Sup. Euc. 5, 1.*) But the circumference of a circle 
has never been exactly determined. The method of approx- 
imating to it is by inscribing and circumscribing polygons^ or 
by some process of calculation which is, in principle, the 
same. The perimeters of the polygons can be easily and 
exactly determined. That which is circumscribed k greater^ 
and that which is inscribed is less^ than the periphery of the 
circle ; and by increasing the number of sides, the difference 
of the two polygons may be made less than any given quan- 
tity. (Sup. Euc. 4, 1.) 

21. The side of a hexagon inscribed in a circle, as AB, 
(Fig. 7.) is the chord of an arc of 60**, and therefore equal 
to the radius. (Trig. 95.) The chord of half this arc, as 
BO, is the side of a polygon of 12 equal sides. By repeat- 
edly bisecting the arc, and finding the chord, we may obtain 
the side of a polygon of an immense number of sides. Or 
we may calculate the sine, which will be half the chord of 
double the arc, (Trig. 82, cor.) ; and the tangent^ which will 
be half the side of a similar circumscribed polygon. Thus 
the sine AP (Fig. 7.) is half of AB, a side of the inscribed 
hexagon ; and the tangent NO is half of NT, a side of the 
circumscribed hexagon. The difference between the sine 
and the arc AO is less, than the difference between the sine 
and the tangent. In the section on the computation of the 
canon, (Trig. 223.) by 12 successive bisections, beginning 
with 60 degrees, an arc is obtained which is the ^4 j^e of the 
whole circumference. 

The cosine of this, if radius be 1 , is found to be .99999996732 
The sine is .00025566346 

And the tangent=-llB?, (Trig. 228.) =.00025566347 

cosine 



The diff. between the sine and tangent is only .00000000001 
And the difference between the sine and the arc is still less. 

* In thifl manner, the Supplement to Playfair'a Euclid is referred to in thif 
work. 
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Taking then .000255663466 for the length of the arc, mul- 
tiplying by 24576, and retaining 8 places of decimals, we 
have 6.28318531 for the whole circumference, the radius be- 
ing 1. Half of this, 

3.14159265 

is the circumference of a circle whose radius is |, and diam^' 
eter 1. 

22. If this be multiplied by 7, the product is 21.99+ or 
22 nearly. So that, 

Diam : Circum : : 7 : 22, nearly. 

If 3.14159265 be multiplied by 113, the product is 
354.9999+, or 355, very nearly. So that, 

Diam : Circum: 11 13 : 355, very nearly. 

The first of these ratios was demonstrated by Archimedes. 

There are various methods, principally by infinite series 
and fluxions, by which the labor of carrying on the approx- 
imation to the periphery of a circle may be very much 
abridged. The calculation has been extended to nearly 150 
places of decimals.* But four or five places are sufiicient 
for most practical purposes. 

After determining the ratio between the diameter and the 
circumference of a circle, the following problems are easily 
solved. 



PROBLEM I. 

To find the circumference of a circle from its diameter. 
23. Multiply the diameter by 3.14159.t 

Or, J'/^^-y'l^^-. 

Multiply the diameter by 22 and divide the product by 7. 
Or, multiply the diameter by 355, and divide the product by 
113. {Art. 22.) 

Ex. 1. 'If the diameter of the earth be 7930 miles, what 
is the circumference ? Ans. 249128 miles. 

2. How many miles does the earth move, in revolving 
round the sun ; supposing the orbit to be a circle whose di- 
ameter is 190 million miles ? Ans. 596,902,100. 



* See note A. i In many cases, 8.1418 will be sufficiently accurate. 
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3. What is the circutnference of a circle whose diameter 
is 769843 rods ? / ... 

PROBIiiEtf lU 

To find the diameter of a circle from its circumferenee;, 

S4. Divide the circumference uy 3.14159« 

Or, 

Multiply the circumference by 7, and divide the product by 
22. Or, multiply the circumference by 113, and divide the 
product by 355. (Art. 22.) 

E\. 1. If the circumference of the sun be 2,800,000 miles, 
what is his diameter? Ans. 891,267. 

2. What is the diameter of a tree which is 5i feet round ? 

25. As multiplication is more easily performed than divis-^ 
ion, there will be an advantage in exchanging the divisof 
3.14159 for di multiplier which will give the same result In 
the proportion 3.14159 : 1 : iCircum : Diam. 
to find the fourth term, we may divide the second by the 
first, and multiply the quotient into the third. Now, 1h^ 
3.14159fi=0.3183K If then the circumferesce of a cirde 
be multiplied by .31831, the product will be the diameter.* 

Ex. 1. If the circumference of the moon be 6850 milesr 
what is her diameter ? Ans. 2180« 

2. If the whole extent of the orbit of Saturn be 5660 mil- 
lion miles, how far is be from the sun ? 

3. If the periphery of a wheel be 4 feet 7 inches, what w 
its diameter ? ' ^ 

problem III. 

To find the length of an arc of a circle, 

20. As 360**, to the number of degrees in the arc ; 

So is the circumference of the circle^ to the length of the arc^ 

The circumference of a circle being divided into 360% 
(l^rig. 73.) it is evident that the length of an arc of any less 
number of degrees must be a proportional part of the whole* 
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Ex. What 18 the length ofun arc of 16°, in a circle whose 
radius is 50 feet ? 

The circumference of the circle is 314J59 feet. (Art. 23.) 
Then 360 : 16::314.I59 : 13.96 feet. 

2. If we are 95 millions of miles from the sun, and if the 
earth revolves round it in 365J days, how far are we carried 
in 24 hours? Ans. 1 million 634 thousand miles. /. 

27. The length of an arc may also be found, by multiply- 
ing the diameter into the number of degrees in the arc, and 
this product into .0087266, which is the length of one de- 
gree, in a circle whose diameter is 1. For 3.14159h-360= 
0.0087266. And in different circles, the circumferences, and 
of course the degrees, are as the diameters. (Sup. Euc.^, 1.) 

Ex. 1. What is the length of an arc of 10° 15' in a circle 
whose radius is 68 rods ? Ans. 12.165 rods. 

2. If the circumference of the earth be 249 1 3 miles, what 
is the length of a degree at the equator ? ) • . " 

28. The length of an arc is frequently required, when the 
number of degrees is not given. But if the radius of the cir- 
cle, and either the chord or the height of the arc, be known ; 
the number of degrees may be easily found. 

Let AB (Fig. 9.) be the chord, and PO the height, of the 
arc AOB. As the angles at P are right angles, and AP is 
equal to BP -, (Art. 18. Def. 4.) AO is equal to BO. (Euc. 
4, 1.) Then 

BP is the sine^ and CP the cosine. ) ^i. t^*u Ar\'n 

OP the versed sine, and BO the chord] of Aa7/ the arc AOB. 

And in the right angled triangle CBP, 

rii . p . . 5 BP : sin BCP or BO 
I.U . n.. ^CP: cos BCP or BO 

Ex. 1. If the radius CO (Fig. 9.) =25, and the chord 
AB=43.'3 ; what is the length of the arc AOB ? 

CB : R: :BP : sin BCP or BO=60° very nearly. 

The circumference of the circle =3.14159X50=157.08, 
And 360^:60° ::157.08:26.18=OB. Therefore AOB =52.3e, 
. 2. What is the length of an arc whose chord is 216i,in a 
circle whose radius is 125 ? Ans. 261.8. 
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29. If only the chord and the height of an arc be given, 
the radius of the circle may be found, and then the length of 
the arc. 

If BA (Fig. 9.) be the chord, and PO the height of the arc 
AOB, then (Euc. 35. 3.) 

DP=^1^- AndDO=OP+DP=OP+lE' 
OP OP 

That is, the diameter is equal to the height of the arc, + 
the square of half the chord divided by the height. 

The diameter being found, the length of the arc may be 
calculated by the two preceding articles. 

Ex. 1. If the chord of an arc be 173.2, and the height 50, 
what is the length of the arc ? 

The diameter =50+.?M_=:200. The arc contains 120% 
50 
(Art. 28.) and its length is 209.44. (Art. 26.) 

2. What is the length of an arc whose chord is 120, and 
height 45? Ans. 160.8.* 



PROBLEM IV. 

To find the area of a circle. 

30. Multiply the square op the diameter by the 
decimals .7854. ^ *■■'.■ ^ 

Or, 

Multiply half the diameter into Half the circum- 
ference. Or, multiply the whole diameter into the whole 
circumference, and take \ of the product. 

The area of a circle is equal to the product of half the 
diameter into half the circumference ; (Sup. Euc. 5, 1.) or 
which is the same thing, } the product of the diameter and 
circumference. If the diameter be 1, the circumference is 
3.14159; (Art. 23.) one fourth of which is 0.7854 nearly. 
But the areas of different circles are to each other, as the 
squares of their diameters. (Sup. Euc. 7, l.)t The area of 
any circle, therefore, is equal to the product of the square 

• See note C. \ Eiicltd 2, 12. 
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of it9 diameter into 0.7854, which is the area of a circle 
whose diameter is 1. 

Ex. 1. What is the area of a circle whose diameter is 623 
feet ? Ans. 304836 square feet. 

2. How many acres are there in a circular island whose 
diameter is 124 rods ? Ans. 75 acres, and 76 rods. 

3. If the diameter of a circle be 113, and the circumfer- 
ence 355, what is the area ? Ans. 10029, 

4. How many square yards are there in a circle whose 
diameter is 7 feet? , , , ^^ , 

31. If the circumference of a circle be given, the area may 
be obtained, by first finding the diameter ; or, without finding 
the diameter, by multiplying the square of the circumference 
by .07958. 

For, if the circumference of a circle be 1 , the diameter 
c=:l-4-3.14159=0.3l831 ; and i the product of this into the 
circumference is .07958 the area. But the areas of diiSer- 
ent circles, being as the squares of their diameters, are also 
as the squares of their circumferences. (Sup. Euc. 8, 1.) 

Ex. 1. If thex^ircumference of a circle be 136 feet, what 
is the area? Ans. 1472 feet. 

2. What is the surface of a circular fish-pond, which is 10 
rods in circumference ? 

32. If the area of a circle Be gii)en^ the diameter may be 
found, by dividing the area by .785 i, and extracting the 
square root of the quotient. 

This is reversing the rule in art. 30. 

Ex. 1. What is the diameter of a circle whose area is 

380.1336 feet? Aris, 380.1 336-1-.7854 =484. And'/484:=22. 

2. What is the diameter of a circle whose area is 19.635 ? 

33. The area of a circle, is to the area of the circum- 
scribed square ^ as .7854 to 1 ; and to that of the inscribed 
square as .7854 to i. * 

Let ABDF (Fig. 10.) be the inscribed square and LMNO 
the circumscribed square, of the circle ABDF. The area 
of the circle is equal to AD^ X.7854. (Art. 30.) But the area 
of the circumscribed square (Art. 4.) is equal to ON'ssAD*, 
And the smaller square is half of the larger one. For the 
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latter conteinui 8 etfatd trieaglfis^of^hich the former oontains 
only 4. 

Ek. What 18 the area of a square inscribed in a circle 
whose area is 159 ? Ans. .7854 : i: : 159 : 101.22. 

PROBLEM v. 

To fold the urea of a skctor of a circle, 

34. Multiply the radius into half the length of the 
ARC. Or, 

As 360, TO THE number of degrees in the arc ; 

So is THE area of the circle, to THE AREA OF THE SECTOR. 

It is evident, that the area of the sector has the same ratio 
to the area of the circle, which the length of the arc has to 
. the length of the whole circumference ; or which the number 
of degrees in the arc has to the number of degrees in the cir- 
cumference. 

Ex. 1. If the arc AOB (Fig, 9.) be 120^, and the diameter 
of the circle 226 ; what is the area of the sector AOBC ? 
The area of the whole circle is 401 1 5. (Art 30.) 
And 360*=^ : 120°: 140115 : 1337 If, the area of the sector. 

2. What is the area of a quadrant whose radius is 621 ? 

3. What is the area of a semi-circle whose diameter is 328 ? 

4. What is the area of a sector which is less than a semi- 
circle, if the radius be 15, and the chord of its arc 12? 

Half the chord is the sine of 23«» 34f' nearly. (Art. 28.) 
The whole arc, then, is 47° 9^' 

The area of the circle is 706.86 

And §60° : 47° 9i': : 706.86 : 92.6 the area of the sector, 
5r. If the arc ADB (Fig. 9.) be 240 degrees, and the radius 
of the circle 1 1 3, what is the area of the sector ADBC ? 



PROBLEM VI. 

To fold the area of a segment of a circle. 
36. Find the area of the sector which has the same arc, 

AND ALSO the AREA OF THE TRIANGLE FORMED BY THE CHORD OF 
THE SEGMENT AND THE RADII OF THE SECTOR. 
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Then, ie the segment se less than a semi-circle, subtract 
the area of the triangle from the area. of the sector. but, 
if the segment be greater than a semi-circle, add toe area 
of the triangle to the area of the sector. 

If the triangle ABC (Fig. 9.) be taken from the sector 
AOBC, it is evident the difference will be the segment AOBP, 
less than a semi-circle. And if the same triangle be added 
to the sector ADBC, the sum will be the segment ADBP, 
greater than a semi-circle. 

. The area of the triangle (Art. 8.) is equal to the product 
of half the chord AB into CP which is the difference be- 
tween the radius and PO the height of the segment. Or 
CP is the cosine of half the arc BOA. If this cosine, and 
the chord of the segment are not given, they may be found 
from the arc and the radius* 

Ex. 1. If the arc AOB (Fig. 9.) be 120% and the radius 
of the circle be 113 feet, wha^ is the area of the segment 
AOBP? 

In the right angled triangle BCP, 
R : BC::sinBCO : BP=97.86, half the chord. (Art. 28.) 

The cosine PC=jCO (Trig. 96, Cor.) =56.5 

The area of the sector AOBC (Art. 34.) . =13371,67 
The area of the triangle ABC=BP X PC = 5528.97 

The area of the segment, therefore, = 7842.7 

2. If the base of a segment, less than a semi-circle, be 10 
feet, and the radius of the circle 12 feet, what is the area of 
the segment ? 

The arc of the segment contains 49 j- degrees. (Art. 28.) 
The area of the sector =61.89 (Art. 34.) 

The area of the triangle =54.54 

And the area of the segment = 7.35 square feet. 

3, What is the area of a circular segment, wiiose height is 
1 9.2 and base 70 ? Ans. 947.86. 
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4; What is the area of the segment ADBP, (Fig^^ 9.) if the 
base AB be 195.7, and the height PD 169.5? 

Ans. 32272.* 

S6. The area of any figure which is bounded pertly bv 
arcs of circles, and partly by right lines, may be calculated, 
by finding the areas of the segments under the arcs, and then, 
the area of the rectilinear space between the chords of the 
arcs and the other right lines. 

Thus the Gothic arch ACB, (Fig. 11.) contains the two 
segments ACH, BCD, and the plane triangle ABC. 

Ex. If AB (Fig. 11.) be 110, each of the lines AC and 
BC 100, and the height of each of the segments ACH, BC£> 
10.435 ; what is the area of the whole figure? 

The areas of the two segments are 1404 

The area of the triangle ABC is ' 4593.4 

And the whole figure is 5997.4 



PROBLEM VII. 

To find the area of a circular zone. 

37, From the ari:a of the whole circle, sobtract 
the two segments on the sides of the zone. 

If from the whole circle (Fig. 12.) there be taken the two 
segments ABC and DFH, there v/ill remain the zone 
ACDH. 

Or, the area of the zone may be found, by subtracting the 
segment ABC from the segment HBD : Or, by adding the 
two small segments GAH and VDC to the trapezoid ACDH. 
See art. 36. 

The latter method is rather the most expeditious in prac- 
tice, as the two segments at the end of the zone are equal. 

Ex. 1. What is the area of the zone ACDH, (Fig. 12.) if 
AC is 7.75, DH 6.93, and the diameter of the circle B ? 

* For the method of finding the areas of segments by a table, see note D. 
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The area of the whole circle is dO»26 

of the segmcfnt ABC 17.33 
of the segment DFH 9.82 

of the zone ACDH $3. 1 2 

2.. What is the area of a zone, one side of which is 23.25^ 
and the other side 20.8, in a circle whose diameter is 24 ? 

Ans. 208. 

38. If the dkmeter of the circle is not given, it may be 
found from the sides and the breadth of the zone. 

. Let the center of the circle be at O. (Fig. 12.) Draw 
ON perpendicular to AH, NM perpendicular to LR| and 
HP perpendicular to AL. Then 

AN=iAH, (Euc. 3. 3.) MN=i (LA+RH) 
LM=»iLR, (Euc. 2. 6.) PA«LA-RH. 

The triangles APH and OMN are similar, because the 
isiides of one are perpendicular to those of the other, each to 
each. Therefore 

PH:PA::MN:MO 

MO being found, we have ML — MO=OL. 
And the radius CO=VOL»+CL^. (Euc; 47. 1.) 

Ex. If the breadth of the zone ACDH (Fig. 12.) be 6.4, 
and the sides 6.8 and 6 ; what b the radius of the circle ? 

PA=3.4- 3=0.4. AndMN=i(3.4+3)=3.2. 
Then 6.4 : 0.4::3.2 : 0.2=MO. And 3.2-0.2=3=OL 
And the radius COssv^S" +(3.4)^=4.534. 

PROBLEM VIIU 

To find the area of a lunb or crescent, 

39. FlNI> THE DIFFERENCE OF THE TWO SfiaMENTS WHICH 
IRE BETWEEN THE ARCS OF THE CRESCENT AND ITS CHORD. 

If the segment ABC (Fig. 14.) be taken from the seg- 
ment ABD ; there will remain the lune or crescent ACBD. 

Ex. If the chord AB be 88, the height CH 20, and the 
height DH 40 ; what is the area of the crescent ACBD ? 
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l*he area of the segment ABD is 269B 

of the segment ABC 1220 

of the crescent ACBD 1 478 



I^ROBtElil IJLi 

' To Jind the ared of a Kifio/inxihided between the peripherieit 
of two concentric circles, 

40. Find the difference of the areas of the two circles. 

Or, ^ 

Multiply the product of the sum and difference of the twd 
diameters by .7854. 

The ar^a of the ring (Fig. 1 3.) is evidently equal to thd 
difference between the areas of the two circles AB and A'B'. 

But the area of each circle is equal to the square of its 
diameter multiplied into .7854. (Art. 30.) And the differ- 
ence of these squares is equal to the product of the sum and 
difference of the diameters. (Alff. 235.) Therefore the 
area of the ring is equal to the product of the sum and differ*' 
ence of the two diameters multiplied by .7854. 

Ex. 1. If AB (Fig4 13.) be22U and A'B' 106, what is thd 
area of the ring ? 

Ans. (22t' X.7854)-(106' X-7854)=29535. 

3. If the diameters of Saturn's larger ring be 206,000 and 
190,000 miles, how many square miles are there on one side 
of the ring ? 

Ans. 395000 X 1 5000 X .7854^=4,653,495,000. 
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Ex. 1. What is the expense of paving a street 20 rods 
long, and 2 rods wide, at 5 cents for a square foot ? 

Ans. 544| dollars. 
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2. If an equilateral triangle contains as many square feet 
as there are inches in one of its sides ; what is the area of the 
triangle ? 

Let x=the number of square feet in the area. 

X 

Then — = the number of linear feet in one of the sides. 

And (Art. 11.) ^=i(^) ' ><V3=^Xi/3. 

576 
Reducing the equation, :t:=--^=332.55 the area. 

3. What is the side of a square whose area is equal to 
that of a circl e 452 fee t in diameter ? 

. Ans. i/(452)2 X. 7854 =400.574. (Art. 30 and 7.) 

4. What is the diameter of a circle which is equal to a 
square whose side is 36 feet ? 

Ans. \/(36)2-t-0.7854=40.62I7. (Art. 4. and 32.). 

5. What is the area of a square inscribed in a cifcle whose 
diameter is 132 feet ? 

Ans. 8712 squate feet. (Art. 35.) 

6. How much carpeting, a yard wide, will be necessary to 
cover the floor of a room which is a regular octagon, the sides 
being 8 feet each ? Ans. 34| yards. 

7. If the diagonal of a scpiare be 16 feet^ what is the area? 

Ans. I28ftet. (Art. 14.) 

8* If a carriage wheel four feet in diameter revolve 300 
times, in going round a circular green ; what is the area of the 
green? 

Ans* 4154^ sq. rods, or 25 acres, 3 qrs. a/id 34^ rods. 

9. What will be the expense of papering the sides of a 
room^ at 10 cents a square yard ; if the room be 21 feet long, 
18 feet broad, and 12 feet high ; and if there be deducted 3 
windows, each 5 feet by 3, two doors 8 feet by 4^, and one 
fire-place 6 feet by 4j? Ans. 6 dollars 80 cents. 

10. If a circular pond of water 10 rods in diameter be sur- 
rounded by a gravelled walk 8| feet wide ; what is the area of 
Ibe walk ? Ans. \Q\ sq. rods. (Art. 40.) 
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11. If CD (Fig. 17.) the base of the isosceles triangle 
VCD, be 60 feet, and the area 1200 feet ; and if there be cut 
off, by the line LG parallel to CD, the triangle VLG, whose 
area is 432 feet ; what are the sides of the latter triangle 7 

V Ans. 30, 30, and 36 feet. 

12. What is the area of an equilateral triangle inscribed in 
a circle whose diameter is 52 feet ? 

Ans, 878.15 sq. feet. 

13. If a circular piece of land is enclosed by a fence, in 
which 10 rails make a rod in length ; and if the field contains 
as many square rods, as there are raila in the fence ; what is 
the value of the land at 1 20 dollars an acre ? 

Ans. 942.48 dollars. 

14. If the area of the equilateral triangle ABD (Fig. 9.) 
be 219.53^5 feet ; what is the area of the circle OBDA, in 
which the triangle is inscribed ? 

The sides of the triangle are each 22.5 167. (Art* 1 1.) 
And the area of the circle is 530.93. ^\ . 

15. If 6 concentric circles are so drawn, that the space 
between the least or 1st, and the 2d is 21.2058, 

between the 2d and 3d 35.343, 

between the 3d and 4th 49.4802, 

between the 4th and 5th 63.6 1 74, 

between the 5th and 6th 77.7546 ; 

what are the several diameters, supposing the longest to be 

equal to 6 times the shortest ? 

Ans. 3, 6, 9, 12, 15, and 18. 

16. If the area between two concentric circles be 1202.64 
square inches, and the diameter of the lesser circle be 1 9 inch- 
es, what is the diameter of the other ? / / - ;\ 

17. What is the area of a circular segment, whose height 
is 9, and base 24 ? 

/ 
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SECTION III. 



SOLIDS BOUNDED BY ?LANE SURFACES, 



Art. 41. Definition I. A ]9ri$m is a solid bounded hj 
plane figures or faces, two of which are parallel, similar, an4 
equal ; and the others are parallelograms. 

II. The parallel planes are sometimes called the bases or 
ends ; and the other figures, the sides of the prism. The lat** 
ter taken together constitute the lateral surface. 

III. A prism is right or oblique, according as the sides are 
perpendicular or oblique to the bases. 

IV. The height of a prism is the perpendicular distance 
between the planes of the bases. In a right prism, there-» 
fore, the height is equal to the length of one of the sides. 

V. A Parallelopiped is a prism whose bases are parallelo- 
grams, 

YI. A Cvhe is a solid bounded by six equal squares. It 
18 a right prism whose sides and bases are all equal. 

VII. A Pyramid is a solid bounded by a plane figure called 
the base, and several triangular planes, proceeding from 
the sides of the base, and all terminating in a single point. 
These triangles taken together constitute the lateral surface^ 

VIII. A pyramid is regular, if its base is a regular poly- 

S>n, and if a line from the center of the base to the vertex of 
e pyramid is perpendicular to the base. This line is called 
the cuxns of the pyramid. 

IX. The height of a pyramid is the perpendicular distance 
from the summit to the plane of the base. In a regular pyr* 
Umid, it is the length of the axis. 

X. The slant-height of a regular pyramid, is the distance 
from the summit to the middle of one of the sides of the base^ 

XI* A frustum or trunk of a pyramid is a portion of the 
solid next the base, cut ofi* by a plane parallel to the base. 
The height of the frustum is the perpendicular distance of 
the two parallel planes. The slant-height of a frustuw of a 
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regular pyramid, is the distance from the middle of one of 
the sides of the base, to the middle of the corresponding side 
in the plane above. It is a line passing on the surface of the 
frustum, through the middle of one of its sides. 

XII. A Wedge is a soUd of five sides, viz. a rectangular 
base, two rhomboidal sides meeting in an edge, and two tri- 
angular ends ; as ABHG. (Fig. 20.) The base is ABCD, 
the sides are ABHG and DCHG, meeting in the edge GH, 
and the ends are BCH and ADGk The height of the wedge 
is a perpendicular drawn from any point in the edge, to the 
plane of the base, as GP. 

XIII. A Prismoid is a solid whose ends or bases are par- 
^11^1, but not similar, and whose sides are quadrilateral. It 
differs from a prism or a frustum of a pyramid, in having its 
i^nds dissimilar. It is a rectangular prismoid, when its ends 
are right parallelograms. 

XIV. A linear side or edge of a solid is the line of inter-- 
section of two of the planes which form the surface. 

42. The common measuring unit of solids is a cube^ whose 
sides are squares of the same name. The sides of a cubic 
inch are square inches ; of a cubic foot, square feet, &c. 
Finding, the capacity^ solidity,^ or solid contents of a body, is 
finding the number of cubic measures, of some given denom- 
ination contained in the body, 

In solid measure, 

1 728 cubic inches = 1 cubic foot, 
27 cubic feet =1 cubic yard, 
4492{ cubic feet =1 cubic rod, 
32768000 cubic rods =1 cubic mile, 
282 cubic inches =::1 ale gallon, 
231 cubic inches ==1 wine gallon, 
2150.42 cubic inches s=l bushel, 

1 cubic foot of pure water weighs lOOO 
avoirdupois ounces, or 62^ pounds. 



** Se9 pote £. 
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PROBLEH I. 



To find the solidity of a prism. 
43. Multiply the area of the base by the height. 

This is a general rule, applicable to parallelopipeds wheth- 
er right or oblique, cubes, triangular prisms, &c. 

As surfaces are measured, by comparing them with a right 
parallelogram (Art. 3.) ; so soUds are measured, by compar- 
ing them with a right parallelopiped. 

If ABCD (Fig. 1.) be the base of a right parallelopiped, 
as a stick of timber standing erect, it is evident that the 
number of cubic feet contained in one foot of the height, is 
equal to the number of square feet in the area of the base. 
And if the solid be of any other height, instead of one foot, 
the contents must have the same ratio. For parallelopipeds 
of the same base are to each other as their heights. (Sup. 
Euc. 9, 3.) The solidity of a right parallelopiped, there- 
fore, is equal to the product of its lengthy breadth^ and thick- 
ness. See Alg. 523. 

And an oblique parallelopiped being equal to a right one of 
the same base and altitude, (Sup. Euc. 7, 3.) is equal to the 
area of the base multiplied into the perpendicular height. 
This is true also otprisms^ whatever be the form of their bases. 
(Sup. Euc. 2. Cor. to 8, 3.) 

44. As the sides of a cube are all equai^ the solidity is 
found by cubing one of its edges. On the other hand, if the 
solid contents be given, the length of the edges may be found, 
by extracting the cube root. 

45. When solid measure is cast by Duodecimals^ it is to be 
observed that tncAe^ are not prme« of feet, hut thirds. If 
the unit is a cubic foot, a solid which is an inch thick and a 
foot square is a prime ; a parallelopiped a foot long, an inch 
broad, and an inch thick is a second, or the twelfth part of a 
prime ; and a cubic inch is a third, or a twelfth part of a 
second. A linear inch is yV ^^ ^ foo^ ^ square inch j J ^ of 
a foot, and a cubic inch j^^^ of a foot. 

Ex. 1. What are the solid contents of a stick of timber 
which is 31 feet long, 1 foot 3 inches broad, and 9 inches 
thick '! Ans. 29 feet 9", or 29 feet 108 inches, 
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2. What is the solidity of a wall which is 22 feet long, 12 
feet high, and 2 feet 6 inches thick ? 

Ans. 660 cubic feet. 

3. What is the capacity of a cubical vessel which is 2 feet 

3 inches deep ? 

Ans. 11 F. 4' 8" 3'", or 1 1 feet 675 inches. 

4. If the base of a prism be 108 square inches, and the 
height 36 feet, what ar^ the solid contents ? 

Ans. 27 cubic feet. 

5. If the height of a square prism be 2i feet^ and each 
side of the base 10^ feet, what is the solidity ? 

The area of the base =:10iX 10i = 106J sq. feet. 
And the solid contents=106J X2i=240i cubic feet. 

6. If the height of a prism be 23 feet, and its base a regu- 
lar pentagon, whose perimeter is 18 feet, what is the solidity ? 

->-/'.' ', ' : Ans. 512.84 cubic feet. 

46. The number of ^aZZon^ or bushels which a vessel will 
contain may be found, by calculating the capacity in inches^ 
and then dividing by the number of inches in 1 gallon or 
bushel. 

The weight of water in a vessel of given dimensions is 
easily calculated ; as it is found by experiment, that a cubic 
foot of pure water weighs 1000 ounces avoirdupois. For 
the weight in ounces, then, multiply the cubic feet by 1000 ; 
or for the weight in pounds, multiply by 62|. 

Ex. 1. How many ale gallons are there in a cistern which 
is 11 feet 9 inches deep, and whose base is 4 feet 2 inches 
square ? 

The cistern contains 352500 cubic inches ; 

And 352500-T-282= 1250. 

2. How many wine gallons will fill a ditch 3 feet 1 1 inches 
wide, 3 feet deep, and 462 feet long ? Ans. 40608, * 

3. What weight of water can be put into a cubical vessel 

4 feet deep ? Ans. 4000 lbs. 
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PROBLEM Hi ^ 

To find the LATERAL SURFACE of a RIGHT PRISM. 

• 47. Multiply the length into the perimeter of the base. 

Each of the sides of the prism is* a right parallelogram, 
whose area is the product of its length and breadth. But 
the breadth is one side of the base \ and therefore, the sum 
of the breadths is eqUal to the perimeter of the base. 

Ex. 1. If the base of a right prism be a regular hexagon 
whose sides are each S feet 3 inches, and if the height be 16 
feet, what is the lateral surface ? Ans. 216 square feet^ 

If the areas of the two ends be added to the lateral sur-» 
face, the sum will be the whole surface of the prism. And 
the superficies of any solid bounded by planes, is evidently 
equal to the areas of all its sides. 

Ex. 2. If the base of a prism be an equilateral triangle 
whose perimeter is 6 feet, and if the height be 17 feet, what 
is the surface ? . 

The area of the triangle is 1.752. (Art. 1 1.) 
And the whole surface is 105.464. 

problem in. 

To find the solidity of a pyramid. 
48. Multiply the area of the base into ^ of the height. 

The solidity of a prism is equal to the product of the area 
of the base into the height. (Art. 43.) And a pyramid is i 
of a prism of the same base and altitude. (Sup. Euc. 15^ 3. 
Cor. 1 .) Therefore the solidity of a pyramid whether right 
or oblique, is equal to the product of the base into ^ of the 
perpendicular height. 

Ex. 1. What is the solidity of a triangular pyramid, whose 
height is 60, ^nd each side of whose base is 4 ? 

The area of the base is 6.928 
And the solidity is 13tt.56. 

2. Let ABC (Fig. 16.) be one side of an oblique pyramid 
whose base is 6 feet square ; let BC be 20 feet, and make an 
angle of 70 degrees with the plane of the base; and let CF 
be perpendicular to this plane. What is the solidity of the 
pyramid? 
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In the right angled triangle BCP, (Trig. 1 34.) 

R: BC::sinB::PC= 18.79. 

And th« solidity of the pyramid is 225.48 feet. 

3. What is^ the solidity of a pyramid whose perpendicular 
height is 72, and the sides of whose base are 67, 54, and 40? 

Ans. 25920. 

FROBLSM IV. 

To find ike lateral surface of a rsgular pyramid. 

49. HVLTIPLY half the slant-height INTO THE PERIMETER OF 
THE BASE. 

Let the triangle ABC (Fig. 18.) be one of the sides of a 
regular pyramid. As the sides AC and BC are equal, the 
angles A and B are equal. Therefore a line drawn from the 
vertex C to the middle of AB is perpendicular to AB. The 
area of the triangle is equal to the product of half this per- 
pendicular into AB. (Art. 8.) The perimeter of the base 
is the sum of its sides, each of which is equal to AB. And 
the areas ofall the equal triangles which constitute the lateral 
surface of the pyramid, are together equal to the product of 
the perimeter into half the slant-height CP. 

The slant-height is the hypothenuse of a right angled tri- 
angle, whose legs are the axis of the pyramid, and the dis- 
tance from the t^enter of the base to the middle of one of the 
sides. See Def. 10. 

Ex, 1. What is the lateral surface of a regular hexagonal 
pyramid, whose axis is 20 feet, and the sides of whose base 
are each 8 feet ? 

The square of the distance from the center of the base to 

one of the sides (Art. 16.) =48. 
The slant-height (Euc. 47. 1.) =\/48+(20)^=:21.16. 
And the lateral surface =21.16 X4 X6=507.84 sq. feet. 

2. What is the whole surface of a regular triangular pyra- 
mid whose axis is 8, and the sides of whose base are each 
20.78? 

The lateral surface is 312 

The area of the base is 187 



Aud the whole surface is 499 
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3. Whet is the lateral surface of a regular pyraimd whose 
axis is 12 feet, and whose base is IS feet square? 

Ads. 640 square feet. 

The lateral surface of an oblique pyramid may be founds 
by taking the sum of the areas of the unequal triangles whick 
form its sides* 

PROBLEM V, 

Tojind the solidity of a frustum of a pyramid. 

BO. Add together the areas of the two ends, and the sqijare 

ROOT OF THE PRODUCT OF THESE AREAS ; AND MULTIFLf THE SITM BY 
\ OF THE FERrENPlCULAR HEIGHT OF THE SOLID. 

Let CD<jL (Fig. 1 7.) be a vertical section, through the 
middle of a frustum of a right pyramid CDV whose base is ft 
$quare. 

Let CD=flr, LG=:6, RN«ft. 

By similar triangles, L(j : CD: ;Ry : Wf. 

Subtracting the antecedents, (A]g. 3&9;) 
LG : CD-LG::RV : NV-RV=RN. 

m. r r..r RN X LG hb 

Therefore RV^:^ 



"CD-LG"~a-* 



The square of CD is the base of the pyramid CDV ; • 

And the square of LG is the base of the small pyramid LGY* 

Theiefore, the solidity of the larger pyramid (Art. 48.) is . 

PD' X|(RN+RV)=a« xi(A+^^)^^ 

And the solidity of the smaller pyramid is equal to 

hb hb^ 

LG'xiRY=5«X5^335=3^ZT6* 

If the smaller pyramid be taken from the larger, there will 
yemain the frustum CDLG, whose solidity is equal to 

§a-36 =iftX-^3fc-=iAx(a^+o6+V) (Alg, 466.) 
Or, because v^d«5« =afe, (Alg. 269.) 
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• Here A, the height of the frostuin, is multi plied into a' and 
6', the areas of the two ends, and into v^a'6* the square 
root of the products of these areas. 

In this demonstration, the pyramid is supposed to be 
square. But the rule is equally applicable to a pyramid of 
any other form. For the solid contents of pyramids are 
eqiial, \vhen they have equal heights and bases, whatever be 
i\i^ figure of their bases. (Sup. Euc. 14. 3.) And the sec- 
tions parallel to the bases, and at equal distances, are equal ' 
to one another. (Sop. Euc. 12. 3. Cor. 2.)* 

Ex. 1. If one end of the frustum of a pyramid be 9 feel 
square, the other end 6 feet square, and the height 36 feet, 
what is the solidity ? 

The areas of the two ends arc 81 and 36. 
The square root of their product is 54. 
And the solidity of the frustum =(8 1 +36+54) X 12=20524 

2. If the height of a frustum of a pyramid be 24, and the 
areas of the two ends 441 and 121 ; what is the solidity? 

Ans. 6344. 

3. If the height of k frustum of a hexagonal pyramid be 
48, each side of one end 26, and each side of the other end 
1 6 ; what is the solidity ? Ans* 56034. 

PROBLEM Vi. 

To find the lateral surface of a fri^stdh of a regulaf 
pyramid. 

51. Multiply half the slant-hewht by the sum of the periM'- 
eters of the two ends. 

Each side of a frustum of a regular pyramid is a trapezoidi 
as ABCD, (Fig. 19.) The sTant-heigbt HP, (Def. 11.) 
though it is oblique to the base of the solid, is perpendicular 
to the line AB. The area of the trapezoid is equal to the 
product of half this perpendicular into, the sum of the par- 
allel sides AB and DC. (Art. 12.) Therefore the area of 
aU the equal trapezoids whicb form the lateral surface of 



* Sea note F. 
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the frustum, is equal to the product of half the slant-height 
into the sum of the perimeters of the ends. 

Ex. If the slant-height of a frustum of a regular octagonal 
pyramid be 42 feet, the sides of one end 5 feet each^ and 
the sides of the other end 3 feet each ; what is the lateral 
surface?, Ans. 1344 square feet . 

62. If the slant-height be not given, it may be obtained 
from the perpendicular height, and the dimensions of the 
two ends. Let GD (Fig. 17.) be the slant-height of the 
frustum CDGL, RN or GP the perpendicular height,, ND 
and RG the radii of the circles inscribed in the perimeters 
of the two ends. Then PD is the difference of the two 
radii : 

And the slant-height GD =^/(GP''+PD^). 

Ex. If the perpendicular height of a frustum of a regular 
hexagonal pyramid be 24, the sides of one end 13 each, and 
the sides of the other end 8 each ; what is the whole surface ? 
t/(BC^-BP')=CP,(Fig.7.)thati8,^/ (T3"- 6:5')=11.258 

And \/83-4» = 6.928 



The difference of the two radii is, therefore, 4.33 

The slant-height =\/(24'* + 4.33'*)=24.3875 
The lateral surface i^ 1536.4 

And the whole surface, 2141.75. 

53. The height of the whole pyramid may be calculated 
from the dimensions of the frustum. Let VN (Fig. 17.) be 
the height of thepyrapaid, RN or GP the height of the frus- 
tum, ND and RG the radii of the circles inscribed in the 
perimeters of the ends of the frustum. 

Then, in the similar triangles GPD and VND, 
DP:GP::DN: VN. 

The height of the frustum subtracted from VN, gives VR 
the height of the small pyramid VLG. The solidity and 
lateral surface of the frustum may then be found, by subtract- 
ing from the whole pyramid, the part which is above the cut- 
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ting plane. This methocl may serve to verify the calculations 
which are made by ^he rules in arts. 50 and 51. 

Ex; If one end of the frustum CDGL (Fig. 17.) be 90 
feet square, the other end 60 feet square, and the height RN 
36 feet; what is the height of the whole pyramid VCD : and 
what are the solidity and lateral surface of the frustum? 

DP=DN— GR=45-30=:15. And GP=RN=36. 
Then 15 : 36: :45 : 108=VN,the heightof the wh6le pyramid. 
And 108 -36=^72= VR, the height of the part VLG. 
The solidity of the large pyramid is 291600 (Art. 48.) 
of the small pyramid 86400 

of the frustum CDGL 205200 



The lateral surface of the large pyramid is 21060 (Art. 49.) 
of the small pyramid 9360 

of the frustum 1 1 700 



PROBLEM VH. 

To find the solidity q/* a wkdqe. 

54. Adi> the length of the edgie to twice the length op the 
base, and multiply the sum by ^ of the product of the height 
of the wedge and the breadth of the base. 

Let L=AB the length of the base. (Fig. 20.) 
Z=GH the length of the edge. 
6=BC the breadth of the base. 
A=PG the height of the wedge- 
Then L-Z=AB- GH= AM. 

If the length of the base and the edge be equals as BM 
and GH, (Fig 20.) the wedge MBHG is half a parallel©- 
piped of the same base and height. And the ^solidity (Art. 
43.) is equal to half the product of the height, into the length 
and breadth of the base ; that is to \ bhl. 

If the length of the base be greater than that of the edge, 
as ABGH ; let a section be made by the plane GMN, par^ 
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aHe! to HBC. This will divide the whole^ wedge Into two 
parts MBHG and AMG. The latter is a pyramid^ whose 
solidity (Art. 48.) is -} bh X (L— Z) 

Tlhe solidity of the parts tc/gether, is, therefore, 
^hhl+\hhy.{h-l)^lbh^l+\hh^h—\bh^l^lhhX (2L+Z) 
If the length of the base be less than that of the edge, it 
is evident that the pyramid is to be subtracted from half the 
parallelopiped, which is equal in height- and breadth to the 
wedge, and equal in length to the edge. 

The solidity of the wedge is, therefore, 
ifeAZ-^6Ax(/-L)=i6A3Z-i6A2Z+i6A2L=i5Ax(2L+Z) 

Ex. 1, If the base of a wedge be 35 by 15, the edge bb^ 
and the perpendicular height 12.4 ; what is the solidity 1 

15X12.4 
Ans. (70+55) X g ===3875. 

% If the base of a wedge be 27 by 8, the edge 36, and the 
perpendicular height 42 ; what is the solidity 7 

An& 5040. 

PROBLEM VIII. 

To find the solidity of a rectangular prishoid. 

55. To THE AREAS OF THE TWO ENDS, ADD FOUR TIMES 
tn^ AREA OF A PARALLEL SECTION EQUALLY DISTANT MOM 
Tfifi ENDS, AND MULTIPLY THE SUM BY } OF THE HEIOltT. 

Let L and B (Fig. 21.) be the length and breadth of one end, 
I and 6 ' the length and breadth of the other end, 
M and m the length and breadth of the section in the 
middle, 
and A the height of the prismoid. 

The solid may be divided into two wedges, whose bases 

are the ends of the prismoid, and whose edges are L and L 

The solidity of the whole, by the preceding article, is 

iBhx{2li+l)+ibhX{2l+L)^ih(2BL+Bl+2bl+bL) 

As M is equally distant from L and Z, 

2M=L+Z,2i»=B+6iand4MOT=(L+Z)(B+6)=BL+BZ+ 

[6L+Z6. 
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. SubMitiiting 4Mm for its value^ in the preceding expressipn 
for the solidity, we have 

ih{BL+bl+4Mm) 

That is, the solidity of the prismoid is equal to } of the 
height, multiplied into the areas of the two ends, and 4 times 
the area of the section in the middle. 

This rule may be applied to prismoids of other form& 
For, whatever be the figure of the two ends, there may be 
drawn in each, such a number of snoall rectangles, that the 
sum of them shall differ less, than by any given quantity, 
from the figure in which they are contained. And the solids . 
between these rectangles will be rectangular prismoids. 

Ex. 1. If one end of a rectangular prismoid be 44 feet by 
2S, the other end 36 by 21, and the perpendicular height 72 ; 
what is the solidity ? 

The area of the larger end =44X23=1012 
of the smaller end =36 X21 = 756 
of the middle section =40x22= 880 
And the solidity =(10l2+756-f-4X880)X 12=63456 feet. 

2. What is the solidity of a stick of hewn timber, whose 
ends are 30 inches by 27, and 24 by 1 8, and whose length is 
48 feet? Ans. 204 feet* 

Other solids not treated of in this section, if they be 
bounded by plane surfaces, may be measured by supposing 
them to be divided into prisms, pyramids, and wedges. And, 
indeed, every such solid may be considered as made up of 
triangular pyramids. 
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THE FIVE REGULAR SOLIDS. 



56. A SOLID IS SAID TO BE REGULAR, WREIT ALL ITS SOLID ANGLES 
ARE E^UAL, AITD ALL ITS SIDES ARE EQUAL AND REGULAR POLYGONS. 

The following figures are of this description ; 

1. The Tetraedron^ ^ Tfour triangles ; 

2. The Hexaedron or cube^ j ...l^^^ | six squares ; 

3. The Octaedron, kides Se^ ^'S^^ triangles; 

4. The Dodecaedron^ J « '^ twelve penragons; 

5. The Icosaedron^ j (^twenty triangles.* 

Besides these five, there can be no other regular solids. 
The only plane figures which can form such solids, are tri- 
angles, squares, and pentagons. For the plane angles which 
contain any solid angle, are together less than four right an- 
gles or 360°. (Sup. Euc. 21. 2.) And the least number 
which can form a solid angle is three. (Sup. Euc. Def. 8. 2.) 
If they are angles of equilateral triangles^ each is 60°. The 
sum of Mree of them is 180°, o( four 240°, of ^t?e 300°, and 
of six 360°. The latter number is too great for a solid 
angle. 

The angles of squares are 90° each. The sum of three 
of these is 270°, of four 360°, and of any other greater num- 
ber, still more* 

The angles of regulwr pentagons are 108° each. The sum 
of three of them is 324°; of four, or any other greater num- 
ber, more than 360°. The angles of all other regular poly- 
gons are still greater. 

In a regular soUd, then, each solid angle must be contained 
by three, four, or five equilateral triangles, by three squares, 
or by three regular pentagons. 

57. As the sides of a regular solid are similar and equal, 
and the angles are also alike ; it is evident that the sides are 
all equally distant from a central point in the soHd. If then, 
planes be supposed to proceed from the several edges to the 
center, they will divide the solid into as many equal pyra- 
mids^ as it has sides. The base of each pyramid will be one 
of the sides ; their common vertex will be the central point ; 
and their height will be a perpendicular from the center to 
one of the sides. 



* For the geometrical construction of these solids, see Legendre's Geome- 
try; Appendix to Books vi and vii. 
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PROBLEM IX. 

To find the surface of a regular solid. 

58. Mui;nvLT the area of one of the sides by the number 

OF SIDES. Or, 

Multiply the square of one of the edges, by the surface 
of a similar solid whose edges are 1. 

As all the sides are equals it is evident that the area of one 
of them, multiplied by the number of sides, will give the area 
of the whole. 

Or, if a table is prepared, containing the surfaces of the 
several regular solids whose linear edges are unity ; this may 
be used for other regular solids, upon the principle, that the 
areas of similar polygons are as the squares of their homolo- 
gous sides. (Euc. 20. 6.) Such a table is easily formed, by 
multiplying the area of one of the sides, as given in art. 17, by 
the number of sides. Thus the area of an equilateral tri- 
angle whose side is 1, is 0.4330127. Therefore the surface, 

Of a regular tetraedron =.4330127X4 =1.7320508. 
Of a regular octaedron =.4330127X8 =3.4641016. 
Of a regular icosaedron =.4330127 X 20=^8.6602540. 

See the table in the following article. 

Ex. 1. What is the surface of a regular dodecacdron 
whose edges are each 25 inches? 

The area of one of the sides is 1075.3. 
And the surface of the whole solid =1075.3X12=12903.6. 

2. What is the surface of a regular icosaedron whose edges 
are each 102 ? Ans. 90101.3. 

PROBLEM X. 

To find the solidity of a regular solid. 

59. Multiply the surface by ^ of the perpendiotlar distance 
from the center to one of the sides. 

Or, 
Multiply the cube of one of the edges^ by the solidity of a 
similar solm whose edges are 1 . 

As the solid is made up of a number of equal pyramids, 
whose bases are the sides, and whose height is the perpendic- 

6 
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ular distance of the sides from the ^center (Art. 57.) ; the 
solidity of the whole must be equal to the areas of all the 
sides multiplied into | of this perpendicular. (Art. 48.) 

If the contents of the several regular solids whose edges 
are 1 , be inserted in a table^ this may be used to measure 
other similar solids. For two similar regular solids contain 
the same number of similar pyramids ; and these are to each 
other as the cubes of their linear sides or edges. (Sup. Euc. 
15. 3. Cor. 3.) 



A TABLE OF HEGULAR SOLIDS WHOSE EDGES ARE 1. 



J\rame8. 


JVo. of sides 


Sulfates. 


SoliditieB. 


Tetraedron 

Hexaedron 

Octaedron 

Dodecaedron 

Icosaedron 


4 

6 

8 

12 

20 


1.7320508 
6.0000000 
3.4641016 
20,6457288 
8.6602540 


0.1178513 
1.0000000 
0.4714045 
7.6631189 
2.1816950 



For the method of calculating the last column of this table, 
see Hutton^s Mensuration, Part III. Sec. 2. 

Ex. What is the solidity of a regular octaedron whose 
edges are eacn 32 inches ? Ans. 15447 inches. 
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THE CYLINDER, CONE, AND SPHERE. 

Art. 61. Definition I. A right cylinder is a solid descri- 
bed by the revolution of a rectangle about one of its sides. 
The ends or bases are evidently equal and parallel circles. 
And the axis^ which is a line passing through the middle of 
the cylinder, is perpendicular to the bases. 
, The ends of an oblique cylinder are also equal and paral- 
lel circles ; but they are not perpendicular to the axis. The 
height of a cylinder is the perpendicular distance from one 
base to the plane of the other. In a right cylinder, it is the 
length of the axis. 

II. A right cone is a solid described by the revolution of a 
right angled triangle about one of the sides which contain the 
right angle. The base is a circle, and is perpendicular to the 
axis^ which proceeds from the middle of the base to the 
vertex. 

The base of an oblique cone is also a circle, but is not per- 
pendicular to the axis. The height of a cone is the perpen- 
dicular distance from the vertex to the plane of the base. 
In a right cone, it is the length of the axis. The slant-height 
of a right cone is the distance from the vertex to the circum- 
ference of the base. 

III. A frustum of a cone is a portion cut off by a plane 
parallel to the base. The height of the frustum is the per- 
pendicular distance of the two ends. The slant-height of a 
frustum of a right cone, is the distance between the periphe- 
ries of the two ends, measured on the outside of the solid ; 
as AD. (Fig. 23.) 

IV. A sphere or globe is a solid which has a center equally 
distant from every part of the surface. It may be described 
by the revolution of a semicircle about a diameter. A 
radius of the sphere is a line drawn from the center to any 



* Huttoo's Mensuration, West's Matfaematicsy Legendre's, Clairaut's, and 
Camus's Geometry. 
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part of tho surface. A diameter is a line passing through the 
center, and terminated at both ends by the surface. The 
circumference is the same as the circumference of a circle 
whose plane passes through the center of the sphere. Such 
a circle is called a great circle. 

V. A segment of a sphere is a part cut off by any plane. 
The height of the segment is a perpendicular from the mid- 
dle of the base to the convex surface, as LB. (Fig. 12.) 

YI. A spherical zone or frustum is a part of the sphere in- 
cluded between two parallel planes. It is called the middle 
ione^ if the planes are equally distant from the center. The 
height of a zone is the distance of the two planes, as LR. 
(Fig. 12.*) 

VII. A spherical sector is a solid produced by a circular 
sector, revolving in the same manner as the semicircle which 
describes the whole sphere. Thus a spherical sector is de- 
scribed by the circular sector ACP (Fig. 15.) or GCE re- 
volving on the axis CP. 

VIII. A solid described by the revolution of any figure 
about a fixed axis, is called a solid of revolution. 



PROBLEM I. 

To find the convex surface of a right cylinder; 
62. Multiply the length into the circumference of the base. 

If a right cylinder be covered with a thin substance like 
paper, which can be spread out into a plane ; it is evident 
that the plane will be a parallelogram^ whose length and 
breadth will be equal to the length and circumference of the 
cylinder. The area must, therefore, be equal to the length 
multiplied into the circumference. (Art. 4.) 

Ex. 1. What is the convex surface of a right cylinder which 
is 42 feet long, and 15 inches in diameter? 

Ans. 42 X 1. 25 X 3.1 4 159=1 64.933 sq. feet. 



* According to some writers, a spherical segment is either a solid which is 
cut off from a sphere by a single olane, or one which is included between 
two planes : and a zone is the surface of either of these. In this sense, the 
term zone is commonly used in geography. 
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3, What is the whole surface of a right cylinder, which is 
3 feet ID diameter and 36 feet long ? 

The convex surface is 226.1945 

The area of the two ends (Art. SO.) is 6.2832 

The whole surface is 332.4777 

3. What is the whole surface of a right cylinder whose 
axis is 82, and circumference 71 7 Ans. 6624.32. 

63. It will be observed that the rules for the prism and 
pyramid in the preceding section, are substantially the same, 
as the rules for the cylinder and cone in this. There may be 
some advantage, however, in considering the latter by them- 
selves. 

In the base of a cylinder^ there may be inscribed a polygon, 
which shall differ from it less than by any given space. (Sup. 
Euc. 6. 1. Cor.) If the polygon be the base of apmm, of 
the same height as the cylinder, the two solids may differ less 
than by ^ny given quantity. In the same manner, the base 
of a pyramid may be a polygon of so many sides, as to differ 
less than by any given quantity, from the base of a cone in 
which it is inscribed. A cylinder is therefore considered, by 
many writers, as a prism of an infinite number of sides ; and 
a cone, as a pyramid of an infinite number of sides. For the 
meaning of the term ^' infinite,^' when used in the mathemati- 
cal sense, see Alg. Sec. xr. 



PROBLEM II. 

To find the solidity of a ctlinder. 
64. Multiply the area of the base by the height. 

The solidity of a parallelopiped is equal to the product of 
the base into the perpendicular altitude. (Art. 43.) And a 
parallelepiped and a cylinder which have equal bases and 
altitudes are equal to each other. (Sup. Euc. 17. 3.) 

Ex. 1. What is the solidity of a cylinder, whose height is 
121, and diameter 45.2? 

Ans. 4ll2*X.7854x 121 = 194156.6. 
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I. What is the solidity of a cylinder^ whose height is 424, 
and circumference 213? Ans. 1630837. 

3. If the side AC of an oblique cylinder (Fig. 22.) be 27, 
and the area of the base 32.61, and if the side make an angle 
of 62° 44' with the base, what is the solidity ? 

R : AC: :sin A : BC=24 the perpendicular height. 

And the solidity is 782.64. 

4. The Winchester bushel is a hollow cylinder, I85 inches 
in diaikieter, and 8 inches deep. What is its capacity ?. 

The area of the base=(18.5)2 X. 7853982=268.8025. 
And the capacity is 2150.42 cubic inches. See the ta- 
ble in Art. 42. 



PROBLEM III. 

To find the convex surface of a right cone. 

65. Multiply half the siant-heioht into the circumference 
OF the base. 

If the convex surface of a right cone be spread out into a 
plane, it will evidently form a sector of a circle whose radius 
is equal to the slant-height of the cone. But the area of the 
sector is equal to the product of half the radius into the 
length of the arc. (Art. 34.) Or if the cone be considered 
as a pyramid of an infinite number of sides, its lateral surface 
IS equal to the product of half the slant-height into the perim- 
eter of the base. (Art 49.) 

Ex. 1. If the slant-height of a right cone be 82 feet, and 
the diameter of the base 24, what is the convex surface? 
Ans. 41 X 24X3. 14 159=309 1.3 square feet. 

2. If the axis of a right cone be 48, and the diameter of 
the base 72, what is the whole surface ? 

The slfent-height =:v'(36'+48^)=a60. (Euc. 47. 1.) 
The convex surface is 6786 

The area of the base 407 1 .6 



And the whole surface 10857.6 
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3. If the axis of a right cone be 16, and the circotnfer- 
enee' of the base 75.4 ; what is the whole surface ? 

Ans, 1206.4. 



^ PROBLEM IV. 

To find the solipity gf a cone. 

66. Multiply the area of the base into ^ of the height. 

'^ The solidity of a cylinder is equal to the product of the 
base into the perpendicular heights (Art. 64.) And if a cone 
and a cylinder have the same base and altitude, the cone is 
1 of the cylinder. (Sup. Euc. 18. 3.) Or if a cone be con- 
sidered as a pyramid of an infinite number of sides, the solid- 
ity is equal to the product of the base into ^ of the height, by 
art. 48. 

£x« 1. What is the solidity of a right cone whose height is 
663, and the diameter of whose base is 101 ? 

Ans. ToT* X.7854X221 = 1770622. 

2. If the axis of an oblique cone be 738, and make an 
angle of 30^ with the plane of the base; and if the circum- 
ference of the base be 355, what is the solidity? 

An8« 1233536. 

PROBLEM y. 

To find ike convex surface of a frustum of a right cone^ 

67. Multiply half the slant-bsioht by the sum of the peri- 
pheries OF the two ends. 

This is the rule for a frustum of a pyramid; (Art. 51.) and 
is equally applicable to a frustum of a eone, if a cone be 
considered as a pyramid of an infinite number of sides. 
(Art 63.) 

Or thus. 

Let the sector ABV (Fig. 23.) represent tlie convex sur- 
face of a right cone, (Art. ^5.) and DCV the surface of a 
portion of the cone, cut off by a plane parallel to the base. 
Then will ABCD be the surface of the frustum. 
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Let AB=a, DC«6, VDx=d, AD=aA. 

Then the area ABV=:ia X {h+.d)^iah+iad. (Art. 34.) 
And the area DCY ==-lbd. 

Subtracting the one from the other, 

The area ABDC=iaA+iad-46d. 

But d : d+h: :b:a, (Sup.Euc.8.1.) Therefore iad-hbd^^ibh. 

The surface of the frustum, then, is equal to 
iah+ibh. or ihx{a+b) 

Con The surface of the frustum is equal to the product of 
the slant-height into the circumference of a circle which is 
equally distant from the two ends. Thus the surface ABCD 
(Pig. 23.) is equal to the product of AD into MN. For MN 
is equal to half the sum of AB and DC. 

Ex. 1. What is the convex surface of a frustum of a right 
cone, if the diameters of the two ends be 44 and 33, and the 
slant-height 84 ? Ans. 10159.8. 

2. If the perpendicular height of a frustum of a right cone 
be 24, and the diameters of the two ends 80 and 44, what is 
the whole surface T 

Half the difference of the diameters is 18. 

And ^18* +24^=30, the slant-height, (Art. 52.) 
The convex surface of the frustum is 5843 

The sum of the areas of the two ends is 6547 



And the whole surface is 12390 

PROBLEM VI. 

To find the solidity of a frustum of a cone, 
68. Add together the areas of the two ends, and the square 

ROOT of the product OF THESE AREAS ; AND MULTIPLY THE SUM BY \ 
Of THE PERPENDICULAR HEIOHl'. 

This rule, which was given for the frustum o(ei pyramid^ 
(Art. 50.) is equally applicable to the frustum of a cone ; be- 
cause a cone and a pyramid which have equal bases and 
altitudes are equal to each other. 
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Ex. 1 . What is the solidity of a mast which is 72 feet 
long, 2 feet in diameter at one end, and 1 8 inches at the 
other ? Ans. 174.36 cubic feet, 

2. What is the capacity of a conical cistern which is 9 
feet deep, 4 feet in din meter at the bottom, and 3 feet at the 
top 7 Ans. 87.18 cubic feet =652.15 wine gallons. 

3. How many gallons of ale can be put into a vat in the 
form of a conic frustum, if the larger diameter be 7 feet, the 
smaller diameter 6 feet, and the depth 8 feet ? 



PROBLEM VII. 

To find the surface of a sphere. 

69. Multiply the diameter by the circumference. 

Lei a hemisphere be described by the quadrant CPD, 
(Fig. 25.) revolving on the line CD. Let AB be a side of a 
regular polygon inscribed in the circle of which DBP is an 
arc. Draw AO and BN perpendicular to CD, and BH per- 
pendicular to AO. Extend AB till it meets CD continued. 
The triangle AOV, revolving on OV as an axis, will describe 
aright cone. (Defin. 2.) AB will be the slant-height of a 
frustum of this cone extending from AO to BN. From G 
the middle of AB, draw GM parallel to AO. The surface of 
the frustum described by AB, (Art. 67. Cor.) is equal to 

ABXcircGM.* 

From the center C draw CG, which will be perpendicular 
to AB, (Euc. 3. 3.) and the radius of a circle inscribed in the 
polygon. The triangles ABH and CGM are similar, be- 
cause the sides are perpendicular, each to each. Therefore, 

HB or ON : AB: :GM : GC: \circ GM : circ GC. 

So that ON Xctrc GC= AB Xcirc GM, that is, the surface 
of the frustum is equal to the product of ON the perpendicu: 
lar height, into circ GC, the perpendicular distance from the 
center of the polygon to one of the sides., 

** By circ GM is meant Uie circumference of a circle the radius of which ig 
GM. 

7 
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In the same maDner it may be proved, that the surfaces 
produced by the revolution of the lines BD and AP about 
the axis DC, are equal to 

ND xdrc GC, and CO X circ GC. 

The surface of the whole solid, therefore, (Euc. 1.2.) is equal to 
CD X circ GC. 

The demonstration is applicable to |l solid produced by 
the revolution of a polygon of any number of sides. But a 
polygon may be supposed which shall differ less than by any 
given quantity from the circle in which it is inscribed ; (Sup. 
Euc. 4. 1,) and in which the perpendicular GC shall differ 
less than by any given quantity from the radius of the circle. 
Therefore the surface of a hemisphere is equal to the product 
of its radius into the circumference of its base ; and the sur- 
face of a sphere is equal to the product of its diameter into its 
circumference. • 

Cor. 1. From this demonstration it follows, that the sur- 
face of any segment or zone of a sphere is equal to the pro- 
duct of the height of the segment or zone into the circum- 
ference of the sphere. The surface of the zone produced 
by the revolution of the arc AB about ON, is equal to 
ON X circ CP. And the surface of the segment produced 
by the revolution of BD about DN is equal to DN Xcirc CP. 

Cor. 2. The surface of a sphere is equal to four times the 
area of a circle of the same diameter ; and therefore, the 
convex surface of a hemisphere is equal to twice the area of 
its base. -For the area of a circle is equal to the product of 
half the diameter into half the circumference ; (Art. 30.) that 
is, to I the product of the diameter and circumference. 

Cor. 3. The surface of a sphere, or the convex surface of 
any spherical segment or zone, is equal to that of the cir- 
cumscribing cylinder. A hemisphere described by the rev- 
olution of the arc DBP, is circumscribed by a cylinder pro- 
duced by the revolution of the parallelogram DdCP. The 
convex surface of the cylinder is equal to its height multiplied 
by its circumference. (Art. 62.) And this is also the surface 
of the hemisphere. 
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So the surface produced by the revolution of AB is equal 
to that produced by the revolution of a5. And the surface 
produced by BD. is equal to that produced by bd: 

Ex. 1. Considering the earth as a sphere 7930 miles in 
diameter, how many square miles are there on its surface ? 

Ans. 197,558,500. 

2. If the circumference of the sun be 2,800,000 miles, 
what is his surface ? Ans. 2,495,547,600,000 sq. miles. 

3. How many square feet of lead will it require, to cover 
a hemispherical dome whose base is 13 feet across? 

Ans. 265s. 



PROBLEM VIII. 

Tojind the solidity of a sphere. 

70. 1. Multiply the cube op the diameter by •5236. 

Or. /.. 

2. Multiply the square of the diameter by ^ of Tkz circum* 
ference. Or, 

3. Multiply the surface by \ of the diameter. 

1. A sphere is two thirds of its circumscribing cylinder. 
(Sup. Euc. 21. 3.) The height and diameter of the cylinder 
are each equal to the diameter of the sphere. The solidity 
of the cylinder is equal to its height multiplied into the area 
of its base, (Art. 64.) that is putting D for the diameter, 

DXD2X.78S4 or D3X.7854. 

And the solidity of the sphere^ being | of this, is 

D3X.5236. 

2. The base of the circumscribing cylinder is equal to half 
the circumference multiplied into half the diameter; (Art. 30.) 
that is, if C be put for the circumference, 

iC X D ; and the solidity is jC X D^. 

Therefore the solidity of the sphere is 
I of iCxD«=D«XiC. 
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3. In the last expression, which is the same as C xD x^D, 
we may substitute S, the surface, for C xD. (Art. 69.) We 
then have the solidity of the sphere equal to 

SxiD. 

Or, the sphere may be supposed to be filled with small 
pyramids^ standing on the surface of the sphere, and having 
their common vertex in the center. The number of these 
may be such, that the difference between their sum and the 
sphere shall be less than any given quantity. The solidity of 
each pyramid is equal to the product of its base into ^ of its 
height. (Art. 48.) The solidity of the whole, therefore, is 
equal to the product of the surface of the sphere into | of its 
radius, or } of its diameter. 

71. The numbers 3.14159, .7854, .5236, should be 
made perfectly familiar. The first expresses the ratio of the 
circumference of a circle to the diameter ; (Art. 23.) the 
second, the ratio of the area of a circle to' the square of the 
diameter (Art. 30.); and the third, the ratio of the solidity of 
a sphere to the cube of the diameter. The second is J of the 
first, and the third is ^ of the first. 

As these numbers are frequently occurring in mathematical 
investigations, it is common to represent the first of them by 
the Greek letter at. According to this notation, 

^=3.14159, i^=.7854, i^=.5236. 

If D=the diamtter^QXiA R=the radius of any circle or sphere ; 

Then D=2R D«=4R« D3=8R^ 

And^D ) .. ^.. {*D» I =the area of i^D^ ) 
Or2^R I =**^^ P'^'P'"' oWr» 5 the circ. ori^R3 J =the 
solidity of the sphere. 

Ex. 1. What is the solidity of the earth, if it be a sphere 
7930 miles in diameter ? 

Ans. 261,107,000,000 cubic miles. 

2. How many wine gallons will fill a hollow sphere 4 feet 
in diameter ? 

Ans. The capacity is 33.5104 feet=250| gallons. 

3. If the diameter of the moon be 2180 miles, what is its 
solidity? Ans. 5,424,(S00,000 miles. 
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72. If the solidity of a sphiere be given^ the diameter may 
be found by reversing the first rale in the preceding article ; 
that is, dividing by .5236 and extracting the cube root of the 
quotient. 

Ex. 1. What is the diameter of a sphere whose solidity is 
65.45 cubic feet ? . Ans. 5 feet. 

2. What must be the diameter of a globe to contain 
16755 pounds of water ? Ans. 8 feet. 



PROBLEM IX. 

To find the convex surface of a segment or zone of a 

sphere. 

73. Multiply the height of the segment or zone into the 
circumference of the sphere. 

For the demonstration of this rule, see art. 69; 

Ex. 1. If the earth be considered a perfect sphere 7930 
miles in diameter, and if the polar circle be 23° 28' from the 
pole, how many square miles are there in one of the frigid 
zones ? 

If PQOE (Fig. 15.) be a meridian on the earth, ADB one 
of the polar circles, and P the pole ; then the frigid zone is 
a spherical segment described by the revolution of the arc 
APB about PD. The angle ACD subtended by the arc AP 
is 23° 28'. And in the right angled triangle ACD, 

R : AC: :cos ACD : CD=3637. 

Then CP-CD=3965-3637=328=PD the height of 
the segment. 

And 328X7930X3.14159=8171400 the surface. 

2. If the diameter of the earth be 7930 miles, what is the 
surface of the torrid zone, extending 23° 28' on each side of 
the equator ? 

If EQ (Fig. 15.) be the equator, and GH one of the tro- 
pics, then the angle EC6 is 23° 28'. And in the right angled 
triangle 6CM, 
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R : CG: :sin ECG : GM«CN=3l578.9 the height of half 
the zone. 

The surface of the whole zone is 78669700. 

3. What is the surface of each of the temperate zones ? 

The height DN=CP -CN-PD=2058a 

And the surface of the zone is 51273000. 

The surface of the two temperate zones is 102,546,000 
of the two frigid zones 16,342,800 

of the torrid zone 78,669,700 



of the whole globe 197,558,500 

PROBLEM X. 

To find the solidity of a spherical sector. 
74. Multiply the spherical surface by J of the radius of 

THE sphere. 

Thp spherical sector, (Fig. 24.) produced by the revolu- 
tion of ACBD about CD, may be supposed to be filled with 
small pyramids, standing on the spherical surface ADB, and 
terminating in the point C. Their number may be so great, 
that the height of each shall differ less than by any given 
length from the radius CD, and the sum of their bases shall 
differ less than by any given quantity from the surface ABD. 
The solidity of each is equal to the product of its base into 
^ of the radius CD. (Art. 48.) Therefore, the solidity of all 
of them, that is, of the sector ADBC, i» equal to the product 
of the spherical surface into ^ of the radius. 

Ex. Supposing the earth to be a sphere 7930 miles in di- 
ameter, and the polar circle ADB (Fig. 15.) to be 23° 28' 
from the pole; what is the solidity of the spherical sector 
ACBP? 

Ans. 10,799,867,000 miles. 
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PROBLEM XI. 

To find the «oli0itv of a spherical segment, 

7^. Multiply half the heig?ht of the segment into the area 
of the base, and the cube of the height into .5236 ; and add 
the two products. 

As the circular sector AOBC (Fig. 9.) consists of two 
parts, the segment AOBP and the triangle ABC ; (Art. 35.) 
so the spherical sector produced by the revolution of AOC 
about OC consists of two parts, the segment produced by the 
revolution of AOP, and the cone produced bv the revolution 
of ACP, If then the cone be subtracted from the sector, 
the remainder will be the segment. 

Let CO=R, the radius of the sphere, 

PB=r, the radius of the base of the segment, 
PO=A, the height of the segment, 
Then PC=R— A, the axis of the cone. 

The sector =2*Rx AX iR( Arts. 71, 73, 74.)=|4rAR«. 
The cone=*r2 XKR-^) (Arts. 'Zl, 66.)=i'rr»R— i^Ar*. 
Subtracting the one from the other, 
The segment =|*AR^ — |*r«R+i*Ar«. 

ButDOxPO=BO'(Trig.97.*)=PO^+PB^ (Euc. 47. 1.) 

A^+r^ 
Thatis,2RA=A»+r«, ' So that, R:t=: ^^^ 



A.aK.=('-!±n)'=»! 



+2A3ra+r* 



4A2 

Substituting then, for R and R^, their values, and multi- 
plying the factors. 

The segment==^7rA3+i7rAr2+|!!L--i*Ara-.A4-+^'rAr« 

h h 

which, by uniting the terms, becomes 
i^Ara+|flrA3. 

>" Euclid 31, 3, and 8, 6. Cor. 



56 MENSURATION OF THE SPHERE. 

The first term here is lAx^rr', half the height of ihe seg- 
ment multiplied into the area of the base ; (Art. 71.) and the 
other A^ Xl^r, the cube of the height multiplied into .5236. 

If the segment be greater than a hemisphere, as ABD ; 
(Fig. 9.) the cone ABC must be added.io the sector ACBD. 

Let PD=A the height of the segment, 
Then PC=A— R the axis of the cone. 

The sector ACBD=f -rAR* 

The cone^-jrT* XKA-R)=i'«'Ar» -i*raR 

Adding them together, we have as before, 

The segment=|'rAR« - i*r»R+i«^Ara. 

. Cor. The solidity of a spherical segment is equal to half 
a cylinder of the same base and height + ^ sphere whose 
diameter is the height of the segment. For a cylinder is 
equal to its height multiplied into the area of its base ; and 
a sphere is equal to the cube of its diameter multiplied by 
.5236. 

Thus if Oy (Fig. 15.) be half Ox, the spherical segment 
produced by the revolution of Oxt is equal to the cylinder 
produced by tvyx + the sphere produced by Oyxz ; sup- 
posing cacbto revolve on the line Ox. 

Ex. 1. If the height of a spherical segment be 8 feet, and 
the diameter of its base 35 feet ; what is the solidity ? 

Ans. (25)« X.7854 X4+8' X.5236=2231.58 feet. 

2. If the earth be a sphere 7930 miles in diameter, and 
the polar circle 23° 28' from the pole, what is the solidity of 
one of the frigid zones ? 

Ans. 1,303,000,000 miles. 
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PROBLEM XII. 

To find the solidity of a spherical zone or frustum. 

76. From the solidity of the whole sphere, subtract the two 
segments on the sides of the zone. 

Or, 

Add together the squares of the radii of the two ends^ and ^ 
the square of their distance ; and multiply the sum by three 
times this distance^ and the product by .5236. 

If from the whole sphere, (Fig. 15.) there be taken the 
two. segments ABP and GHO, there will remain the zone or 
frustum ABGH. 

Or, the zone ABGH is equal to the difference between the 
segments GHP and ABP. 

^ T)pZ;t ( the heights of the two segments. 

GN=R} 

AD= \ ^^^ ^^^^^ of their bases. 

DN=::£2=H - h the distance of the two bases, 
or the height of the zone. 

Then the larger segment=i*HRa+^*H» ) /*,. -^x 
And the smaller segment =iflrAr« +i«'A» > ^^"" ^^'> 

Therefore the zone ABGH=M3HR«+H»-3Ar«— A») 

By the properties of the circle, (Euc. 35, 3.) 

ONxH=R». Therefore (ON+H)xH=R»+H». 

Or 0P= — g — 

In the same manner, OP=c — r — 

Therefore SHx(ra+Aa)=3Ax(R«+H«). 

Or 3Hr»+3HA* -3AR«— 3AH«=0. (Alg. 178.) 

8 
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To reduce the expression for the solidity of the zone to the 
required form, without altering its value, let these terms be 
added to it : and it will become 

H3HR« +3Hr» - 3AR» -3Ar« +H3 -3H» A+3HA» - A') 

Which is equal to 

Or, as i^ equals .5236 (Art. 71.) and H — A equals d, 

The zQne=.5236X3rfx(R«+r3 + id2) 

Ex. 1. If the diameter of one end of a spherical zone is 
.24 feet, the diameter of the other end 20 feet, and the dis- 
tance of the two ends, or the height of the zone 4 feet ; what 
is the solidity ? Ans. 1566.6 feet. 

3. If the earth be a sphere 7930 miles in diameter, and 
the obliquity of the ecliptic 23° 28' ; what is the solidity of 
one of the temperate zones ? 

Ans, 55,390,500,000 miles. 

3. What is the solidity of the torrid zone ? 

Ans. 147,720,000,000 miles. 

The solidity of the two temperate zones is 1 10,781,000,000 
of the two frigid zones 2,606,000,000 

of the torrid zone 1 47,720,000,000 



of the whole globe 26 1 , 1 07,000,000 

4. What is the convex surface of a spherical zone, whose 
breadth is 4 feet, on a sphere of 25 feet diameter ? 

5. What is the solidity^ of a spherical segment, whose 
height is 1 8 feet, and the diameter of its base 40 feet ? 



MENSURATION OF SOLIDS, 59 



PROMISCUOUS EXAMPLES OF SOLIDS. 

Ex. 1 . How much water can be put into a cubical vessel 
three feet deep, which has been previously filled with cannon 
balls of the same size, 2, 4, 6, or 9 inches in diameter, regu- 
larly arranged in tiers, one directly above another ? 

Ans. 96} wine gallons. 

' 2; If a cone or pyramid, whose height is three feet, be di- 
vided into three equal portions, by sections parallel to the 
base ; what will be the heights of the several parts ? 

Ans. 24.961, 6.488, and 4,551 inches. 

3. What is the solidity of the greatest square prism which 
can be cut from a cylindrical stick of timber, 2 feet 6 inches 
in diameter and 56 feet long 1* 

Ans. 1 75 cubic feet. 

4. How many such globes as' the earth are equal in bulk 
to the sun ; if the former is 7930 miles in diameter, and the 
latter 890,000 ? Ans. 1,413,678. 

5. How many cubic feet of wall are there in a conical 
tower 66 feet high, if the diameter of the base be 20 feet from 
outsid4k>^0%ra^^ th'^d&oS^ter of^i^tpp 8 feet; the 
thickness of theVall being 4 feet at the bottom, and de- 
creasing regularly, so as to be only 2 feet at the top ? 

\ ' s Ans. 7188. 

* The common rule for measuring found timber is to multiply the square of 
the quarter-girt by the length. The quarter-girt is one fourth of the circum- 
ference. This method does not give the whole solidity. It makes an allow- 
ance of about one- fifth, for waste in hewing, bark, &c. The solidity of a cyl- 
inderis equal to the product of the length into the area of the base. 

If C=the circumference, and ^s=3.14159, then (Art. 31.) 

C' / c \« / c \2 

The area of the base =: = — : = ) 

4flr \v/4-r/ \ 3.545/ 

If then the circumference were divided by 8.545, instead of 4, and the quo- 
tient squared, Uie area of the base would be correctly found. See note G. 
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6. If a metallic globe is filled with wine, which cost as 
much at 5 dollars a gallon, as the globe itself at 20 cents for 
every square inch of its surface ; what is the diameter of the 
globe ? Ans. 55.44 inches. 

7. If the circumference of the earth be 25,000 miles, what 
must be the diameter of a metallic globe, which* when drawn 
into a wire -g\ of an inch in diameter, would reach round 
the earth ? Ans. 1 5 feet and 1 inch* 

8. If a conical cistern be 3 feet deep, 7^ feet in diameter 
at the bottom, and 5 feet at the top ; what will be the depth 
of a fluid occupying half its capacity ? 

Ans. 14.535 inches. 

9. If a globe 20 inches in diameter be perforated by a 
cylinder 1 6 inches in diameter, the axis of the latter passing 
through the center of the former ; what part of the solidity, 
and the surface of the globe will be cut away by the cylin- 
der ? 

Ans. 3284 inches of the solidity, and 502,655 of the surface. 

10. What is the solidity of the greatest cube which can be 
cut from a sphere three feet in diameter ? 

-' / /,/'-. Ans. 5^ feet. 

11. What is the solidity of a conic frustum, the altitude of 
which is 36 feet, the greater diameter 16, and the lesser di- 

ameterS? ^, ^ ^JZ^' J/f^/4JS^ 

12. What is the solidity of a spherical segmetit 4 feet high, 
cut from a sphere 16 feet in diameter ? 
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SECTION V. 



Art. 77, It is often necessary to compare a number of 
different figures or solids, for the purpose of ascertaining 
which has the greatest area^ within a given perimeter, or the 
greatest capacity under a given surface. We may have oc- 
casion to determine, for instance, what must be the form of 
a fort, to contain a given number of troops, with the least 
extent of wall ; or what the shape of a metallic pipe to 
convey a given portion of water, or of a cistern to hold a 
given quantity of liquor, with the least expense of materials. 

78. Figures which have equal perimeters are called IsO' 
perimeters. When a quantity is greater than any other of 
|he same class, it is called a Hiaximum. A multitude of 
straight lines, of different lengths, may be drawn within a 
circle. But among them all, the diameter is a maximum. 
Of all sines of angles, which can be drawn in a circle, the 
sine of 90° is a maximum. 

When a quantity is less than any other of the same class, 
it is called a minimum. Thus, of all straight lines drawn from 
a given point to a given straight line, that which is perpen- 
dicular to the given line is a minimum. Of all straight lines 
drawn from a given point in a circle, to the circumference, 
the maximum and minimum are the two parts of the diameter 
which pass through that point. (Euc. 7, 3.) 

In isoperimetry, the object is to determine, on the one 
hand, in what cases the area is a maximum^ within a given 
perimeter ; or the capacity a maximum^ within a given sur- 
face : and on the other hand, in what cases the perimeter is 
a minimum for a given area, or the surface a minimum^ for a 
given capacity. 



* Emerson's, Sinxpson's, and Legendre's Geometry, Lhuillier, Fontenelle, 
Hatton*8 Mathematics, and Lond. Phil. Trans. Vol. 75. 
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PROPOSITIOK I. 

79. An boscELEs Triangle has a greater area than any 
scalene triangle^ of equal base and perimeter. 

If ABC (Fig. 26.) be an isosceles triangle whose equal 
sides are AC and BC ; and if ABC be a scalene triangle on 
the same base AB, and having AC'+BC'=AC+BC ; then 
the area of ABC is greater than that of ABC. 

Let perpendiculars be raised from each end of the base, 
extend AC to D, make CD' equal to AC, join BD, and 
draw CH and CH' parallel to AB. 

As the angle CAB=ABC, (Euc. 5, 1.) and ABD is a right 
angle, ABC+CBD=CAB+CDB=ABC+CDB. There- 
fore CBD=CDB, so that CD=CB; and by construction, 
CD'=AC. The perpendiculars of the equal right angled 
triangles CHD and CHB are equal ; therefore, SH=^BD. 
In the same manner, AH'=iAD'. The line AD=AC+BC 
=AC+BC=D'C+BC. But D'C+BC>BD'. (Euc. 
20, 1.) Therefore, AD >BD'; BD>AD', (Euc. 47, 1.) and 
JBD > lAD'. But ^BD, or BH, is the height of the isosceles 
triangle; (Art. 1.) and ^AD' or AH', the height of the sca^ 
lene triangle ; and the areas of two triangles which have the* 
same base are as their heights. (Art. 8.) Therefore the area 
of ABC is greater than that of ABC. Among all triangles, 
then, of a given perimeter, and upon a given base, the isosce- 
les triangle is a maxitnum. 

* 

Cor. The isosceles triangle has a less perimeter than any 
scalene triangle of the same base and area. The triangle 
ABC being less than ABC, it is evident the perimeter of the 
former must be enlarged, to make its area equal to the area 
of the latter. 



PROPOSITION II. 

80. 'A triangle in which two given sides make a right 
ANGLE, has a greater area than any triangle in which the 
same sides make an oblique angle. 

If BC, BC, and BC (Fig. 27.) be equals and if BC be 
perpendicular to AB ; then the right angled triangle ABC, 
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has a greater area than the acute angled triangle ABC, or 
the oblique angled triangle ABC". 

Let P'C and PC" be perpendicular to AP. Then, as the 
three triangles have the same base AB, their areas are as 
their heights ; that is, as the perpendiculars BC, P'C, and 
PC". But BC is equal to BC', and therefore greater than 
P'C. (Euc. 47, 1.) BC is also equal to BC', and therefore 
greater than PC'. 



PROPOSITION III, 

81, If all the sides except one of a polygon be given^ the 
area will be the greatest, when the given sides are so disposed^ 
that the figure may be inscribed in a semicircle, of which 
the undetermined side is the diameter. 

If the sides AB, BC, CD, DE, (Fig. 28.) be given, and if 
their position be such that the area, included between these 
and another side whose length is not determined, is a maxi- 
mum ; the figure may be inscribed in a semicircle, of which 
the undetermined side AE is the diameter. 

Draw the lines AD, AC, EB, EC. By varying the angle 
at D, the triangle ADE may be enlarged or diminished, 
without affecting the area of the other parts of the figure. 
The whole area, therefore, cannot be a maximum^ unless this 
triangle be a maximum^ while the sides AD and ED are given. 
But if the triangle ADE be a maximum^ under these condi' 
tions, the angle ADE is a right angle ; (Art. 80.) and there- 
fore the point D is in the circumference of a circle, of which 
AE is the diameter. (Euc. 31, 3.) In the same manner it 
may be proved, that the angles ACE and ABE are right 
angles, and therefore that the points C and B are in the cir- 
cumference of the same circle. 

The term polygon is used in this section to include trian^ 
glee, and four-sided figures, as well as other right-lined 
figures. 

82. The area of a polygon, inscribed in a semicircle, in 
the manner stated above, will not be altered by varying the 
order of the given sides. 

The sides AB, BC, CD, DE, (Fig. 28.) are the chords of so 
many arcs. The sum of these arcs, in whatever order they 
are arranged, will evidently be equal to the semicircum- 
ference. And the segments between the given sides and 
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the arcs will be the same, in whatever part of the circle they 
are situated. But the area of the polygon is equal to the 
area of the semicircle, diminished by the sum of these seg- 
ments. 

83. If a polygon, of which all the sides except one are 
given, be inscribed in a semicircle whose diameter is the un- 
determined side; a polygon having the same given sides, 
cannot be inscribed in any other semicircle which is either 
greater or less than this, and whose diameter is the undeter- 
mined side. 

The given sides AB, BC, CD, DE, (Fig. 28.) are the 
chords of arcs whose sum is 1 80 degrees. But in a larger 
circle, each would be the chord of a less number of degrees, 
and therefore the sum of the arcs would be less than 180°: 
and in a smaller circle, each would be the chord of a greater 
number of degrees, and the sum of the arcs would be greater 
than 180°. 



PROPOSITION IV. 

84. A polygon inscribed in a circle has a greater area^ 
than any polygon of equal perimeter^ and the same number of 
sides, u^hich cannot be inscribed in a circle. 

If in the circle ACHF, (Fig. 30.) there be inscribed a poly- 
eon ABCDEFG ; and if another polygon abcdefg (Fig%31.) 
be formed of sides which are the same in number and length, 
but which are so disposed, that the figure cannot be inscri- 
bed in a circle ; the area of the former polygon is greater 
than that of the latter. 

Draw the diameter AH, and the chords DH and EH. 
Upon de make the triangle deh equal and similar to DEH, 
and join ah. The line ah divides the figure abcdhefg into two 
parts, of which one at least cannot, by supposition, be inscri- 
bed in a semicircle of which the diameter is AH, nor in any 
other semicircle of which the diameter is the undetermined 
side. (Art. 83.) It is therefore less than the corresponding 
part of the figure ABCDHEFG. (Art. 81.) And the other 
part of abcdhefg is not greater than the corresponding part of 
ABCDHEFG. Therefore the whole figure ABCDHEFG is 
greater than the whole figure abcdhefg. If from these there 
be taken the equal triangles DEH and deh, there will remain 
the polygon ABCDEFG greater than the polygon abcdefg. 
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85. A polygon of which all the sides are given in number 
and length, can not be inscribed in circles of different diamr 
eters. (Art. 83.) And the area of the polygon will not be 
altered, by changing the order of the sides. (Art. 82.) 



PROPOSITION V. 

86. When d polygon has a greater area than any other ^ 
of the same number of sides ^ and of equal perimeter^ the sides 
are equal. 

The polygon ABCDF (Fig. 29.) cannot be a maximum^ 
among all polygons of the same namber of sides, and of 
equal perimeters, unless it be equilateral. For if any two of 
the sides, as CP and FD, are unequal, let CH and FH be 
equal, and their sum th6 same as the sum of CD and FD. 
The isosceles triangle CHF is greater than the scalene tri- 
angle CDF (Art. 79.) ; and therefore the polygon ABCHF is 
greater than the polygon ABCDF ; so that the latter is not a 
maximum* 



PROPOSITION VI. 

87. A RSouLAR POLYGON hcu a greater area than any other 
polygon of equal perimeter^ and of the same number of sides. 

For, by the preceding article, the polygon which is a mooN 
imum among others of equal perimeters, and the same num- 
ber of sides, is equilateral^ and by art. 84, it may be inscribed 
in a circle. But if a polygon inscribed in a circle is equilat- 
eral, as ABDFGH (Fig. 7.) it is also equiangular. For the 
sides of the polygon are the bases of so many isosceles trian- 
gles, whose common vertex is the center C. The angles at 
these bases are all equal ; and two of them, as AHC and 
GHC, are equal to AHG one of the angles of the polygon. 
The polygon, then, being equiangular, as well as equilateral, 
is a regular polygon. (Art. 1 . Def. 2.) 

Thus an equilateral triangle has a greater area, than any 
other triangle of equal perimeter. And a square has a greater 
area, than any other four-sided figure of equal perimeter. 

9 
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polys 



Car« A regular polygon has a leBspermeHr than any other 
ygon of equal area, and the same number of aides. 
J or if, with a. given perimeter,: the regular polygon is 
greater than one which is not regular ; it is evident the pe- 
rimeter of the former must be diminished, to make its ar^a 
equal to that of the latter. 



PROPOSITION VII. 

88. If a polygon he described about a circle, the areas 
of the two figures are as their perimeters. 

•• Let ST (Fig. 32.) be one of the sides of a polygon, either 
regular or not, which is described about the circle LNR. 
Join OS and OT, and to the point of contact M draw the 
radius OM, which will be perpendicular to ST. (Euc. 18, 3.) 
The- triangle OST is equal to half the base ST multiplied 
into the radius OM. (Art. 8.) And if lines be drawn, in the 
came manner, from the center of the circle, to the extremi- 
ties of the several sides of the circumscribed polygon, each 
of the triangles thus formed will be equal to half its base 
multiplied into the radius of the circle. Therefore the area 
of the whole polygon is equal to half its perimeter multiplied 
into the radius : and the area of the circle is equal to half its 
circumference multiplied into the radius. (Art. 30.) So that 
the two areas are to each other as their perimeters. 

Cor. 1. If diflferent polygons are described about the same 
circle, their areas are to each other as their perimeters. 
For the area of each is equal to half its perimeter, multiplied 
into the radius of the inscribed circle. 

Cor. 2. The tangent of an arc is always greater than the 
arc itself. The triangle OMT (Fig. 32.) is to OMN, as MT 
to MN. But OMT is greater than OMN, because the for- 
mer includes the latter. Therefore the tangent MT is 
greater than the arc MN. 
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PROPOSITION VIII. 

• 89. A ciRGLB has a greater area tlum any polygon of 
equal perimeter. 

' If a circle and a regular polygon have the same center, 
and equal perimeters ; each of the sides of the polygon must 
fall pa rtly within the circle. For the area of a circumscribing 
polygon is greater than the area of the circle, as the one in- 
cludes the other : and therefore, by the preceding article, the 
perimeter of the former is greater than that of the latter. 

Let AD then (Fig. 32.) be one side of a regular polygon, 
whose perimeter is equal to the circumference of the circle 
RLN. As this falls partly within the circle, the perpendicu- 
lar OP is less than the radius OR. But the area of the poly- 
§on is equal to half its perimeter multiplied into this perpen- 
icttlar (Art. 15.) ; and the area of the circle is ^qual to half 
its circumference multiphed into the radius. (Art. 30.) The 
ciicle then is greater than the given regular polygon ; and 
therefore greater than any other polygon of equal perimeter. 
(Art. 87.) 

Cor. 1. A circle has a less perimeter ^ than any polygon of 
equal area. 

Cor. 2. Among regular polygons of a given perimeter, that 
which has ih^ greatest number of sides^nas also the greatest 
area. For the greater the number of sides, the more nearly 
does the perimeter of the polygon approach to a Coincidence 
with the circumference of a circle.* 



PROPOSITION IX. 

90. A right PRISM whose bases are regular poltgons, has 
a less surface than any other right prism of the same solidity ^ 
the iame altitude^ and the same number of sides. 

Tf the altitude of a prism is given, the area of the base is 
as the solidity (Art. 43.) ; and if the number of sides is also 
given, the perimeter is a minimum when the base is a regular 

* For a rigorous demonstration of this, see Legendre's Geometry, Appendix 
to Book iv. 
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polygon. (Art. 87. Cor.) But the lateral surface is as the 
perimeter. (Art. 47.) Of two right prisms, then, which have 
the same altitude, the same solidity, and the same number of 
sides, that whose bases are regular polygons has the least 
lateral surface, while the areas of the ends are equal. 

Cor. A right prism whose bases are regular polygons has 
a greater sdidity^ than any other right prism of the same 
surface, the same altitude,' and the same number of sides. 



PROPOSITION X. 

91. A right CYLINDER has a less surface^ them any right 
prism of the same altitude and solidity. 

For if the prism and cylinder have the same altitude and 
solidity, the areas of their bases are equal. (Art. 64.) But 
the perimeter of the cylinder is less, than that of the prism 
(Art. 89. Cor. 1.) ; and therefore its lateral surface is less, 
while the areas of the ends are equal. 

Cor. A right cylinder has a greater solidity^ than any right 
prism of the same altitude and surface. 



PROPOSITION XI. 

92. A CUBE has a less surface than any other right paraU 
lelopiped of the same solidity. 

A parallelepiped is a prism, any one of whose faces moy 
be considered a base. (Art. 41. Def. I. and V.) If these 
are not all sqtuzres^lei one which isnot a square be taken for 
a base. The perimeter of this may be diminished, without 
altering its area (Art, 87. Cor.) ; and therefore the surface of 
the solid may be diminished, without altering its altitude or 
solidity. (Art. 43, 47.) The same may be proved of each 
of the other faces which are not squares. The surface is 
therefore a minimum^ when all the faces are squares, that is, 
when the solid is a cube. 

Cor. A cube has a greater solidity than any other right 
parallelepiped of the same surface. 
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PROPOSITION XII. 

93. A CUBE has a greater solidity, than any other right par- 
allelopiped, the sum of whose length, breadth, and depth is 
equal to the sum of the corresponding dimensions of the cube. 

The solidity is equal to the product of the length, breadth, 
and depth. If the length and breadth are unequal, the solid- 
ity majr be increased, without altering the sum of the three 
dimensions. For the product of two factors whose sum is 

f;iven, is the greatest wnen the factors are equal. (Euc.27.6.) 
n the same manner, if the breadth and depth are unequal, 
the solidity may be increased, without altering the sum of 
the three dimensions. Therefore, the solid can not be a 
maximum^ unless its length, breadth, and depth are equaL 



PROPOSITION XIII. 
94. If a PRISM BE DESCRIBED ABOUT A CYLINDER, the COf 

pacities of the two solids are as their surfaces. 

The capacities of the solids are as the areas of their bases, 
that is, as the perimeters of their bases. (Art. 88.) But the 
lateral sur&ces are also as the perimeters of the bases. 
Therefore the whole surfaces are as the solidities. 

Cor. The capacities of different prisms, described about 
the same right cylinder, are to each other as their surfaces. 



PROPOSITION XIV. 

95. A right cylinder whose height is equal to the di- 
AHETER or its BASE has o greater solidity than any other 
right cylinder of equal surface. 

Let C be a right cylinder whose height is equal to the di^ 
ameter of its base ; and C another right cylinder having the 
same surface, but a different altitude. If a square prism P 
be described about the former, it will be a cube. But a 
square prism P' described about the latter will not be a cube. 
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Then the surfaces of C and P are as their bases (Arts. 47 
and 88.) ; which are as the bases of C and P' (Sup. Euc. 7, 
1.); so that, 

BurfC: swfPiibaseC : base?: xhaseCxhaseV'v.surfC'xmrfP' 

But the surface of C is, by supposition, equal to the sur- 
face of C. Therefore, (Alg. 395.) the surface of P is equal 
to the surface of P'. And by the preceding article, 

solid? : solidQ : : surf? : surfC : : surf?' : surfC' : : solid?' : solidC 

But the solidity of P is greater than that of P'. (Art. 92. 
Cor.) Therefore the solidity of C is greater than that of C'. 

Schol. A right cylinder whose height is equal to the diam- 
eter of its base, is that which circumscribes a sphere. It is 
also called Archimedes* cylinder ; as he discovered the ratio 
of a sphere to its circumscribing cylinder ; and these are the 
figures which were put upon his tomb. 

Cor. Archimedes^ cylinder has a less surface^ than any 
other right cylinder of the same capacity. 
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96. If a SPHERE BE oiRcuMSCRiBED by a solid bounded by 
plane surfaces ; the capacities of the two solids are as their 
surfaces. 

If planes be supposed to be drawn from the center of the 
sphere, to each of the edges of the circumscribing solid, they 
will divide it into as many pyramids as the solid has faces. 
The base of each pyramid will be one of the faces ; and the 
height will be the radius of the sphere. The capacity of the 
pyramid will be equal, therefore, to its base multiplied into } 
of the radius (Art. 48.) ; and the capacity of the whole cir- 
cumscribing solid, must be equal to its whole surface multi-' 
plied into ^ of the radius. iBut the capacity of the sphere 
is also equal to its surface 'multiplied into | of its radius. 
(Art. 70.) 

Cor. The capacities of different solids circumscribing the 
same sphere, are as their surfaces. 
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PROPOSITION XVU 



97. A SPHERE has a greater solidity than any regular po^ 
lyedron of equal surface. 

If a sphere and a regular polyedron have the same center, 
and equal surfaces ; each of the faces of the polyedron must 
fall partly within the sphere. For the solidity of a drcum- 
scribing solid is greater than the solidity of the sphere, as the 
one; includes the other > and therefore, by the preceding arti* 
do, the surface of the former is greater than that of the latter. 

But if the faces of the polyedron fall partly within the, 
sphere, their perpendicular distance from the center must be 
less than the radius. And therefore, if the surface of the 
polyedron be only equal to that of the sphere, its solidity 
must be less. For the solidity of the polyedron is equal to 
its surface multiplied into | of the distance from the center. 
(Art. 59.) And the solidity of the sphere is equal to its sor-^ 
face multiplied into | of the radius. 

Cor. A sphere has a less surface than any regular poly- 
edron of the same capacity. 

For other cases of Isoperimetry, sec Fluxions. 
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APPENDIX.— PART I. 



Containing rules^witfiout demonstrations^ for the mensuration 
of the Conic Sections^ and other figures not treated of in 
the Elements of EucKd.* 



PROBLEM I. 

To find the area of an ellipse. 
101. Multiply the product of the transverse and conjugate 



axes into .7854. 



Ex. What is the area of an ellipse whose transverse axis 
is 36 feet, and conjugate 28 ? Ans. 791.68 feet 



PROBLEM II, 

To find the area of a segment of an ellqfse^ cut off by a line 
perpendicular to either axis. 

102. If either axis of an ellipse be made the diameter of a 
circle ; and if a line perpendicular to this axis cut off a seg- 
ment from the ellipse, and from the circle ; 
The diameter of the circle, is to the other axis of the ellipse ; 
As the circular segment, to the elliptic segment. 



* Far demonstrations of these rules, see Conic Sections, Spherical Trigono- 
metry, and Fluxions, or Button's Mensuration. 
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Ex. What is the area of a segment cut off from an ellipse 
whose transverse axis is 415 feet, and conjugate 332 ; if the 
height of the segment is 96 feet, and its base is perpendicu- 
lar to the transverse axis ? 

The circular segment is 23680 feet. 
And the elliptic segment 18944 



PROBLEM 111. 

To Jind the area of a conic PARABOLA. 

103. Multiply the base by | of the height. 

Ex. If the base of a parabola is 26 inches, and the height 
9 feet ; what is the area ? Ans. 13 feet. 

PROBLEM IV. ' 

To find the area of a frustum of a parabola^ cut oflF by a 
line parallel to the base. 

104. Divide the difference of the cubes of the diameters 
of the two ends, by the difference of their squares ; and mul- 
tiply the quotient by | of the perpendicular height 

Ex. What is the area of a parabolic frustum, whose height 
is 12 feet, and the diameters of its ends 20 and 12 feet ? 

Ans. 196 feet. 

problem v. 

To find the area of a conic hyperbola. 

. 105. Multiply the base by | of the height; and correct 
the product by subtracting from it the series 

\ 1.3.5^3.5.7 ^5.7.9 ^7.9.11^^^7 
C6=the base or double ordinate, 
In which ^A=the height or abscissa, 

( 2:= the height divided by the sum of 
the height and transverse axis. 
1.0 
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The series converges so rapidly, that a few of the first 
terms will generally give the correction with sufficient exacts 
ness. This correction is the difference between the hyper^ 
bola, and a parabola of the same base and height. 

Ex. If the base of a hyperbola be 24 feet, the height 10 
and the. transverse axis 30; what is the area? 
The base X | the height is 160. 



The first term of the series is 
The second 
The third 
The fourth 


0.016666 
0.000592 
0.000049 
0.000006 


Their sum 


0.017313 


This into 26A is 


8.31 


And the area corrected is 


151.69 


PROBLEM VI. 





To find the area of a spherical trungle formed by three 
arcs of great circles of a sphere. 

106. As 8 right angles or 720°, 

To the excess of the 3 given angles above 180°; 
So is the whole sur&ce of the sphere, 
To the area of the spherical triangle. 
Ex. What is the area of a spherical triangle, on a sphere 
whose diameter is 30 feet, if the angles are 130°, 102°, and 
68°? Ans. 471.24 feet. 



problem Vll. 

To find the area of a spherical polygon formed by arcs of 
great circles. 

107. As 8 right angles, or 720°, 

To the excess of all the given angles above the pro- 
duct of the number of angles— 2 into 180° ; 
So is the whole surface of the sphere, 
To the area of the spherical polygon. 
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Ex. What is the area of a spherical polygon of seven 
sides, on a sphere whose diameter is 17 inches ; if the sum of 
all the angles is lOSO"" ? Ans, 227 inches. 



PROBLEM VIII. 

To find the lunar surface included between two great circles 
of a sphere. 

108. As 360°, to the angle made by the given circles ; 
So is the whole surface of the sphere, to the surface 
between the circles. 
Or, 
The lunar surface is equal to the breadth of the middle 
part of it, multiplied into the diameter of the sphere. 

Ex. If the earth be 7930 miles in diameter, what is the 
surface of that part of it which is included between the 65th 
and 83d degree of longitude ? 

Ans. 9,878,000 square miles. 



PROBLEM IX. 

To find the solidity of a spheroid, formed by the revolution 
of an ellipse about either axis. 

109. Multiply the product of the fixed axis and the square 
of the revolving axis, into .5236. 

Ex. 1; What is the solidity of an oblong spheroid, whose 
longest and shortest diameters are_40 and 30 feet ? 

Ans. 40X30" X. 5236 ==18850 feet 

2. If the earth be an oblate spheroid, whose polar and 
equatorial diameters are 7930 and 7960 miles ; what is its 
solidity ? Ans. 263,000,000,000 miles. 
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PROBLEM X. 



To find the solidity of the middle frustum of a spheroid^ 
included between two planes which are perpendicular to 
the axis, and equally distant from the center. 

110. Add together the square of the diameter of one end, 
and twice the square of the middle diameter ; multiply the 
sum by | of the height, and the product by .7854. 

If D and d = the two diameters, and h == the height ; 
The solidity = (2D«+d«)XiAx.7854. 

Ex. If the diameter of one end of a middle frustum of a 
spheroid be 8 inches, the middle diameter 10, and the height 
30, what is the solidity ? 

Ans. 2073.4 inches. 

Cor. Half the middle frustum is equal to a frustum of 
which one of the ends passes through the center. 
If then D and c?= the diameters of the two ends, and h= the height, 
The solidity =(2D«+d«)X^AX.7854. 



PROBLEM XI. 

To find the solidity of a paraboloid. 
111. Multiply the area of the base by half the height. 

Ex. If the diameter of the base of a paraboloid be 12 feet, 
and the height 22 feet, what is the solidity ? 

Ans. 1243 feet. 



PROBLEM XII. 

To find the solidity of a frustum of a paraboloid, 

112. Multiply the sum of the areas of the two ends by half 
their distance. 
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Ex« If the diameter of one end of a frustum of a parabo- 
loid be 8 feet, the diameter of the other end 6 feet, and the 
length 24 feet ; what is the solidity ? 

Ans. 942^ feet. 

Cor. If a cask be in the 'form of two equal frustums of a 
paraboloid ; and 

If D=the middle diam. ^=the end diam. and A=the length ; 
The solidity =(D»+J«)XiAX. 7854. 



PROBLEM XIII. 

To find the solidity of a hyperboloid, produced by the 
revolution of a hyperbola on its axis. 

113. Add together the square of the radius of the base, 
and the square of the diameter of a section which is equally 
distant from the base and the vertex ; multiply the sum by 
the height, and the product by .5236. 

If R=the radius of the base, D:=^the middle diameter, and 
A=the height; 

The solidity =(R«+D«)X Ax. 5236. 

Ex. If the diameter of the base of a hyperboloid be 24, 
the square of the middle diameter 252, and the height 10, 
what is the solidity ? Ans. 2073.4. 



PROBLEM XIV. 

To find the solidity of a frustum of a hyperboloid, 

114. Add together the squares of the radii of the two ends, 
and the square of the middle diameter ; multiply the sum by 
the height, and the product by .5236. 

If R and r=the two radii, Ds=the middle diameter, and 
A=the height; 
.Thesolidity=(R«+r»+D-')xAx.5236. 

Ex. If the diameter of one end of a frustum of a hyperbo- 
loid be 32, the diameter of the other end 24, the square of 
the middle diameter 793|, and the length 20, what is the 
solidity? Ans. 12499.3. 
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PROBLEM XV. 



To find the solidity of a circular spindle, produced by the 
revolution of a circular segment about its base or chord as 
an axis. 

1 1 5. From I of the cube of half the axis, subtract the 
product of the central distance into half the revolving cir- 
cular segment, and multiply the remainder by four times 
3.14159. 

If a=the area of the revolving circular segment^ 
Z=half the length or axis of the spindle, 
c=the distance of this axis from the center of the 
circle to which the revolving segment belongs ; 

The solidity=CiZ» -ioc) X4X3.14159. 

Ex. Let a circular spindle be produced by thei revolution 
of the segment ABO (Fig. 9.) about AB. If the axis AB be 
140, and OP half the middle diameter of the spindle be 38.4 ; 
what is the solidity ? 

The area of the revolving sefgment is 3791 
The central distance PC 44.6 

The solidity of the spindle 374402 



PROBLEM XVI. 

To find the solidity of the middle frustum of a drctdar 

spindle. 

116. From the square of half the axis of the whole spindle, 
subtract ^ of the square of half the length of the frustum ; 
multiply the remainder by this half length ; from the product 
subtract the product of the revolving area into the central 
distance;, and multiply the remainder by twice 3.14159. 

If L=half the length or axis of the whole spindle, 
Z=half the length of the middle frustum, 
c:s=the distance of the axis from the center of the circle, 
as=the area of the figure which, by revolving! produces 

the frust um ; 
The»olidity=(L«-iZ«xZ-flc)X2X3.14169. 
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Ex. If the diameter of each end of a frustum of a circular 
spindle be 21.6, the middle diameter 60, and the length 70; 
what is the solidity ? 

The length of the whole spindle is 79.75 

The central distance 1 1 .5 

The revolving area 1703.8 

The solidity 136751.5 



PROBLEM XVII. 

To find the solidity of a parabolic spindle, produced by 
the revolution of a parabola about a double ordinate or 
base. 

117. Multiply the square of the middle diameter by ^*j of 
the axis, and the product by .7854. 

£ix. If the axis of a parabolic spindle be 30, and the mid- 
dle diameter 17, what is the solidity ? 

Ans. 3631.7. 



PROBLlCM XVIII. 

To find the solidity of the middle frustum of a parabohc 

spindle, 

118. Add together the square of the end diameter, and 
twice the square of the middle diameter; from the sum sub- 
tract I of the square of the difference of the diameters, and 
multiply the remainder by ^ of the length, and the product 
by .7854. 

If D and d = the two diameters, and Z = the length ; 
The solidity = (SD'+d^ -|(D-d)«)xiZX.7854. 

Ex. If the end diameters of a frustum of a parabolic spin* 
die be each 12 inches, the middle diameter 16, and the length 
30 ; what is the solidity ? Ans. 5102 inches. 
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APPENDIX.— PART II. 



GAUGING OF CASKS. 



Art. 119. Gauging is a practical art, which does not 
admit of being treated in a very scientific manner. Casks 
are not commonly constructed in exact conformity with any 
regular mathematical figure. By most writers on the sub- 
ject, however, they are considered as nearly coinciding with 
one of the following forms ; 

J- 1 The middle frustum \ ^J I spheroid, 

2. S ( of a parabolic spmdle. 

J I Two equal frustums ^J * P«'-«^°'°'d' 
4. J ^ ( 01 a cone. 

The second of these varieties agrees more nearly than any 
of the others, with the forms of casks, as they are commonly 
made. The first is too much curved, the third too little, and 
the fourth not at all, from the head to the bung. 

'120. Rules have already been given, for finding the capa- 
city of each of the four varieties of casks, (Arts. 68, HO, 
112, 118.) As the dimensions are taken in inches^ these 
rules will give the contents in cubic inches. To abridge the 
computation, and adapt it to the particular measures used in 
gauging, the factor .7854 is divided by 282 or 231 ; and the 
quotient is used instead of .7854, for finding the capacity in 
ale gallons or wine gallons. 

Now-ggg- =.002785, or ;0028 nearly; 

. ,.7854 . 
And-2^=.0034. 

If then .0028 and 0034 be substituted for .7854, in the 
rules referred to above ; the contents of the cask will be 
given in ale gallons and wine gallons. These numbers are 
to each other nearly as 9 to 11. 
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PROBLEM I. 



To calculate the contents ofacask^ in the form of the middle 
frustum of a sphbroid. 

121. Add together the square of the head diameter, and 
twice the square of the bung diameter ; multiply the sum by 
^ of the length, and the product by .0028 for ale gallons, or 
by .0034 for wine gallons. 

If D and d=the two diameters, and Z=the length ; 
The capacity in inches=(2D« +d^) x iZx.7854. (Art. 1 10.) 

And by substituting .0028 or .0034 for .7854, we have the 
capacity in ale gallons or wine gallons. 

Ex. What is the capacity of a cask of the first form, 
whose length is 30 inches, its head diameter 1 8, and its bung 
diameter 24 ? 

Ans. 41.3 ale gallons, or 50.2 wine gallons. 



pr6blem ii. 
To calculate the contents of a cask^ in the form oftlie middle 

frustum of a FAKABOhlC SPINDLE, 

122. Add together the square of the head diameter, and 
twice the square of the bung diameter, and from the sum 
subtract | of the square of the difference of the diameters ; 
multiply the remainder by -J- of the length, and the product 
by .0028 for ale gallons, or .0034 for wme gallons. 

The capacity in inches =(2D3+rf»-f(D-d)«)XiZx 
.7854. (Art. 118.) 

Ex. What is the capacity of a cask of the second form, 
whose length is 30 inches, its head diameter 18, and its bung 
diameter 24 ? 

Ans. 40.9 ale gallons, or 49.7 wine gallons* 
11 
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PROBLEV III. 

To calculate the contents of a cask^ in the form of two equcA 
frustums of a paraboloid. 

123. Add together the square of the head diameter, and 
the square of the bung diameter ; multiply the sum by half 
the length, and the product by .0028 for ale gallons, or .0034 
for wine gallons. 

The capacity in inches=(D3+d2)XiZx.7854. (Art 
112. Cor.) 

Ex. What is the capacity of a cask of the third form, 
whose dimensions are, as before, 30, 18, and 24? 

Ans. 37.8 ale gallons, or 45.9 wine gallons. 



PROBLEM lY. 

To calculate the contents of a cask^ in the form of two equal 
frustums of a cone. 

124. Add together the square of the head diameter, the 
square of the bung diameter, and the product of the two di- 
ameters ; multiply the sum by ^ of the length, and the pro- 
duct by .0028 for ale gallons, or .0034 for wine gallons. 

Thecapacity ininches=(D''+d2 +'Dd) X i/ X .7854.(Art.68.) 

Ex. What is the capacity of a cask of the fourth form, 
whose length is 30, and its diameters 1 8 and 24 ? 

Ans. 37.3 ale gallons, or 45.3 wine gallons. 

125. The preceding rules, though correct in theory, are 
not very well adapted to practice, as they suppose the form 
of the cask to be known. The two following rules, taken 
from Button's Mensuration, may be used for casks of the 
usual forms. For the first, three dimensions are required, 
the length, the head diameter, and the bung diameter. It is 
evident that no allowance is made by this, for different de- 
grees of curvature from the head to the bung. If the cask is 
more or less curved than usual, the following rule is to be pre- 
ferred, for which four dimensions are required, the head and 
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bung diameters, and a third diameter takea in the middle 
between the bung and the head. For the demonstration of 
these rules, see Hutton^s Mensuration, Part v. Sec. 2. Ch. 5. 
and 7. 



PROBLEM V. 

To calculate the contents of any common cask from three 
dimensions. 

136. Add together 

25 times the square of the head diameter, 

39 times the square of the bung diameter, and 

26 times the product of the two diameters ; 
Multiply the sum by the length, divide the product by 90, 

and multiply the quotient by .0028 for ale gallons, or .0034 
for wine gallons. 

Z 
The capacity in inches=:(39D« +25d^ +26Dd) x ^ X.7854. 

Ex. What is the capacity of a cask whose length is 30 
inches, the head diameter 18, and the bung diameter 34? 
Ans. 39 ale gallons, or 47 1 wine gallons. 



PROBLEM VI. 

To calculate the contents of a cask from roua dimensions^ 
the length, the head andt)ung diameters, and a diameter 
taken in the middle between the head and the bung. 

127. Add together the squares of the head diameter, of 
the bung diameter, and of double the middle diameter ; mul- 
tiply the sum by ^ of the length, and the product by .0028 
for ale gallons, or .0034 for wine gallons. 

If D=^the bung diameter, <2s=the head diameter, m^the 
middle diameter, and Z=the length ; 

The capacity in inchesfi=(D*+d*+2iw*)XiZx.7854. 

Ex. What is the capacity of a cask, whose length is 30 
inches, the head diameter 18, the bung diameter 24, and the 
middle diameter 22 1^ ? 

Ans. 41 ale gallons, or 49| wine gallons. 
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128. In making the calculations in gauging, according to 
the preceding rules, the multiplications and divisions are fre- 
quently performed by means of a Sliding Rule^ on which are 
placed a number of logarithmic lines, similar to those on 
Gunter's Scale. See Trigonom. Sec. vi. and Note G. p. 141. 

Another instrument commonly used in gauging is the 
Diagonal Rod. By this, the capacity of a cask is very ex- 
peditiously found, from a single dimension, the distance from 
the bung to the intersection of the opposite stave with the 
head. The measure is. taken by extending the rod through 
the cask, from the bung to the most distant part of the head. 
The number of gallons corresponding to the length of the 
line thus found, is marked on the rod. The logarithmic lines* 
on the gauging rod are to be used in the same manner, as 
on the sliding rule. 



ULLAGE or CASKS. 

129. When a cask is partly filled, the whole capacity is 
divided, by the surface of the liquor, into two portions ; the 
least of which, whether full or empty, is called the ullage. 
In finding the ullage, the cask is supposed to be in one of 
two positions ; either standings with its axis perpendicular 
to the horizon ; or lyings with its axis parallel to the horizon. 
The rules for ullage which are exax:t^ particularly those for 
lying casks, are too complicated for common use. The fol- 
lowing are considered as sufficiently near approximations. 
See Button's Mensuration. 



PROBLEM VII. 

To calculate the ullage of a standing cash 

1 30. Add together the squares of the diameter at the sur- 
faced the liquor, of the diameter of the nearest end, and of 
double the diameter in the middle between the other two ; 
multiply the sum by ^ of the distance between the surface 
and the nearest end, and the product by .0028 for ale gallons, 
or .0034 for wine gallons. 
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If D^the diameter of the surface of the liquor, 
d=the diameter of the nearest end, 
m=the middle diameter, and 

Z-=:the distance between the surface and the nearest end-, 
The ullage in inches=(Da+d«+2m*)XiZx.7854. 

Ex. If the diameter at the surface of the liquor, in a stand- 
ing cask, be 32 inched, the diameter of the nearest end 24, 
the middle diameter 29^ and the distance between the surface 
of the liquor and the nearest end 12 ; what is the ullage ? 
Ans. 27| ale gallons, or 33| wine gallons. 



PROBLEM VIII. 

To calculate the ullage of a lying cash 

131. Divide the distance from the bung to the surface of the 
liquor, by the whole bung diameter, find the quotient in the 
column of heights or versed sines in a table of circular seg- 
ments, take out the corresponding segment, and multiply it 
by the whole capacity of the cask, and the product by 1 i for 
the part which is empty. 

If the cask be not half full, divide the depth of the liquor 
by the whole bung diameter, take out the segment, multiply, 
&c. for the contents of the part which is full. 

Ex. If the whole capacity of a lying cask be 41 ale gal« 
Ions, or 49| wine-gallons, the bung diameter 24 inches and 
the distance from the bung to the surface of the liquor 6 
inches ; what is the ullage ? 

Ans. 7f ale gallons, or 9^ wine gallons. 
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NOTES. 



Note A. p. 16. 

One of the earliest approximations to the ratio of the cir- 
cumference of a circle to its diameter, was that of Archime- 
des. He demonstrated that the ratio of the perimeter of a 
regular inscribed polygon of 96 sides, to the diameter of the 
circle, is greater than 3:^^ : 1 ; and that the ratio of the pe- 
rimeter of a circumscribed polygon of 192 sides, to the diam- 
eter, is less than S^f : 1, that is, than 22 : 7. 

Metius gave the ratio of 355 : 113, which is more accurate 
than any other expressed in small numbers. This was con- 
firmed by Vieta, who by inscribed and circumscribed poly- 
gons of 393216 sides, carried the approximation to ten places 
of figures, viz. 

3.141592653. 

Van Ceulen of Leyden afterwards extended it, by the labo- 
rious process of repeated bisections of an arc, to 36 places. 
This calculation was deemed of so much consequence at the 
time, that the numbers are said to have been put upon his 
tomb. < 

But since the invention of fluxions^ methods much more 
expeditious have been devised, for approximating to the re- 
quired ratio. These principally consist in finding the sum of 
a series, in which the length of an arc is expressed in terms 
of its tangent. 

If f=:the tangent of an arc, the radius being 1, 

^3 fS fl f9 

The arc =^ — y+y "" y +"9 "* ^^' See Fluxions. 
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This series is in itself very simple. Nothing more is ne- 
cessary to make it answer the purpose in practice, than that 
the arc be small^ so as to render the series sufficiently con- 
verging, and that the tangent be expressed in such simple 
numbers, as can easily be raised to the several powers. The 
given series will be expressed in ^he most simple numbers, 
when the arc is 45^, whose tangent is equal to radius. If the 
radius be 1, 

The arc of 45°=1-a4.|-.|4.^-&c. And this multi- 
plied by 8 gives the length of the whole circumference. 

But a series in which the tangent is smaller, though it be ' 
less simple than this, is to be preferred, for the rapidity with 
which it converges. As the tangent of 30°=^/!, if the ra- 
dius be 1, 

The arc of 30^= V'l X ( 1 --— .-!_._ J_..JL- &C.1 
^ \ 3.3^5.3« 7.33^9.3* / 

And this multiplied into 12 will give the whole circumference. 
This was the series used by Dr. Halley. By this also, Mr. 
Abraham Sharp of Yorkshire computed the circumference 
to 72 places of figures, Mr. John Machin^ Professor of Astro- 
nomy in Gresham college, to 100 places, and M. De Lagny 
to 128 places. Several expedients have been devised, by 
Machin, Euler, Dr. Hutton, and others, to reduce the labor 
of summing the terms of the series. See Euler's Analysis of 
Infinites, Button's Mensuration, Appendix to Maseres on 
the Negative Sign, and Lend. Phil. Trnns. for 1776. For a 
demonstration that the diameter and the circumference of 
a circle are incommensurable, see Legendre's Geometry, 
Note IV. 

The circumference of a circle whose diameter is 1 , is 

3.1415926535, 8979323846, 2643383279, 
5028841971, 6939937510, 5820974944, 
5923078164, 0628620899, 8628034825, 
3421170679, 8214808651, 3272306647, 

0938446 + or 7 -. 
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Note B. p. 17, 

The following multipliers may frequently be useful ; 

C X .8862=the side of an equal square. 

The diamV of a circle < X .707 =the side of an ins'bed sq're. 

( X.866 =the side of an inscribed 

[equilateral triangle^ 

C X.2821 =the side of an equal square. 
The circumf. < X.225I=the side of an inscribed square. 

( X .2756 = the side of an ins'bed eq'lat. triang, 

r X 1. 1 28= the diameter of an equal circle. 
T^K^ a' A r^f o J X 3.545 =the circumf. of an equal circle, 
me side ot asq.< ^ 1.414=:thediam. of the circums. circle. 

\^ X4.443=the cir. of the circumsc. circle. 

Note C. p. 19. 

The following approximating rules maybe used for finding 
the arc of a circle. 

1. The arc of a circle is nearly equal to | of the differ- 
ence between the chord of the whole arc, and 8 times the 
chord of half the arc. 



The arc=2d y/ f\ Or, 



2. If A=the height of an arc, and c2=the diameter of the 
circle ; 

Sh 

3d -A 

3. Thearc=2 WA X (l +2:35+2Zid^+2X6:7d^^^-) ^'' 
4. The arc=f(5dW^^-j3«T+4v'dA) very nearly. 

5. If s=the sine of an arc, and r=the radius of the circle ; 

(s^ 3'5* 3 55^ \ 

'+2:3^+5:2:4^+71:4:6;:^ ^^-j 

See Hutton^s Mensuration. 
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Note D. p. S3. 

To expedite the calculation of the areas of circular seg- 
ments, a table is provided, which contains the areas of seg- 
ments in a circle whose diameter is 1. See the table at 
the end of the book, in which the diameter is supposed to be 
divided into 1000 equal parts. By this may be found the 
areas of segments of other circles. For the heights of similar 
segments of different circles are as the diameters. If then 
the height of any given segment be divided by the diameter 
of the circle, the quotient will be the height of a similar seg- 
ment in a circle whose diameter is 1. The area of the latter 
is found in the table ; and from the properties of similar 
figures, the two segments are to each other, as the squares 
of the diameters of the circles. We have then the following 
rule : 



To find the area of a circular seoatent by the table. 

Divide the height of the segment by the diameter of the . 
circle ; look for the quotient in the column of heights in the 
table ; take out the corresponding number in the column of 
areas} and multiply it by the square of the diameter. 

It is to be observed, that the figures in each of the columns 
in the table are decimals. 

If accuracy is required, and the quotient of the height di- 
vided by the diameter, is between two numbers in the column 
of heights ; allowance may be made for a proportional part 
of the difference of the corresponding numbers in the column 
of areas; in the same manner, as in taking out logarithms. 

Segments greater than a semicircle are not contained in 
the table. If the area of such a segment is required, as ABD 
(Fig. 9.), find the area of the segment ABO, and subtract 
this from the area of the whole circle. 

Or, 

Divide the height of the given segment by the diameter, 
subtract the quotient from 1 , find the remainder in the column 
of heights, subtract the corresponding area from .7854, and 
multiply this remainder by the square of the diameter. 

12 
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Ex. 1. What is the area of a segment whose height is 16, 
the diameter of the circle being 48 ? Ans. 528. 

2. What is the area of a segment whose height is 32, the 
diameter being 48 ? Ans. 1281.55. 

The following rules may also be used for a circular seg- 
ment. 

1. To the chord of the whole arc, add | of the chord of 
half the arc, and multiply the sum by f of the height. 

If C and c=:the two chords, and A=the height; 

The segment =(C+|c)|A nefarly. 

2. If A= the height of the segment, and d=the diameter 
of the circle ; 

Thesegment=2Av^.?Ax(|~^~2^-y|^3 &c,) 



Note E. p. 29. 

The term solidity is used here in the customary sense, to 
express the magnitude of any geometrical quantity of three 
dimensioDB, length, breadth, and thickness ; whether it be s^ 
solid body, or a fluid, or even a portion of empty space. 
This use of the word, howeyer, is not altogether free from 
objection. The same term is applied to one of the general 
properties of matter ; and .also to that peculiar quality by 
which certain substances are distinguished from jiuidSf 
There seems to be an impropriety in speaking of the solidity 
of a body of water^ or of a vessel which is empty. Some 
writers have therefore substituted the word volume for solidi- 
ty.- But the latter term, if it be properly defined, may be 
retained without danger of leading to mistake. 



Note F. p. 35. 

The geometrical demonstration of the rule for finding the 
solidity of a frustum of a pyramid, depends on the following 
proposition : 
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A frustum of a trianffular pyramid is equal to three pyra- 
mids ; the greatest ana least ^ which are equal in height to 
the frustum^ and have the two ends of the frustum for their 
bases ; and the third is a mean proportional between the 
other two. 

Let ABCDFG (Fig. 34.) be a frustum of a triangular 
pyramid. If a plane be supposed to pass through the points 
AFC, it will cut off the pyramid ABCF. The height of this 
is evidently equal to the height of the frustum, and its base 
is ACB, the greater end of the frustum. 

Let another plane pass through the points AFD. This 
will divide the remaining part of the figure into two triangular 
pyramids AFDG and AFDC. The height of the former is 
equal to the height of the frustum, and its base is DFG, the 
smaller end of the frustum. 

To find the magnitude of the third pyramid AFDC, let F 
be now considered as the vertex of this, and of the second 
pyramid AFDG. Their bases will then be the triangles 
ADC and ADG. As these are in the same plane, the two 
pyramids have the same attitude, and are to each other as 
their bases. But these triangular bases, being between the 
same parallels, are as the lines AC and DG. Therefore the 
pyra mid AF D C is to the pyramid AFDG as AC to DG; 
and AFDC* : AFDG' : : AC' : DG'.^ (Alg. 391.) But the 
pyramids ABCF and AFDG, having the same altitude, are 
as their bases ABC and DFG, that is, as AC' and DG'. 

(Euc. 19,60 We have th en 

AFDC : AFDG'j^'jJDG' ) 
ABCF: AFDG:: AC' :DG' 5 

Therefore AF DC' : A FDG" : : ABCF : AFDG. 

And AFDC' = AFDG X ABCF. 

That is, the pyramid AFDC is a mean proportional be- 
tween AFDG and ABCF. 

Hence, the^ solidity of a frustum of a triangular pyramid is 
equal to \ of the height, multiplied into the sum of the areas 
of the two ends and the square root of the product of these 
areas. This is true also of a frustum of any other pyramid. 
(Sup. Euc. 12,3. Cor. 2.) 

If the smaller end of a frustum of a pyramid be enlarged, 
till it is made equal to the other end; the frustum will become 
a prism^ which may be divided into three equal pyramids. 
(Sup. Euc. 15,3.) 
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Note G. p. 59. 

The following simple rule for the solidity of round timber, 
or of any cylinder, is nearly exact : 

Multiply the length into twice the square of \ of the ctrctiin- 

ference. 

If C=the circumference of a cylinder ; 
The area of theba8e=^=j^But2(^)'=-i^ 

It is common to measure hewn timber, by multiplying the 
length into the square of the quarter-girt. This gives exact- 
ly, the solidity of a parallelopiped, if the ends are squares. 
But if the ends are parallelograms, the area of each is less 
than the square of the quarter-girt. (Euc. 27, 6.) 

Timber which is tapering may be exactly measured by 
the rule for the frustum of a pyramid or cone (Art. 60, 68.) ; 
or, if the ends are not similar figures, by the rule for a pris- 
moid. (Art. 55.^ But for common purposes, it will be suffi- 
cient to multiply the length by the area of a section in the 
middle between the two ends. 
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A TABLE 



OF THE SEGMXHTS OF A CIRCI.E, WHOSE DIAMETER IS 1, AMD IS SUP- 
POSED TO BE DIVIDED tSTO 1000 E^VAL FARTS. 



fieigbt. 


Area Seg. 


Height. 


Area Seg. 


Height 


Area Seg. 


.001 


.000042 


.034 


.008273 


.067 


.022652 


002 


000119 


035 


006638 


068 


023154 


003 


000219 


036 


000008 


069 


023669 


004 


000337 


037 


009383 


070 


024168 


005 


000471 


038 


009763 


071 


024680 


006 


000618 


039 


010148 


072 


025195 


007 


000779 


040 


010537 


073 


026714 


008 


000952 


041 


010932 


074 


026236 


009 


001135 


042 


011331 


075 


026761 


010 


001329 


043 


011734 


076 


027289 


Oil 


001633 


044 


012142 


077 


027821 


012 


001746 


045 


012654 


078 


028356 


013 


001968 


046 


012971 


079 


028894 


014 


002199 


047 


013392 


080 


029435 


015 


002438 


048 


013818 


081 


029979 


016 


002685 


049 


014247 


082 


030626 


017 


002940 


050 


014681 


063 


031076 


018 


003202 


051 


015119 


064 


031629 


019 


003472 


052 


016561 


085 


032186 


020 


003748 


053 


016007 


086 


032746 


021 


004032 


054 


016457 


087 


033307 


022 


004322 


055 


016911 


068 


033872 


023 


004618 


056 


017369 


069 


034441 


024 


004921 


057 


017831 


090 


035011 


025 


006231 


058 


018296 


091 


035585 


026 


006546 


069 


018766 


092 


036162 


027 


006867 


060 


019239 


093 


036741 


028 


006194 


061 


019716 


094 


037323 


029 


006527 


062 


020206 


095 


037909 


030 


006865 


063 


020690 


096 


038496 


031 


007209 


064 


021178 


097 


039087 


082 


007558 


065 


021669 


098 


039680 


.033 


.007913 


.066 


.022154 


.099 


.040276 

— 1,^ 
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TABLE OF CIRCULAR SRaiUSNTS. 



Hel^t. 


Area Seg. 


Height. 


Are^Seg. 


Height. 


Area Seg. 


.100 


.040875 


.144 


.069625 


.188 


.102334 


101 


041476 


145 


070328 


189 


103116 


102 


042080 


146 


071033 


190 


103900 


103 


042687 


147 


071741 


191 


104685 


104 


043296 


148 


072450 


192 


105473 


105 


043908 


149 


073161 


193 


106261 


106 


044522 


150 


073874 


194 


107051 


107 


045139 


151 


074589 


195 


107842 


108 


045759 


152 


075306 


196 


108636 


109 


046381 


153 


076026 


197 


109430 


110 


047005 


154 


076747 


198 


110226 


111 


047632 


155 


077469 


199 


111024 


112 


048262 


156 


078194 


200 


1U823 


113 


048894 


157 


078921 


201 


112624 


114 


049528 


158 


079649 


202 


113426 


115 


050165 


159 


080380 


203 


114230 


116 


050804 


160 


081112 


204 


115035 


117 


051446 


161 


081846 


205 


115842 


118 


052090 


162 


082582 


206 


116650 


119 


052736 


163 


083320 


207 


117460 


120 


053385 


164 


084059 


208 


118271 


121 


054036 


165 


084801 


209 


119083 


122 


(»4689 


166 


085544 


210 


119897 


123 


(^345 


167 


086289 


211 


120712 


124 


056003 


168 


087036 


212 


121529 


125 


056663 


169 


08T785 


213 


122347 


126 


057326 


170 


088535 


214 


123167 


127 


057991 


171 


089287 


215 


123988 


128 


058658 


172 


090041 


216 


124810 


129 


059327 


173 


090797 


217 


125634 


130 


059999 


174 


091554 


218 


126459 


131 


060672 


175 


092313 


219 


127285 


132 


061348 


176 


093074 


220 


128113 


133 


062026 


177 


093836 


221 


128942 


134 


062707 


178 


094601 


222 


129773 


135 


063389 


179 


095366 


223 


130605 


136 


064074 


180 


096134 


224 


131438 


137 


064760 


181 


096903 


225 


132272 


138 


065449 


182 


097674 


226 , 


133108 


139 


066140 


183 


098447 


227 


133945 


140 


066833 


184 


099221 


228 


134784 


141 


067528 


185 


099997 


229 


135624 


142 


068225 


186 


100774 


230 


136465 


.143 


.068924 


.187 


.101563 


.231 


.137307 



TABLE or CIRCULAR SEGHSNTS. 



Height. 


Area Seg. 


Height. 


Area Seg. 


Height. 


Area Seg. 


.232 


.138150 


.277 


.177330 


.322 


.218633 


233 


138995 


278 


178225 


323 


219468 


234 


139841 


279 


179122 


324 


220404 


235 


140688 


280 


180019 


326 


221340 


236 


141537 


281 


180918 


326 


222277 


237 


142387 


282 


181817 


327 


223216 


238 


143238 


283 


182718 


328 


224154 


239 


144091 


284 


183619 


329 


225093 


240 


144944 


286 


164521 


330 


226033 


241. 


145799 


286 


185425 


331 


226974 


242 


146655 


287 


186329 


332 


227915 


243 


147512 


288 


187234 


333 


228858 


244 


148371 


289 


188140 


334 


229801 


245 


149230 


290 


189047 


336 


230745 


246 


150091 


291 


189955 


336 


231689 


247 


150953 


292 


190864 


337 


232634 


248 


151816 


293 


191775 


338 


233580 


249 


152680 


294 


192684 


339 


234526 


250 


153546- 


295 


193596 


340 


235473 


251 


154412 


296 


194609 


341 


236421 


252 


155280 


297 


195422 


342 


237369 


263 


156149 


298 


196337 


343 


238318 


254 


157019 


299 


197262 


344 


239268 


255 


157890 


300 


198168 


346 


240218 


256 


158762 


301 


199086 


346 


241169 


257 


159636 


302 


200003 


347 


242121 


258 


160510 


303 


200922 


348 


243074 


2&9 


161386 


304 


201841 


349 


244026 


260 


162263 


305 


202761 


350 


244980 


261 


163140 


306 


203683 


351 


245934 


262 


164019 


307 


204605 


352 


246889 


263 


164899 


308 


205527 


353 


247845 


264 


165780 


309 


206451 


354 


248801 


265 


166663 


310 


207376 


355 


249757 


266 


167546 


311 


208301 


356 


250715 


267 


168430 


312 


209227 


357 


251673 


268 


169315 


313 


210164 


358 


252631 


269 


170202 


314 


211082 


359 


253590 


270 


171089 


315 


212011 


360 


254550 


271 


171978 


316 


212940 


361 


255510 


272 


172867 


317 


213871 


362 


266471 


273 


173758 


318 


214802 


363 


257433 


274 


174649 


319 


215733 


364 


268395 


275 


175542 


320 


216666 


366 


259367 


.276 


.176435 


.821 


.217509 


.366 


.260320 
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TABLE OF CIRCULAR SEGMENTS. 



Height. 


Area Seg. 


Height. 


Area Seg. 


Height. 


Area Seg. 


.367 


.261284 


.412 


.305155 


.457 


.349752 


368 


262248 


413 


306140 


458 


350748 


369 


263213 


414 


307125 


459 


361745 


370 


264178 


415 


308110 


460 


352742 


371 


265144 


416 


309095 


461 


353739 


372 


266111 


417 


310081 


462 


354736 


373 


267078 


418 


311068 


463 


355732 


374 


268046 


419 


312054 


464 


356730 


S75 


269013 


420 


313041 


465 


357727 


376 


269982 


421 


314029 


466 


358725 


377 


270951 


422 


315016 


467 


369723 


378 


271920 


423 


316004 


468 


360721 


379 


27^90 


424 


316992 


469 


361719 


380 


273861 


425 


317981 


470 


362717 


381 


274832 


426 


318970 


471 


363716 


382 


275803 


427 


319959 


472 


364713 


383 


276775 


428 


320948 


473 


366712 


384 


277748 


429 


321938 


474 


366710 


385 


278721 


430 


322928 


475 


367709 


386 


279694 


431 


323918 


476 


368708 


387 


280668 


432 


324909 


477 


369707 


388 


281642 


433 


325900 


478 


370706 


389 


282617 


434 • 


326892 


479 


371705 


390 


283592 


435 


327882 


480 


372704 


391 


284568 


436 


328874 


481 


373703 


392 


285544 


437 


329866 


482 


374702 


393 


286521 


438 


330858 


483 


376702 


394 


287498 


439 


331860 


484 


376702 


395 


288476 


440 


332843 


485 


377701 


396 


289454 


441 


333836 


486 


378701 


397 


290432 


442 


334829 


487 


379700 


398 


291411 


443 


335822 


488 


380700 


399 


292390 


444 


336816 


489 


381699 


400 


293369 


445 


337810 


490 


382699 


401 


294349 


446 


338804 


491 


383699 


402 


295330 


447 


339798 


492 


384699 


403 


296311 


448 


340793 


493 


386609 


404 


297292 


449 


341787 


494 


386669 


405 


298273 


450 


342782 


495 


387699 


406 


299255 


451 


343777 


496 


388699 


407 


300238 


452 


344772 


497 


389699 


408 


301220 


453 


345768 


498 


390699 


400 


302203 


454 


346764 


490 


391699 


410 


303187 


455 


347769 


.600 


.392690 


.411 


.304171 


.456 


.348765 
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TABLE OF CIRCULAR SEGMENTS. 



Height 


Area Seg. 


Height. 


Area Seg. 


Height. 


Area Seg. 


.367 


.261284 


.412 


.306155 


.467 


.349762 


368 


262248 


413 


306140 


468 


350748 


369 


263213 


414 


307126 


469 


351745 


370 


264178 


416 


308110 


460 


362742 


371 


266144 


416 


309096 


461 


363739 


373 


266111 


417 


310081 


462 


354736 


373 


267078 


418 


311068 


463 


366732 


374 


268046 


419 


312064 


464 


356730 


375 


269013 


420 


313041 


465 


367727 


376 


269982 


421 


314029 


466 


368725 


377 


270951 


422 


315016 


467 


359723 


378 


271920 


423 


316004 


468 


360721 


379 


27^90 


424 


316992 


469 


361719 


380 


273861 


426 


317981 


470 


362717 


381 


274832 


426 


318970 


471 


363715 


382 


275803 


427 


319969 


472 


364713 


383 


276775 


428 


320948 


473 


366712 


384 


277748 


429 


321938 


474 


366710 


385 


278721 


430 


322928 


476 


367709 


386 


279694 


431 


323918 


476 


368708 


387 


280668 


432 


324909 


477 


369707 


388 


281642 


433 


326900 


478 


370706 


389 


282617 


434 • 


326892 


479 


371706 


390 


283592 


436 


327882 


480 


372704 


391 


284568 


436 


328874 


481 


373703 


392 


285544 


437 


329866 


482 


374702 


393 


286621 


438 


330668 


483 


375702 


394 


287498 


439 


331860 


484 


376702 


395 


288476 


440 


332843 


486 


377701 


396 


289464 


441 


333836 


486 


37«70l 


397 


290432 


442 


334829 


487 


379700 


398 


291411 


443 


336822 


488 


380700 


399 


292390 


444 


336816 


489 


381699 


400 


293369 


446 


337810 


490 


382699 


401 


294349 


446 


338804 


491 


383699 


402 


295330 


447 


339798 


492 


384690 


403 


296311 


448 


340793 


493 


386699 


404 


297292 


449 


341787 


494 


386669 


406 


298273 


450 


342782 


495 


387699 


406 


299256 


461 


343777 


496 


388699 


407 


300238 


452 


344772 


497 


380699 


408 


301220 


453 


345768 


498 


390699 


409 


302203 


454 


346764 


499 


391699 


410 


303187 


455 


347769 


.600 


.392699 


.411 


.304171 


.456 


.348756 
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As the following treatise has been prepared for the use of a 
class in College, it does not contain all the details which would 
be requisite for a practical navigator or surveyor. The object 
of a scientific education is rather to teach principles^ than the 
minute rules which are called for in professional practice. The 
principles should indeed be accompanied with such illustrations 
and examples as will render it easy for the student to make the 
applications for himself, whenever occasion shall require. But 
a collection of rules merely, would be learned, only to be for- . 
gotten, except by a few who might have use for them in the 
course of their business. There are many things belonging to 
the art of navigation, which are not comprehended in the math- 
ematical part of the subject. Seamen will of course make use 
of the valuable system of Mackay, or the still more complete 
work of Bowditch. 

The student is supposed to be familiar with the principles of 
Geometry and Trigonometry, before he enters upon the present 
number, which contains little more than the application of those 
principles to some of the most simple problems in heights and 
distances, navigation and surveying. 
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TABLE OF CIRCULAR SSOMUNTS. 



Height. 


Area Seg. 


Height. 


Area Seg. 


Height. 


Area Seg. 


.100 


.040875 


.144 


.069625 


.188 


.102334 


101 


041476 


146 


070328 


189 


103116 


102 


042080 


146 


071033 


190 


103900 


103 


042687 


147 


071741 


191 


104686 


104 


043296 


148 


072460 


192 


106472 


105 


043908 


149 


073161 


193 


106261 


106 


044522 


150 


073874 


194 


107051 


107 


045139 


151 


074589 


196 


107842 


108 


046759 


152 


075306 


196 


108636 


109 


046381 


163 


076026 


197 


109430 


110 


047005 


154 


076747 


198 


110226 


111 


047632 


155 


077469 


199 


111024 


112 


048262 


156 


078194 


200 


1U823 


113 


048894 


167 


078921 


201 


112624 


114 


049528 


158 


079649 


202 


113426 


115 


050165 


159 


080380 


203 


114230 


116 


060804 


160 


081112 


204 


115035 


117 


051446 


161 


081846 


205 


115842 


118 


052090 


162 


082682 


206 


116660 


119 


062736 


163 


083320 


207 


117460 


120 


053385 


164 


084069 


208 


118271 


121 


064036 


165 


084801 


209 


119083 


122 


054689 


166 


085644 


210 


119897 


123 


056345 


167 


086289 


211 


120712 


124 


066003 


168 


087036 


212 


121629 


125 


056663 


169 


087786 


213 


122347 


126 


057326 


170 


088535 


214 


123167 


127 


057991 


171 


089287 


215 


123988- 


128 


058658 


172 


090041 


216 


124810 


129 


069327 


173 


090797 


217 


126634 


130 


059999 


174 


091654 


218 


126459 


131 


060672 


175 


092313 


219 


127285 


132 


061348 


176 


093074 


220 


128113 


133 


062026 


177 


093836 


221 


128942 


134 


062707 


178 


094601 


222 


129773 


136 


063389 


179 


095366 


223 


130605 


136 


064074 


180 


096134 


224 


131438 


137 


064760 


181 


096903 


226 


132272 


138 


065449 


182 


097674 


226 


133108 


139 


066140 


183 


098447 


227 


133945 


140 


066833 


184 


099221 


228 


134784 


141 


067628 


185 


099997 


229 


135624 


142 


068226 


186 


100774 


230 


136465 


.143 


.068924 


.187 


.101653 


.231 


.137307 



TABLX or CIRCULAR SE6MRNTS. 



pi:z 



Height. 


Area Seg. 


Height. 


Area Seg. 


Height. 


Area Seg. ' 


.232 


.138160 


.277 


.177330 


.322 


.218533 


233 


138995 


378 


178225 


323 


319468 


234 


139841 


279 


179122 


324 


320404 


236 


140688 


280 


180019 


335 


221340 


336 


141637 


281 


180918 


326 


222277 


237 


142387 


282 


181817 


327 


223315 


238 


143238 


283 


182718 


338 


324154 


239 


144091 


284 


183619 


339 


235093 


240 


144944 


386 


184621 


330 


336033 


241. 


145799 


286 


185425 


331 


326974 


242 


146655 


287 


186329 


333 


227916 


243 


147513 


288 


187234 


333 


228868 


244 


148371 


389 


188140 


334 


229801 


245 


149230 


290 


189047 


336 


230746 


246 


150091 


291 


189966 


336 


231689 


247 


150953 


293 


190864 


337 


333634 


248 


161816 


293 


191775 


338 


333580 


249 


152880 


394 


192664 


339 


234536 


250 


15354& 


296 


193696 


340 


236473 


251 


154412 


396 


194509 


341 


336^1 


252 


155280 


397 


195432 


342 


337369 


253 


156149 


398 


196337 


343 


338318 


254 


167019 


299 


197363 


344 


239268 


255 


157890 


300 


198168 


345 


240218 


266 


168762 


301 


199085 


346 


341169 


^7 


159636 


302 


200003 


347 


343131 


258 


160610 


303 


300922 


348 


343074 


;»9 


161386 


304 


301841 


349 


344036 


260 


162263 


305 


203761 


360 


344960 


261 


163140 


306 


203683 


361 


346934 


262 


164019 


307 


204606 


353 


346889 


263 


164899 


308 


305637 


353 


347845 


264 


165780 


309 


306451 


354 


348801 


265 


166663 


310 


207376 


366 


349757 


266 


167546 


311 


208301 


366 


250716 


267 


168430 


312 


209237 


357 


261673 


268 


169315 


313 


310164 


358 


252631 


269 


170202 


314 


311083 


359 


253590 


270 


171089 


315 


313011 


360 


254650 


271 


171978 


316 


312940 


361 


365510 


272 


172867 


317 


313871 


363 


366471 


273 


173768 


318 


214802 


363 


367433 


274 


174649 


319 


215733 


364 


368395 


275 


175542 


320 


216666 


365 


369367 


.276 


.176438 


.321 


.217699 


.366 


.360330 
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V 


TABLE 


or CIRCULAR SEGMENTS. 


, 


'Height 


Area Seg. 


Height. 


Area Seg. 


Height. 


Area Seg. 


.367 


,261284 


.412 


.305156 


.457 


.349762 


368 


262248 


413 


306140 


458 


360748 


369 


263213 


414 


307125 


469 


351745 


370 


264178 


415 


308110 


460 


362742 


371 


265144 


416 


309096 


461 


363739 


372 


266111 


417 


310081 


462 


354736 


373 


267078 


418 


311068 


463 


356732 


374 


268045 


419 


312054 


464 


366730 


375 


269013 


420 


313041 


466 


367727 


376 


269982 


421 


314029 


466 


358725 


377 


270951 


422 


316016 


467 


359723 


378 


271920 


423 


316004 


468 


360721 


379 


272890 


424 


316992 


469 


361719 


380 


273861 


426 


317981 


470 


362717 


381 


274832 


426 


318970 


471 


363716 


382 


275803 


427 


319969 


472 


364713 


383 


276776 


428 


320948 


473 


366712 


384 


277748 


429 


321938 


474 


366710 


385 


278721 


430 


322928 


476 


367709 


386 


279694 


431 


323918 


476 


368708 


387 


280668 


432 


324909 


477 


369707 


388 


281642 


433 


326900 


478 


370706 


389 


282617 


434 • 


326892 


479 


371705 


390 


283592 


436 


327882 


480 


372704 


391 


284668 


436 


328874 


481 


373703 


392 


285644 


437 


329866 


482 


374702 


393 


286621 


438 


330858 


483 


376702 


394 


287498 


439 


331850 


484 


376702 


395 


288476 


440 


332843 


486 


377701 


396 


289464 


441 


333836 


486 


378701 


397 


290432 


442 


334829 


487 


379700 


398 


291411 


443 


335822 


488 


380700 


399 


292390 


444 


336816 


489 


381699 


400 


293369 


446 


337810 


490 


382699 


401 


294349 


446 


338804 


491 


383699 


402 


295330 


447 


339798 


492 


384699 


403 


296311 


448 


340793 


493 


386699 


404 


297292 


449 


341787 


494 


ooOOOv 


406 


298273 


450 


342782 


496 


387699 


406 


299266 


461 


343777 


496 


388699 


407 


300238 


462 


344772 


497 


ooc^omi 


408 


301220 


463 


346768 


498 


390699 


409 


302203 


454 


346764 


499 


391699 


410 


303187 


466 


347769 


.600 


.392690 


.411 


.304171 


.456 


.348756 
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8 MENSURATION OF 

Problem VII. 
to find the distance between two inaccessible objects. 

17. Measure a base line between two stations and 
the angles between this base and lines drawn from 
eaph of the stations to each t)f the objects. 

If A and B (Fig. 11.) be the two objects, and if the distance 
between the stations C and D be measured, with the angles 
BDC, BCD, ADC, and ACD; the lines AC and BC may be 
found as in Problem V, and then the distance AB as in Prob- 
lem yi. 

This rule is substantially the same as that in Art. 13. The 
two stations are supposed to be in the same plane with ihe. objects. 
If they are not, it will be necessary to measure the angle ACB. 

18. The same process by which we obtain the distance of 
two objects from each other, will enable us to find the distance 
between one of these and a third, between that and a fourth, and 
so on, till a connection is formed between a great number of re- 
mote points. This is the plan of the great Trigonometrical 
Surveys^ which have been lately carried on, with surprising ex- 
actness, particularly in England and France. See Surveying, 
Section It. 

19. In the preceding problems for determining altitudes, the 
objects afe supposed to be at such moderate distances, that the 
observations are not sensibly affected by the spherical Jlgure of 
the earth. The height of an object is measured from an hori- 
zontal plane, passing through the station at which the angle of 
elevation is taken. But in an extent of seyeral miles, the fig- 
ure of the earth^ught to be taken into account. 

Let AB (Fig 12.) be a portion of the earth's surface, H an 
object above it, and AT a tangent at the point A, or a horizon- 
tal line passing through A. Then HT, the oblique height of the 
object above the horizon of A, is only a partxif the height above 
the surface of the earth, or the level of the ocean. To obtaiii 
the true altitude, it is necessary to add BT to the height HT 
found by observation. The height BT may be calculated, if 
the diameter of the earth and the distance AT be previously 
known. Or if the height BT be first determined from obser- 
vation, with the distance AT ; the diameter of the earth may be 
thence deduced. 
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PROBZiEM VIIL 

to tind the diameter of the earth from the known 
height of a distant mountain, whose summit is just 
visible in the horizon. 

20. From the square of the distance ditided bt the 

HEIGHT, subtract THE HEIGHT. 

If BT (Fig. 12.) be a mountain whose height is known, with 
the distance AT; and if the summit T be just visible in the ho- 
rizon at A ; then AT is a tangent at the point A. 
Let 2BC3=D, the diameter of the earth, 
,AT=idy the distance of the mountain, 
BT=A, its height, 
Then considering AT as a straight line, and the earth as a 
sphere, we have (Euc. 36.3.) 

(2BC+BT)xBT=3AT« ; that is, (D+A)xA«d», 
and reducing the equation, 
d' 

Ex. The highest point of the Andes is about 4 miles above 
the level of the ocean. If a straight line from this touch the 
surface of the water at the distance of 178| miles; what is the 
diameter of the earth ? , Ans. 7940 miles. 

21. If the distance AT (Fig. 12.) he unknoton^ it maybe 
found by measuring with a quadrant the angle ATC. Draw 
B6 perpendicular to BC; and join C6. The triangles ACG 
and BC6 are equal, because each has a right angle, the sides 
AC and BC are equal, and the hypothesuse CG is common. 
Therefore BG and AG are equal. In the right angled trian- 
gle BGT, the angle BTG is given, and the perpendicular BT. 
From these may be found BG and TG, whose sum is equal to 
AT, the distance required.* 

22. In the common measurement of angles, the light is sup- 

E»sed to come from the object to the eye in a straight line. 
ut this is not strictly true. The direction of the light is affect- 
ed by the refraction of the tttmosphere. If the object be near, 
the deviation is very inconsiderable. But in an extent of sev^- 

* This method of determinine the diameter of the earth is not as accurate as 
that by mea9uriDg a degree of Latitude. See Surveying, Sec. 11. 

N. S. 3 
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ral miles, and particularly in such nice obserraiioos as determio- 
ii^ the height of distant inountainsi and the diameter of the 
earthy it is necessary to make allowance for the refraction.* 

Problem IX. 

to find ths greatest distance aft which a given ob- 
ject can be seen on the surface of the earth. 

^. To the product of the height of, the object into 

THE diameter OF THE EARTH, ADD THE SQUARE OF THE 
height; and extract the square ROOT OF THE SUM. 

Let2BC=D, the diameter of the earth, (Fig. 12.) 
BTssA, the height of the object, 

ATssrf, die distance required. 

Then (D+h) X A = rf« . And rf=s ^DA + A« . 

Ex. If the diameter of the earth be 7940 miles, and Mount 
JEtna two miles high ; how far can its summit be seen at sea? 

Ans. 126 miles. 

The fictual distance at which an object can be seen, is in- 
oreased by the refraction.of the air.* 

24. In this problem, the eye is supposed to be placed at the 
level of the ocean. But if the observer be elevated above the 
surface, as on the deck of a ship, he can see to a greater dis- 
tance. If BT (Fig. 13.) be the height of the object, and BT' 
the height of the eye above the level of the ocean ; the distance 
at which the object can be seen, is evidently equal to the ium 
of the tangents AT and AT^ 

Ex. The top of a ship's mast 132 feet high, is just visible 
in the horizon, to an observer whose eye is 33 feet above the 
surface of the water. What is the distance of the ship ? 

Ans. 21| miles. 

25. The distance to which a person can see the smooth sur- 
face of the ocean, if no allowance be made for ^refraction, is 
equal to a tangent to the earth drawn from his eye, as T' A. 
(Fig. 13.) 

Ex. If a man standing on the level of the ocean, has his eye 
raised 5^ feet above the water : to what distance can he see the 
surface ? Ans. 2f miles. 

* Se« Note A. 
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26. If tbe distance AT, fFig* 12.) with the diameter of the 
earth be giveD, and the haglU BT be required ; the equation in 
Art. 23 gives 

See Sunreytngi Section IV, on Leveling. 

27. When the diameter of the earth is ascertained, this may 
be made a base line for determining the distances of the heaven- 
ly bodies. A right angled triangle may be formed, tbe perpen- 
dicular sides of which shall be the distance required, and the 
serai-diameter of the earth. If then one of the angles be found 
by observadon, the required side may be easily calculated. 

Let AC (Fig. 14.) be the semi-<liameter of the earth, AH 
tbe sensible horizon at A, and CM the rational horisson parallel 
Id ah, passing through tbe moon M. The angle HAM may 
be found by astronomical observation. This angle, which is call- 
ed the Horizontal Farallaxj is equal to^AMC, the angle at the 
moon subtended by the semi-diameter of the earth. (Euc. 29. 

Problbm X. 

TO VIHD THB DISTANCB OF ANT HBAVBNLT BODY WHOSE HOB- 
IZONTAL PARALLAX IS KNOWN. 

28. As BAP1U8, TO THB BEHI-DIAMETER OB THB EABTH ; fO 
IS THE CO-TANOENT OF THE HORIZONTAL PARALLAX, TO THE 
DISTANCE. 

In the r^ht angled triangle ACM, (Fig. 14.) if AC be made 
radius ; 

R:AC::Cot,AMC:CM. 

' Ex* If the horizontal parallax of the moon be 0^ 57^ and tbe 
diameter of the earth 7940 miles ; what is thie distance of the 
moon from the center of the earth ? 

Ans. 239,414 miles. 

28. The fxed stars are too -far distant to have any sensible 
boriBontal parallax. But from late observations it would seem, 
that some of them are near enough, to suflbr a small apparent 
change of place, from the revolution of the earth round the sun. 
The distance of the sun, then, which is the semi-diameter of the 
earth's orbit, may be taken as a bast line, for finding the distance 
of tbe stars. 
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We thus proceed by degrees from measuriog a line on the 
surface of the earth, to calculate the distances of the heavenly- 
bodies. From a base line on a plane, is determined the faeighrt 
of a oiountain ; from the height of a mountain, the diameter of 
the esrth ; from the diameter of the earth, the distance of the 
sun, and from the distance of the sun the distance of the stars. 

do. After finding the distance of a heavenly body, its magni- 
Udt is easily ascertained ; if it have an apparent diameter, suffi- 
ciently large to be measured by the instruments which are used 
for taking angles. . 

Let AEB (Fig. 15.) be the angle which a heavenly body 
subtends at the eye. Half this angle, if C be the center of the 
body, is AEC ; the line E A is a tangent to the surface, and 
therefore EAC is a right angle. Then making the distance 
EC radius 

R:EC:;Sin AEC : AC 

That is, radius is to the distance, as the sine of half the angle 
which the body subtends, to its semi-diameter. 

Ex. If the sun subtends an angle of 32' 2'\ and if his distance 
from the earth be 95 million miles; what is his diameter? 

Ans. 885 thousand miles. 



pROHisctJous Examples. 

1. On the bank of a river, the angle of elevation of a tree on 
the opposite side is found to. be 46^ ; and at another station 100 
feet directly back on the same level, SP. What is the height 
of the tree } Ans. 143 feet. 

2. On a horizontal plane, observations were taken of a tower 
standing on the top of a hill. At one station, the angle of eleva- 
tion of the top of the tower was found to be 50^ ; that at the bot- 
tom 39^ ; and at another station 150 feet directly back, the an- 
gle of elevation of the top of the tower was 32^. What are the 
heights of the hill and the tower ? 

Ans. The hill is 134 feet high ; the tower 63. 

3. What is the altitude of the sun, when the shadow of a tree, 
cast on a horizontal plane, is to the height of the tree as 4 to 8 ? 

Ans. 36° 52' 12''. 
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4. If a straight line from the top of the White MouDtains in 
New Hampshire touch the ocean at the distiince of 103^ miles? 
what is the height of the mountains ? Ans. 7100 feet. 

5. From the top of a perpendicular rock 55 yards high, the 
angle of depression of the nearest bank of a river is found to be 
55<^ 54', that of the opposite bank 33^ 20'. Required the 
breadth of the river, and the distance of its nearest bank from 
the bottom of the rock. 

The breadth of the river is 46.4 yards ; 
Its disunce from the rock 37.2. 

9. If the moon subtend an angle of 31' 14'^ when her db- 
tance is 240,000 miles ; what is her diameter ? 

Ans. 2180 miles. 

7. Observations are made on the altitude of a balloon, by two 
persons standing on the same side of the balloon, and in a verti- 
cal plane passing through it. The distance of the stations is half 
a mile. , At one, the angle of elevation is 30^ 58', at the other 
36^ 52'. What is the height of the balloon above the ground. 

Ans. 1 \ mile. 

8. The shadow of the top of a mountain, when the altitude 
of the sun on the meridian is 32^, strikes a certain point on a lev- 
el plain below ; but when jhe meridian altitude of the sun is 67^, 
the shadow strikes half a mile farther south, on the same plain. 
What is the height of the mountain above the plain ? 

Ans. 2245 feet. 
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NAVIGATION, 



SECTION I. 

PLANE SAII.IN&. 



Abt, 33. Navigation is the art of conductiog a ship on die 
ocean. The most accurate method of ascertaining the situation 
of a vessel at sea is to find, by astronomical observations, her laU 
itude and l^ngkude. But this requires a view of the heavenly 
bodies, and these are often obscured by intervening clouds. The 
marber must therefore have recourse to other means for de» 
termining the progress which he has made, and the partieulaf 
part of the ocean through which he is at any time making his 
way. The common method is to measure the rate of the ship's 
eoing by a {oWwe, and to find the direction in which she sails 
by a marint^t compass. From these data, the diftrence of 
latitude, the departure, and the difibrence of longitude, may be 
calculated. The two first may be found by plane sailing; the 
last by middle latitude sailing or more correct^ by Mercator'^ 
sailing. See. Sec. II. aikd III. 

34. The hg'line is a cord which is wound round a reel, one 
end bein^ attached to a piece of wood called a log. It is used 
to determme the distance which a ship runs in an hour, by meas- 
uring the distance which she runs in half a minute. The log ia 
commonly a small piece of board in the form of a quadrant of a 
circle. The arc is loaded with a quantity of leadf sufficienrto 
give the i>oard a perpendicular position when thrown upon the 
water. This will prevent it from moving forward toward the 
vessel, while the line is runnine oflT the reel. So that the length 
of line drawn oflf by the log in half a minute, is eaual to the diV 
tance which the vessel moves through the water m that time. 
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The log-line which is a hundred fathoms or more is divided 
mto equal portions called knots. Each of these has the same 
ratio to a nautical mile which half a minute has to an hour. That 
. is, a knot is the 120th part of a mile. If therefore the motion of 
the ship is uniform she sails as many miles in an hour, as she 
does knots in half a minute. 

The time is measured bjr a halfminute'^lasSf constructed like 
an- hour glass. This is turned when the log is thrown upon the 
water ; and the knots drawn from the reel while the sands are run- 
ning, give the rate of the ship. The log is thrown either every 
hour, or once in two hours. 

S5. The mariner^i eomvois is a circular card attached to a 
magnetic needle, which is balanced on an upright pin, so as to 
move freely in any direction. The ends of the needle turn to- 
wards the northern and southern points of the horizon. It places 
itself in the magnetic meridian which nearly coincides with the 
astronomical meridian or a north and south line.* Directly over 
the needle, a line is drawq on a card, one end of which is marked 
N, and the other S. The whole circumference is divided 'into 
equal parts by 32 paints. Four of these, the N, S, E, and W, 
are called cardinal points. The interval between two adjacent 
points is IP 15', which is the quotient of 360^ divided by 32. 
The card and the needle. are inclosed in a circular box, on the 
inside of which a black mark is.drawn perpendicular to the. hor- 
izon. When the compass is placed in the vessel, a line passing 
from this mark through the centre of the card should be parallel 
to the keel. The part of the circumference which coincides with 
the mark will then shew the point of compass to which the keel ir 
directed. To prevent the needle from being affected by the 
motion of the vessel, the box, and brass ring by which it is sur«> 
rounded, have four points of su8pe.nsion, so contrived as to keep 
the card nearly'parallelto the horizon. 



* For the variation of the needle, see SuRYSTxiro, Sec. Y. 
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The foUowiog is e table of the number of degrees and min- 
utes correspooiding to each poiot and quarter poiot of the com- 
pass. See Fig. 16. 
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36. Plane Sailing is the method of calculating the situ- 
ation and progress of a ship by means of a plane triangle. 
Though the surface of the ocean, conforming to the general 
figure of the earth, is nearly spherical;* yet the quantities 
which are the objects of inquiry in plane sailing, have the 
same relations to each other, as the sides and angles of a rec- 
tilinear triangle. The particulars which are either given or re- 
quired Ate four, viz. 

1. The Course, 

2. The Distance, 

3. The Difference of Latitude, 

4. The Departure. 

37. The Course is the angle between a meridian line pass- 
i ing through the ship, and the direction in which she sails. It 

is described by saying that it is so many points or degrees east 
or west from a north or south line. Thus if the vessel steers 
NE by E, the course is said to be N 6 points E, or N 66^ 15' 
E : if SSW, it is said to be S 2 points W, or S 22iOW. 

A ship is said to continue on the same course, when she cuts 
every meridian which she crosses at the same angk. She is 
steered in any required du-ection, by causing the keel to make a 
constant angle with the needle. The line thus described is not 
a straight line, nor an arc of a circle, but a peculiar kind of 
curve called the Loxodromkf spiral or Rhumb4ine. 

38. The Distance is the length of the line which the vessel 
describes in the given time. 

39. Difference of Latitude is the distance between two par^ 
allels of latitude, measured on a meridian. It is also called 
JSTorthing or Southing. 

40. Departure is the deviation of a ship east or west from a 
meridian. If she sails on a parallel of latitude, her departure 
is the length of that portion of the parallel over which she 
passes. But if her course is oblique, she is continually chan- 



Tbe true figure of the ewih U nearer a spheroid than a sphere. But Uie 
diflrerence is too inconsiderable to be taken into account in any calculations 
for which the lines and ang^les are given froni the log and the compaas* la 
this and the following sections, therefore, the earUi will be considered as a 
sphere. 
t From Ao$o( and dpo/io;, an oblique course. 
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g'mg ber latitude ; and ber departure for eacb instant ougbi to 
be considered as measured on the parallel wbicb she is tben 
crossing. The measure will not be correct, if it be taken whol- 
ly on the parallel which the ship has left, or on that upon which 
she has arrived. Suppose she proceeds from A to C. (Fig. 18.) 
Let the whole distance be divided into indefinitely small portions 
Am, mn, nC. Draw the meridians PM, PM', PM", PM" ; 
and the parallels AD, om, yn, BC. The departure for the first 
portion is onij for the second 571, for the third iC And the 
whole departure is om+en+iC ; which, on account of the ob- 
liquity of the meridians, is less than Bv+vt+iC^BC the me* 
ridian distance measured on the parallel upon which the ship has 
arrived, but greater than AD the meridian distance on the par- 
allel which she has left. 

41. The distance, departure, and difference of latitude, are 
measured in geographical miles or minutes ; one of which is 
equal to the 60th part of a degree at the equator. As thef cir- 
cumference of the earth is about 25,000 English miles, a degree 
Js nearly 69^ miles. So that a geographical or nautical mile is 
nearly i greater than the common English mile. A league is 
three miles. 

42. The peculiar nature of the Rhumb4ine gives this impor- 
tant advantage in calculation, that the distance, departure, and 
difiTerence of latitude, though they are curved lines, may be ex- 
actly given in length by the sides of a right angled plane trian* 
gle^ in which one of the angles is equal to the course. Sup- 
pose a ship proceeds from A to C, (Fig. 18.) describing the 
rhumb-line AmnC, on which the angles MAm, M'mn, W'nC 
are equal. Let the w}io1e distance be divided into portions so 
small, that the triangles Amo, mns^ nCt^ shall not differ sensibly 
from plane triangles. The meridians and parallels being drawn, 
the several differences of latitude are Ao, msj nt ; and the de- 
partures om^ *n, ^C. (Art. 40.) 

In the straight line AC (Fig. 19.) make A'm'=Am, (Fig. 
18.) mV = m«, n'C'=nC, and the angle C'A'B' = mAo. 
Draw mfv' and n'f parallel to A'B' ; and m'o\ n'y\ and C'B' 
perpendicular to A'B'. Then the triangles Amo, A'mV, mns^ 
«'nV,C/n, and Ct'n' are all similar to A'B'C The difference 
of latitude is 

AB=Ao+m«+n^=AV+my +nr rrA'B'. 
And the departure is 
i>m+*n+rC=«roV+«V+rC'=B'C^ 
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4d. Id plane sailiDg, then, the process of caloulatbn id as ac- 
curate,* and as simple, as if the surface of the ocean were a 
plane. Let NS (Fig. 20.) be a meridian line. If a ship sails 
from A to C, and BC is perpendicular to NS; then 

The Count is the angle at A ; and the oomplement of tli^ 
course, the .angle at C ; 

The Distance is the hypothenuse AC ; 

The Departure is the base BC, which is always opposite to 
die course ; and 

The Difference of Latitude is tike perpendwdar AB, which 
is opposite to the complement of the course. 

Or these four quantities, any two being given, the others may 
be found by rectangular trigonometry. (Trig. 116.) The 
parts given may be 

1. The course and distance ; or 

2. The course and departure ; or 

3. The course and difference of latitude ; or 

4. The distance and departure ; or 

5. The distance and difference of latitude ; or 

6. The departure and difference of latitude. 

The solutions may be made by arithmetical computation, by 
Gunter's scale or sliding rule, or by geometrical construction. 
(Trig. Sec. m, V, VI.) The first method is by far the most 
accurate. As the student is supposed to be already familiar with 
trigonometry, the operations will not be repeated here. lu the 
geometrical construction, it will be proper to consider the upper 
nde of the paper as norths and the lower side south. The right 
hand will then be east, and the left hand west. 

Case I. 

AA r>:„«« S The course, \ ^ r a S The departure and 
^^•^*^^° J And distance; 5 ^°^°^ J Difference of latitude. 
Here we have the hypothenuse and angles given, to find the 
base and perpendicular. (Trig. 134.) 

Making then the distance radius, 
•D^ 1 * n- f • • S S'n* Course : Departure. 

Example 1. 

A ship sails from A (Fig. 20.) S.W. by S., 38 miles to C. 
Required her departure and difference of latitude ? 

* See NoU B. 
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The course is 3 points, or 33^ 45' (Art. 35.) 
T, , «Q . . ^ Sin. 330 45' : 21.1=Depart. 
"• • ^^^ • • i Cos. 330 45' J 3l.6=Diflf. Lat. 

Example 2. 

A ship sails S. 29^ E., 34 leagues. Her departure and dif- 
ference of latitude are required. 

Ans. 16.5 and 29.7 leagues. 

The proportions in this and the following cases may be varied, 
by OMking different sides radius, as in Trigonometry, Sec. III. 

Case II. 

AH n- S The course ) ^^ 4.1 ( The distance, and 

45. Given J ^^^ departure ; J ^^ ^°^ } Difference of Lat. 

Making the distance radius, (Trig. 137.) 

c- ri . n .^ . . ( R^<1« • Distance 

Sm. Course J Depart . . J ^os. Courw : Diff. Lat. 

Example 1. 

A ship leaving a port in latitude 42^ N. has sailed 84 37^ W. 
till she nnds her departure 62 miles. What distance has she 
run, and in what latitude has she arrived ? 

Rin ^70 * M"S ^^^' • 103=Distance. 

bin. 61 . D^, . ^ ^^^ 3^0 , 82.3=Diff. oflatitude. 

The difference oflatitude is 82.3 miles, or 1^ 22'.3. (Art. 
41.) This is to be subtracted from the original latitude of the 
ship, because her course was towards the equator. The re- 
mainder is 40^ 47'.7, the latitude on which she has arrived. 

Example 2. 

A ship leaves a port in latitude 63^ S., and runs N. 54^ E. 
till she makes a harbor, where her departure is found to be 74 
miles ; how great is the distance of the two places, and what is 
the latitude of the latter ? 

The distance is 91 ^ miles; and the latitude of the latter 
place is 62° 06',2. 

Case III. 

Ait r^' ^ The course, and ) , ^ . ( The distance, 

46. Given J jy^ ^j ^^^^^^^ . J to find J ^^ ^ departure. 

Making the distance radius, 

Cos. Course : Diff. Lat. : : J ?."'' ^ ^'''"'° n* . . 

( Sin. Course : Departure. 
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latitude is 5^ 52', and her departure 264 miles. Required her 
course and distance. 
The course is S. 36^ 52}' W. and the distance is 440 miles* 

Examples for practice, 

1. Given a ship's course S. 46^ E., and departure 59 miles; 
to find the distance and difference of latitude* 

2. Given the distance 68 miles, and departure 47 | to find 
the course and difference of latitude. 

3. Given the course SSE., and the distance 57 leagues ; td 
find the departure and difference of latitude. 

4. Given the course NW. by N., and the difference of lati- 
tude 2^ 36' ; to find the distance and departure. 

5. Given the departure 92, and the di^erence of latitude 86 ; 
to find the course and distance. 

6. Given the distance 123, and the difference of latitude 96; 
to find the course and departure. 



THE TRAVERSE TABLE. 

50. To save the labor of calculation, tables have been prepa- 
red, in which are given the departure and difference of latitude, 
for every degree of the quadrant, pr for every quarter of a de- 
gree. These are called Traverse Tables^ or tables of Depart" 
ure and Latitude. The distance is placed in the lefr hand col- 
umn, the departure and difference of latitude directly opposite, 
and the degrees if less than 45^ or 4 points, at the top of the 
page, but if more than 45^, at the bottom.^ The titles at the top 
of the columns correspond to the courses at the top; and the ti- 
tles at the bottom, to the courses at the bottom ; the difference of 
latitude for a course greater than 45^, being the same as the de- 
parture for one which is as much less than 45^^ See Trig. 104. 

If the given distance is greater than any contained in the ta- 
ble, it may be divided into parts, and the departure and differ- 
ence of latitude found for each of the parts. The sums of the 
numbers thus found will he the numbers required* 
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Tbe departure and difference of latitude for deciwuil,pari$ 
may be found in tbe same manner as for whole oumbers, 1^ 
supposiBg the decimal point in each of the columns to be mowed 
to toe left, as the case requires. 

With tbe aid of a traverse table, all tbe cases of plane sailing 
may be easily solved by inspection. 

Ex. 1. Given the course 33^ 45'; and the distance 38 
9iiles ; to find tbe departure and difference of latitude. 

Under 33|°, and opposite 38, will be found the difference of 
latitiide 31.6, and the departure 31.11 ; tbe same as in page 31. 

3. Given the course 57^, and the distance 163. 
The departure and diff. of lat. for 100 are 83.87 and 54.40 

for 63 53.84 34.31 



for 163 136.71 88.77 



3. Given the course 39^, and tbe distance 18.33. 
Tbe departure and diff. of lat. for 18. are 1 1.33 and 13.99 

for .33 0.14 0.18 



for 18.33 11.47 14.17 



4. Given the course 4P 16', and the departure 60. 
Under 41^^, and against tbe departure 60, will be found the 

difference of latitude 68.43, and tbe distance 91. 

5. Given the distance 63, and the departure 56. 

Opposite the distance 63, find the departure 56 ; in the ad- 
joining column will be the latitude 38.85, and at tbe bottom, the 
course 63|^. 

6. Given tbe departure 73, and the difference of latitude 37. 

Opposite these numbers in the columns of latitude and de- 
parture, will be found tbe distance 81, and at tbe foot of the col- 
umns, the course 63|^. 

51. Tbe traverse table is useful, not only for taking out 
departure and difference of latitude ; but for finding by in- 
spection tbe sides and angles of any right angled triangh 
whatever. In plane sailing, the distance is the hypotbenuse, 
(see Fig. 30.) the difference of latitude is the perpendicular, 
the departure is the base, and the course is tbe acute angle 
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at the perpendicular. If then the hjpotbenuse of any right ao-" 
gled triangle whatever, be found in the column of distances, in 
the traverse table; the perpendicular will be opposite in the lati- 
tude column, and the base in the departure column ; the angld 
at the perpendicular, being at the top, or bottom of the page. 

Ex. 1. Given the hypothenuse 24, and the angle at the per- 
pendicular 54^^ ; to find the base and perpendicular by inspec- 
tion. 

Opposite 24 in the distance column, and over 54^{ will be 
found the biise 19.54 in the departure column, and the perpen- 
dicular J 3.94 in the latitude column. 

2. Given the angle at the perpendicular 37 1^, and the base 
46 ; to find the hypothenuse and the perpendicular. 

Under 37^ j, look for 46 in the departure column ; and oppo- 
site this will be found the perpendicular 60.5 in the latitude 
column, and the hypothenuse 76 in the distance column. 

3. Given the perpendicular 36, and the base 30.21 ; to find 
the hypothenuse and angles. 

Look in the columns of latitude and departure, till the num- 
bers 36 and 30.21 are found opposite each other; these v^ill 
give the hypothenuse 47, and the angle at the perpendicular 40^. 



SECTION II. 

PARALLEL AND MIDDLE LATITUDE SAILING. 

Bt the methods of calculation in plane sailing, a ship^s course^ 
distance, departure, and diflTerence of latitude are found. There 
is one other particular which it is very important to determine, 
the difference of longitude. The departure gives the distance 
between two meridians in miles. But the situations of places 
on the earth, are known from their latitudes and longitudes ; 
and these are measured in degrees. The lines of longitude, as 
they are drawn on the globe, are farthest from each other at the 

N. S. 6 
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equator, and gradually converge towards the poles. A ship, b 
making a hundred miles of departure, may change her longi- 
tude in one case 2 degrees, in another 10, and in another 20. 
It is imporunt, then, to be able to convert departure into difier- 
ence of longitude ; that is, to determine how many degrees of 
longitude answer to any given number of miles, on any parallel 
of latitude. This is easily done by the following 

Theorem. 

53. as the cosine of latitude, 
To Radius; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. 

By this is to be understood, that the cosine of the latitude is 
to radius ; as the distance between two meridians measured on 
the given parallel, to the distance between the same meridians 
measured on the equator. 

Let P (Fig. 21.) be the pole of the earth, A a point at the 
equator, L a place whose latitude is given, and LO a line per- 
pendicular to PC. Then CL or CA is a semi-diameter oi the 
earth, which may be assumed as the radius of the tables ; PL 
is the complement of the latitude, and OL the sine of PL, that 
is, the cosine of the latitude. 

If the whole be now supposed to revolve about PC as an 
axis, the radius CA will describe the equator, and OLthe given 
parallel of latitude. The circumferences of these circles are as 
their semi-diameters OL and CA, (Sup. Euc. 8. 1.) And 
this is the ratio which any portion of one circumference has to 
a like portion of the other. Therefore OL is to CA, that is, 
the cosine of latitude is to radius, as the distance between two 
meridians measured on the given parallel, to the distance be- 
tween the same meridians measured on the equator. 

Cor. 1 . Like portions of different parallels of latitude are to 
each other, as the cosines of the latitudes. 

Cor. 2. A degree of longitude is commonly measured on the 
equator. But if it be considered as measured on a parallel of 
latitude, the length of the degree will be as the rosine of the 
latitude. 
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The following table contains the length of a degree of longi' 
tude for each degree of latitude. 



mileii 



69.99 
59.96 
59.92 
59.85 
59.77 



69.67 
69.65 
69.42 
69.26 
59.08 



68.89 
68.68 
68.46 
68.22 
57.96 



d.l.i miles, i 

16 67:671 

17 67.38; 

18 67.06' 

19 56.73: 
2066.38 



21,66.01| 
22 65.63 
2356.23 
2464.811 
26 64.38 



26 53.93 
27|63.46 
2862.97 
29162.47 
30 61.96 



d.l.i miles. 



61.43 
60.88 
50.32 
49.74 
49.16 



31 
32 
33 
34 
36 

36 

37 

38 

39 

40 

41 

42 

43 

4443 

4542. 



48 
47 
47, 
46. 
45. 
46. 
44, 
43. 



.64 
.92 

.28 
.63 

,28 
69 
88 
16 
43 



dLl 

46 
47 
48 
'49 
60 
61 
53 
63 
64 
56 
66 
67 
68 
69 



miles. 



41.68 
40.92 
40.15 
39.36 
38.57 



37.76 
36.94 
36.11 
36.27 
34.41 



i 33.66 
r 32.68 
J31.80 
> 30.90 
6030.00 



d.l. miles. 

6129:09 
6228.17 
6327.24 
6426.30 
6626.36 



6624.40 

6723.44 

6822.48 

6921.60 

7020.62 

71 

72 

73 

74 

75 



19.63 
18.64 
17.64 
16.54 
16.53 



76 

77 
78 
79 
80 
81 
82 
83 
84 
86 
86 
87 
88 
89 
90 



miles. 



14.62 
13.60 
12.47 
11.46 
10.42 



9.39 
8.36 
7.31 
6.27 
6.23 



4.19 
3.14 
2.09 
1.05 
0.00 



The length of a degree of longitude in different parallels is 
also shown by the Line of Longitude^ placed over orHinder the 
line of chords, on the plane scale. (See Trig. 166.) 

54. The sailing of a ship on a parallel of latitude* is called 
parallel Sailing, In this case, the departure is equal to the 
distance. The difference of longitude may be found by the 
preceding theorem ; or if the difference of longitude be given, 
the departure may be found by inverting the terms of the pro- 
portion. ( Alg. 380. 3.) 

65. The Geometrical Construction is very simple. Make 
CBD (fig. 22.) a right angle, draw BC equal to the depar- 
ture in miles, lay off the angle at C equal to the latitude in de- 
grees, and draw the hypothenuse CD for the difference of lon- 
gitude. The angle C, and the sides BC and CD, of this tri- 
angle, have the same relations to each other, as the latitude, de- 
parture, and difference of longitude. 

For Cos. C : BC: :R : CD (Trig. 121.) 

And Cos. Lat. : Depart: :R : Diff. Lon. (Art. 63.) 
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56, The parts of the triangle may be found by inspection 
in the traverse table. (Art. 51.) The angle opposite the de- 
parture is D the complement of the latitude, and the difference 
of longitude is the hypothenuse CD. If then the departure be 
found in the departure column under or over the given number 
of degrees in the co-latitude, the difference of longitude will be 
opposite in the distance column. 

lixampU I. 

A ship leaving a port in Lat. 38^ N. Lon. 16^ E. sails west 
on a parallel of latitude 117 miles in 24 hours. What is her 
longitude at the end of this time ? 

Cos. 38° : Rad.::117 : 148J'=?30 28 J' the difference of 
longitude. 

This subtracted from 16^ leaves 13^ 31^ the longitude re- 
quired* 

Ewample II. 

What is the distance of two places in Lat. 46° N. if the 
longitude of the one is 29 13^ W. and that of the other 1° 

irE.? 

As the two places are on opposite sides of the first meridian, 
the difference of longitude is 2° 13'-}- P 17'= 3° 30', or 210 
minutes. Then 

Rad : Cos. 46°: :210 : 145.88 miles, the departure, or the 
distance between the two places. 

Example III. 

A 'ship having sailed on a parallel of latitude 138 miles, finds 
her difference of longitude 4° 3' or 243 minutes. What is her 
latitude? 

Diff. Lon. 248 : Dep. 138: :Rad. : Cos/Lat.^55o 23f. 

Example IV. 

On what part of the earth ore the degrees of longitude half 
as long as at the equator ? Ans. In latitude 60. 
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67. By the method just explained, is calculated the differ- 
ence of longitude of a ship sailing on a parallel of latitude. 
But instances of this mode of sailing are comparatively fqw. 
It is necessarj then to be able to calculate the longitude when 
the course is oblique. If a ship sail from A to C, (Fig. 18.) 
they departure is equal to om+sn+tC. But the sum of diese 
small lines is less than BC, and greater than AD. (Art. 40.) 
The departure, then, is the meridian distance measured not on 
the parallel from which the ship sailed, nor on that upon which 
she has arrived, but upon one which is between the two. If 
the exact situation of this intermediate parallel could be deter- 
mined, by a process sufficiently simple for common practice, the 
difference of longitude would be easily obtained. The parallel 
usually taken for this purpose, is an arithmetical mean between 
the two extreme latitudes. This is called* the Middle Latitude. 
The meridian distance on this parallel is not exactly equal to 
the departure. But for small distances, the error is ilot mace- 
rial, except in high latitudes. 

The middle latitude is equal to half the sum of the two ex- 
treme latitudes, if they are both north or both south : but to 
half their difference^ if one is north and the other south. 

58. In middle latitude sailing, all the calculations are made 
in the same way as in plane sailing, excepting the proportions 
in which the difference of longitude is one of the terms. The 
departure is derived from the difference of longitude, and the 
difference of longitude from the departure, in the same manner 
as in parallel sailing, (Arts. 53, 54.) only substituting in the 
theoreni the term middle latitude for latitude. 

Theorem I. 

As THE COSINE OF MIDDLE LATITUDE, 

To radius; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. ^ 

59. The learner will be very much assisted in stating the 
proportions, by keeping the geometrical constructioD steadi- 
ly in bis mind. In Fig. 20 we have the lines and angles in 
plane sailing, and in Fig. 22, those m parallel sailing. By 
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bringing these together, as in Fig. 23, we have all the parts in 
middle latitude sailing. The two right angled triangles, being 
united at the common side BC, which is the departure, form the 
oblique angled triangle ACD. 

60. The angle at D is the complement of the middle lati- 
tude. (Art. 56.) Then in the triangle ACD, (Trig. 143.) 

Sin D : AC : : Sin A : DC ; that is, 

Theorem II. 

As THE COSINE OF MIDDLE LATITUDE, 

To THE distance; 

So 18 THE sine of THE COURSE, 
To THE DIFFERENCE OF LONOITUDE. 

61. The two preceding theorems, with the proportions in 

])lane sailing, are sufficient for solving all the cases in middle 
atitude sailing. A third may be added, for the sake of redu- 
cing two proportions to one. 

In the triangle BCD (Fig. 23.) Cos. BCD : R: :BC ; CD 

And in the triangle ABC, AB : R: :BC : Tan A. 

The means being the same in these two proportions, the 

extremes are reciprocally proportional. (Alg. 387.) We 

have then 

Cos BCD : AB: :Tan A : CD ; that is. 

Theorem III. 

As THE COSINE OF MIDDLE LATITDDE, 
To THE DIFFERENCE OF LATITDDE ; 
So IS THE TANGENT OF THE COURSE, 
To THE DIFFERENCE OF LONGITUDE. 

Among the other data in middle latitude sailing, one of the 
extreme latitudes must always be given. 

Example I. 

At what distance and in what direction, is Montock Pojnt from 
Martha's Vineyard ; the former being in Lat. 41° 04' N. Lon. 
72^ W., and the latter in Lat. 41° ir N. Lon. 70° 48' W. ? 

Here are given the two latitudes and longitudes, to find the 
coarse and distance. 

The difference of longitude is 72' 
The difference of latitude 13' 

The middle latitude, 41^ 10'^ 
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BegiDDing with the triangle in which there are two parts given, 
by theorem I, 

R : Diff. Lon.: :Cos. Mid. Lat. : Depart.=54.2. 

And by plane sailing, Case VI. 
Diff. Lat. : Rad. : '.Depart : Tan. Course =76° 30'|. 
Or to find the course at a single statement, by theorem III. 
Diff. Lat. : Cos Mid. Lat.:: Diff. Lon. : Tan Course =76O30i'. 
To find the distance by plane sailing, Case III, 

Cos. Course : Diff. Lat.:: Rad. : Dist.= 66.73. 

Example II. 

A ship leaving New York light-house in Lat. 40^ 28' N. and 
Lon. 74° 08' W. sails SE. 67 miles in 24 hours. Required 
her latitude and longitude at the end of that time. 

By plane sailing, 
Rad. : Dist.: : Cos. Course : Diff. Lat.=47.4'. 
The latitude required, therefore, is 39^ 40.6', and the middle 
latitude 40^ 04.3^ 

Then by Theorem II, 
Cos. Mid. Lat. : Dist: : Sin. Course : Diff. Lon.=61.9'. 

Or by Theorem III, 
Cos. Mid. Lat. : Diff. Lat. : : Tan. Course t Diff. Lon.=6i.9'. 

The longitude required is 73^ 06.1'. 

Example III. 

A ship leaving a port in Lat. 49^ 57' N. Lon. 5° 14' W. 
sails S. 390. W. till her latitude is 45° 31'. Required her lon- 
gitude and distance. Ans. 10^ 34.3' W. and 342.3 miles. 

Example TV. 

A ship sailing from Lat. 49° 67' N. and Lon. 5^ 14' W. 
steers west of south, till her longitude is 23^ 43', and her de- 
parture 789 miles. Required her course, distance, and latitude. 

Course 61© 6'W. 

Latitude 39° 20' N. 

Distance 1014 miles. 
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Art. 62. The calculations io middle latitude sailiug are sim- 
ple, and sufficiently accurate for short distances, particularly- 
near the equator. But they become quite erroneous, when ap- 
plied to great distances, and to high latitudes. The only method 
m common use which is strictly accurate is that called Mercator's 
Sailings or Wright's Sailing. This is founded on the construc- 
tion 01 a chartf published in 1556 by Gerard Mercator. About 
forty years after, Mr. Edward Wright gave demonstrations of the 
principles of this chart, and applied them to the solution of prob- 
lems in navigation. 

63. In the construction of Mercator's chart, the earth is sup- 
posed to be a sphere. Yet the meridians instead of converging 
towards the poles, as they do on the globe, are drawn parallel 
to each other. The distance of the meridians, therefore, is 
every where too great, except at the equator. To compensate 
this, the degrees of latitude are proportionally enlarged. On 
the artificial globe, the parallels or latitude are drawn at equal 
distances. But on Mercator's chart, the distances of the parallels 
increase from the equator to the poles, so as every where to 
have the same ratio to the distances of the meridians, which they 
have on the globe. Thus in latitude 60^, where the distance of 
the meridians must be doubled, to make it the same as at the 
equator, a degree of latitude is also made twice as great as at the 
equator. The dimensions of places are extended in the projec- 
tion, in proportion as they are nearer the poles. The diameter 
of an island in latitude 60^ would be represented twice as great 
as if it were on the equator, and its area four times as great. 



* Robertioo's Navigation, London Phil. Trans, for 16S6 and 1S96, Hutton't 
DictionarYt Introduction to Hutton's Mathematical Tables, Bowditch's Prac- 
tical Navig^ator, Emerson's and M'Laurin's Fluxions, M'Kay's Navigation, 
Emerson's Prin. Navig., Barrow's Navigation. 
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64. Toife of Meridional Parts.— If a meridian on a sphere 
be divided into degrees or minutes, the portions are all equal. 
£ut in Mercator's projection, they are extended more and more 
as they are farther from the equator. To facilitate the calcula- 
tions in navigation, tables have been prepared, which contain the 
length of any number of degrees and minutes on this extended 
meridian, or the distance of any point of the projection from the 
equator. These are called tables of Meridional Parts. The 
common method of computing them is derived from the follow- 
ing proposition. 

65. Any minute portion of a parallel of latitude, 

Is TO A like portion OF THE MERIDIAN ; • 

As RADIUS, 

To THE SECANT OF THE LATITUDE. 

For, by the theorem in parallel sailing, (Art. 53.) the cosine 
of latitude is to the radius, as the departure to the difference of 
longitude measured on the equator ; that is, as a part of the par- 
allel of latitude, to a like part of the equator. But on a sphere, 
the equator and meridian are equal. 

Therefore Cos. Lat. : Rad. : a part of the •parallel : a like 
part of the meridian. 

' But Cos. Lat. : Rad.: : Rad. : Sec. Lat. (Trig. 93. 3.) 

By equality of ratios then, (Alg. 384.) 
Apart oftheparal. : a like part of the merid. : :Rad. : Sec. Lat. 

By like parts of the parallel of latitude and the meridian are 
here meant minutes, seconds or other portions of a degree. 
The proposition is true when applied either to the circles on a 
sphere, or to the lines in Mercator's projection. For the parts of 
the latter have the same ratio to each other, as the parts of the 
former. (Art. 63.) The divisions of Mercator's meridian, 
however, should be made very small ; for the measure of each 
part is supposed to be taken at the parallel of latitude, and not 
at a distance from it. In the common tables, the meridian is di- 
vided into minutes. 

66. Suppose then that the length of each minute of a degree 
of Mercator's meridian is required. By the proposition in the 
last article, 

V of the paraUel : V of the meridian: ', Rad. : Sec. Lat. 

But in this projection, the parallels of latitude are all equaL 
N. S. 6 
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Art. 63.) Whatever be the latitude, theoi the first term of the 
proportion is equal to a minute at the equator, or a geograpbical 
mile ; and if this is assumed as the radius of the trigonometrical 
tables, (Trig. 100.) the first and third terms are equal, and 
therefore the second and fourth must be equal also. (Alg. 395.) 
That is, the length of any one muittte of Jnereator^s mendian is 
equal to the natural secant of the latitude of that' part of tie 
meridian. 
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i^^r^ equal „, the .ecmof ^l^-j"- 
be. &c. 

The table of meridional parts is formed by adding together 
the several minutes thus found.*^ Beginning from the equator, 
an arc of the meridian. 

of tv>o minutes=-«ee. V+seCi 2\ 
of three minutes=«6C. l'+'«c» 2'+««c. 3', 
of four minules=«cc. V+sec. 2+sec S'+^ec. 4', 
&c. be. 
See the table at the end of this number. 

To find from the table the length of any given number of de- 
grees and minutes, look for the degrees at the top of the page, 
and the minutes on the side ; then against the minutes, and under 
the degrees, will be the length of the arc in nautical miles. 

67. Meridional Difference of Latitude. — An arc of Merca- 
tor's meridian contained between txoo parallels of latitude, is ci^l- 
ed meridional difference of latitude. It is found by subtracting 
the meridional parts for the less latitude from the meridional 
parts for the greater, if both are north or south ; or by adding 
them, if one latitude is north and the other south. 

Thus the lat. of Boston is 42^ 23' Merid. parts 2813 
Baltimore is 39° 23' Merid. parts ^676 

Proper difference of lat. 3° Merid. diff. of lat. 238. 

68. If one latitude and the meridional difference of latitude 
be given^ the proper iiifference of latitude is found by reversing 
this process. 

* See note D. 
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When the two latitudes are on the same side of , the equator, 
subtracting the meridional difference of latitude from the meridi- 
onal parts for the greater, will give the meridional parts for the 
less; or adding the meridional difference to the parts for the less 
latitude, will give the parts for the greater. But if the two lati- 
tudes are on opposite sides of the equator, subtracting the 
parts for the one latitude from the meridional difference, will 
give the parts for the other. 

Thus the meridional difference, of latitude between 

New York and New Orleans is 793 

The lat. of N. Orleans is 29^ 57' Merid. parts 1885 

The lat. of New York 40^ 42' Merid. parts 2678 

69. Solution^ in Mercator^s Sailing, — ^The solutions in Mer- 
cator's sailing are founded on the similarity of two right-angled 
triangles J in one of which the perpendicular sides are the proper 
difference of latitude and the departure ; and in the other ^ the 
meridional difference of latitude and the difference of longitude. 

According to the principle of Mercator's projection, the en- 
largement of each minute portion of the meridian is proportioned 
to the enlargement of the parallel of latitude which crosses it. 
(Art. 63.) Any part of the meridian before it is enlarged, is prop- 
er difference of latitude ; and after it is enlarged, is meridional of 
latitude. A part of the parallel, before it is enlarged, is depar- 
ture; and after it is enlarged is equal to the corresponding dif- 
ferenu of longitude; because in this projection, the distance of 
meridians is the same on any parallel, as at the equator, where 
longitude is reckoned. 

If then we take a small portion of the distance which a ship 
has sailed, as Am, (Fig. 18.) 
Prop. Diff. Lat. Ao : Depart, om: : Merid. Diff. Lat. : Diff. Lon. 

In the triangle ABC, (Fig. 24.) let the angle at A=the 
course oAm, (Fig. 18.) AB=the proper difference of latitude 
AC=Am+mn+nC the distance, and BC=om+«n+rC the 
departure. Then as the triangles Aom, msn ntC are each sim- 
ilar to the triangle ABC, (Fig. 24.) the difference of latitude 
for aoy one of the small distances as Am, is to the corresponding 
departure ; as the whole difference of latitude AB to the whole 
departure EC. Therefore, 
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C for Am : C for Awi, 

P Diff. Lat. AB : Dcp. BC : : Mer. Diff. Lat. J for win : Diff. Lon. -? for mn, 

<for nC : ^ tor nC, 

But, the whole meridional difference of latitude for the distance 
AC, is equal to the sum of the differences for Am, »wn, and 
fiC ; and the whole difference of longitude is equal to the sum 
of the differences for Am, mUf nC. Therefpre, (Alg. 388, 
Cor. 1.) 
Prop. Dif. Lai. AB : Dep. BC : :Merid. Dif. Lat. : Pif. Lon. 

Extend AB, (Fig. 24.) making AL equal to the meridional 
difference of latitude corresponding to the proper difference of 
latitude AB; from L draw a line parallel to BC, and extend 
AC to intersect this in D. Then is DL the difference offongv- 
tude. For it has been shown thai the difference of longitude is 
a fourth proportional lo ihe proper difference of latitude, the 
departure, and the meridional difference of latitude; and by 
similar triangles. 

AB:BC::AL:LD. 

70. To solve all the cases, then, in Mercator's sailing, we 
have only to represent the several quantities b} the parts of two 
similar right angled triangles, as ABC and ALD, (Fig. 24.) and 
to find their sides and angles. In ihe smaller triangle ABC the 
parts are the same as in plane sailing, and the calculations are 
made in the same manner. The sides AL and DL are added 
for finding the difference of longitude ; or when ihe difference 
of longitude is given, to derive from it one of the other quantities. 
The course is common to both the triangles, and the comple- 
ment of the course is either ACB or ADL. The hypothenuse 
AD is not one of the quantities which are given or required in 
navigation. 

7L In the similar triangles ABC, ALD, (Fig, 24.) 
AB: AL::BC :LD; that is. 

Theorem L 

as the proper difference of latitude, 

to the meridional difference of latitude; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. 

72. In the triangle ALD, if AL be made radius, 
Bad. : Tan. A: :AL : DL; that is, 



^^ 
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Theorem II. 

As RADIUS. 

To THE TANGENT OF THE COURSE ; 

So IS THE MERIDIONAL DIFFERENCE OF LATITUDE, 

To THE DIFFERENCE OF LONGITUDE. 

By this theorem, the diflference of longitude may be calcula- 
ted, without previously finding the departure. 

73. In Mercator's, as well as in middle latitude sailing, one 
latitude must always be given. This is requisUe in converting 
proper difference of latitude and meridional difference of lati- 
tude into each other. (Arts. 67, 68.) 

74. When the difference of latitude is very smaU^ the differ-j 
ence of longitude will be more correctly found by middle lati- 
tude sailing, than by Mercator's sailing ; unless a table is used 
in which the meridional parts are given to decimals, Mercator's 
sailing is strictly correct in theory. But the common tables are 
not carried to a degree of exactness sufficient to mark very mi- 
nute differences. On the other hand, the error of middle latitude: 
sailing is diminished, as the difference of latitude is lessened. 

Example I. 

The latitudes of Montock and Martha's Vineyard are j .- -- ^' 

( 72^ W 
Their longitudes | ^^ ^g,^^ 

Required the course and distance from one to the other. 
Lat. of Martha's Vin. 41° IT Merid. parts 2724 
ofMontock 41 04 Merid. parts 2707 

Proper Diff. of Lat. 13' Mer. Diff. Lai, 17 (Art. 67.) 

The difference of longitude is P 12'=72 miles. 

To find the course by Theorem II, (Fig. 24.) 
Merid. Diff. Lat. : Diff. Lon.::Rad. : Tan. Course =76^ 43'. 

To find the distance by plane sailing, w . ^T -^ 
Cos. Course : Prop. Diff. Lat.: :Rad. : Dist.=66.68. 

Tl>e results by middle latitude sailing, page 31, are a little 

' different, as that method is not perfectly accurate, and the table 

of meridional parts is not extended to decimals. The meridional 

difference of latitude is more accurately 17.27, which gives the 

course and distance almost precisely as it is on page 31. 
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Example II. 

A ship sailing from the Lizard in Lat. 49^ 57' N. Lod. 3^ 
14' W. proceeds S. 39^ W. till her latitude is found by obser- 
vatioo to be 45^ 31' N. What is then her longitude, and i^bat 
disunce has she run ? 

Here ace given the difl^rence of latitude and the course, to 
find the distance and the difference of longitude. 

The proper difference of latitude is 4^ se'ssSeG' 
The meridional difference of latitude 396 

Then by plane sailing, 
Cos. Course : Prop. Diff. Lat.::Rad. : Dist.==:342.3. 
And by theorem II, 
Rad. : Tan.Course: :M.Diff.Lat. : Diff.Lon.=320'6=5O2CK.5. 
This added to the longitude of the Lizard 5^14' gives the lon- 
gitude of the ship 10O34'.5W. 

Example III. 

A ship sailing from Lat. 49067' N. and Lon. 6^ 14' W. 
steers west of south, till her latitude is 39^ 2(K N. and her depar- 
ture 789 miles. Required her course, distance, and longitude. 
The proper difference of latitude is 10° 37'=637' 
The meridional difference of latitude 899 

Then by theorem I, (Fig. 24.) 
P. Diff. Lat. : M. Diff. Lat.::Dep. : Diff. Lon.=1113'.6= 
18033'.6 
The longitude of the ship is therefore 23^ 47^6. 
And by plane sailing, 
Ptop. Diff. Lat. : Rad.: iDepart. : Tan. Course=;5l06^ 
Rad. • Prop. Diff. Lat. :: Sec. Course : Distance^ 1014 miles. 

Example IV. 

A ship sailing from a port in Lat. 14° 46'N. Lon. 17^ 33' W. 
steers S. 28° 7'} W. till her longitude is found by observation 
to be 29° 26' W. Required her distance and latitude. 

The difference of longitude is 11° 53=713'. 
By theorem II, 
Tan. course : Rad. : : Diff. Lon . : M.Diff. Lat. = 1 334 S. 
Lat. of the port 14° 45' N. Merid. parts 895 N. 

of the ship 7 18 S. Merid parts 439S.(Art.68.) 

Diff. of Lat. 22° 3'= 1323'. 
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By plane sailing, 
Cos. Course : Difil Lat.: :Rad. ; Distance^ 1500 miles. 

Example V. 

A ship sails 300 miles between north and west, from Lat. 37^ 
N. to 41^N. What is her course and difference of longitude? 

The course is N. 36^ 52^ W., and the difference of longitude 
3<^ 62'. 

Example VI. 

A ship sails S. 67^ 30" E. from Lat. 50^ 10' S. till her de- 
parture is 957 miles. What is her distance, di^rence of lati- 
tude and difference of longitude ? 

The distance is , 1036 miles. 

The difference of latitude ePZ&A 

The difference of longitude ^6^52'. 

Example VII. 

A ship sailing from Lat. 26° 13' N. proceeds S. 27© W. 231 
miles. What is her difference of latitude and difl^rence of lon- 
gitude ? 

Example VIII. 

A ship sailing from Lat. 14^ S. 260 miles, between south and 
west, makes her departure 173 miles. What is her course, dif- 
ference of latitude, and difference of longitude ?* 

* See note £. 
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SECTION IV. 

TRAVERSE SAILING. 

Art. 75. By the inetbods in the preceding sections, are found 
the difference of latitude, departure, &c. for a single course^ 
But it is not often the fact that a ship proceeds from one port to 
another in a direct line. Variable and contrary winds frequently 
render a change of direction necessary every few hours.' The' 
irregular path of the ship, sailing in this manner, is called a ira-' 
verse. 

Resolving a traverse is reducing the compound course to a sid^- 
gle one. This is commonly done at sea every noon. From the 
several courses and distances in the log-hook, the departure, dif- 
ference of latitude, &c. are determined for the whole 24 hours. 
In the same manner, the courses of several successive days are 
reduced to one, so as to ascertain, at any time, the situation of 
the ship. The following methods hy construction and by calcu- 
lation, are sufiSciently accurate for short distances, at least near 
the equator. 

76. Geometrical construction of a traverse, — ^To construct a 
traverse, draw a meridian line and lay down the first course and 
distance ; from the end of this, lay down the second course and 
distance ; from the end of that, a third course, &c. Then draw 
a line connecting the extremities of the first and last of these, to 
show the whole distance, and the direction of the ship from the 
point of starting. 

This will he easily understood by an example. 

Example I. 

. A ship sails from a port in Lat. 32^ N., and in 24 hours 
makes the following courses ; 



1. N. 


25° E. 


16 miles, 


2. S. 


54° E. 


11, 


3. N. 


130 W. 


7, 


4. N. 


61° E. 


5, 


6. N. 


38° W. 


18. 



It is required to find the departure, difference of latitude, dis- 
tance and course, for the whole traverse. 
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On A as a center (Fig. 25.) describe a circle and draw the 
meridian NAS. Then considering the upper part as north, the 
right hand east, and the left hand west, draw the lines Al, A2, 
A3, A4, and A5, to correspond with ihe several courses ; that 
is, make the angle NAl=250, SA2=640 ; NA3=13o, NA4 
= 610, and NA5=38o. 

Make AlB = 16, BC^ll and parallel to A2, CD«=7 and 
parallel to A3, DF=5 and parallel to A4, FG=18 and paral* 
lei to A5; join AG, and draw GP perpendicular to NS. 

TThen if the surface of the earth be considered as a plane, G 
is the place of the ship at the end of 24 hours, AG the distance 
from port, PG the departure, AP the difference of latitude^ and 
GAP the course. The angles may be measured by a line of 
chords, and the distances taken from a scale of equal parts.* 
(Trig. 148, 161, 2.) 

The distance is 32.3 miles. 

The departure 7.38 

The difference of lat. 31 .45 

The course 13^ 12'. 

77. Resolving a traverse^ by Calculation or Inspection* 
When a ship sails on different courses for a short time, the dif* 
ference of latitude, at the end of that time, is equal to the difier- 
ence between the sum of the northings and the sura of the souths 
ings, and the departure is nearly equal to the difference between 
the sum of the eastings and the sum of the westings. (See 
Arts. 78, 79.) If then the difference of latitude and the depar« 
ture for each course be found by calculation or inspection, and 
placed in separate columns in a table ; the difference of latitude 
for the whole time may be obtained exactly, and the departure 
nearly, by addition and subtraction ; and the corresponding disr 
tance and course may be determined by trigonometrical calcu* 
lation or inspection, as in the last case of plane sailing. (Art. 49.) 

The following table contains the courses, distances, departure 
and difference of latitude in the preceding example. See Fig. 25. 



* $06 note F. 
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TBATEBSE TABI.C. 




' 


Counet. 


DManeei. 


Diff. LaL 


Departure. 


N. 


s. 


E. 


w. 


1. N. 25° E. 


AB 16 


14.50 




6.76 




2. S. 64° E. 


BC 11 




6.47 


8.90 




3. N. 13° W. 


CD 7 


6.82 






1.57 


4. N. 61° E. 


DF 6 


2.42 




4.37 




*. N. 38° W. 


FG 18 


14.18 






11.08 


37.92 


6.47 


20.03 


12.65 


N. 13° ni' E. 


AG 32.3 


6.47 




12.65 




31.45 


7.38 



The sum of the northings is 37.92. Subtracting from this the 
southings 6.47 we have the difference of latitude AP 31.45 N. 

The sum of the eastings is 20.03. Subtracting from this the 
sum of the westings 12.65 we have the departure GP 7.38 E. 
Then (Art. 49.) 

Dif. Lat. : Rad.: :Depart. : Tan. Course NAG=:13o 12^' 
Had. : Dif. Lat.: : Sec. Course : Distance AG=:32.3 

The latitude of the port is 32^ N. 

The difference of latitude 0° 31.45' N. 

The latitude of the ship 32^ 31.45' N. 

The meridional difference of lat. 37.5. 

Then by Mercator's sailing, 
Rad. : Tan. Course: :Merid. Dif. Lat. : Dif. Lon.rsS.S". 

Example II. 

A ship sailing from a port in Lat. 42^ N. makes the following 
courses and distances. 

miles. 



1. 


S. 


13° E. 


21 


2. 


S. 


18° W. 


16 


3. 


N. 


84° E. 


9 


4. 


S. 


67° E. 


12 


5. 


N. 


78° E. 


14 


6. 


S. 


120 W. 


35 
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The dtfierence o( latitude, departure, &c. are required. 

The departure is 26M9 E. 

The diff. of latitude, 1^ lO'f S. 

The diff. of longitude, 34'.9 

The direct course, S. 20^ 19' E. 
The distance, 76j miles. 

Accurate method of resolving a traverse. 

78. The preceding method of resolving a traverse is fre- 
quently used at sea, because it is simple, and in most cases is 
sufficiently accurate for a run of 24 hours. But it is founded 
on the assumption, that when a ship sails from one place to 
another by several courses, she makes the same departure^ as if 
she had proceeded by a single course to the same place. This 
IS not strictly true. Suppose a vessel, instead of sailing direct*^ 
ly from A to C, (Fig. 18.) proceeds by one course from A to 
H, and then by a different course from H to C. In the com- 
pound course, the whole departure, isbd+gH+iC; (Art. 40.) 
which, on account of the obliquity of the meridians, is le^s than 
om+sn+tCj the departure on the single course. If the com- 
pound course had been on the other side of the single one, near- 
er the equator, the departure would have been greater. 

79. But the difference cf latitude is the same, whether the 
ship proceeds from one place to the other, on a single course, 
or on several. The difference of latitude AB (Fig. 18.)=Ao 

, +ms+nt=Ab + dg+Ht. The difference of longitude is also 
the same, whether the course is single or compound. For the 
difference of longitude is the distance between the meridians of 
the two places measured on the equator. 

Jf then the difference of latitude and difference of longitude 
be calculated for each part of the compound course ; the whole 
difference of latitude and difference of longitude will be found 
by addition and subtraction ; and from these may be determin- 
ed the direct course and distance. The difference of longitude 
for each course may be obtained independently of the depart- 
ure, by theorem II of Mercator's sailing. 

It will facilitate the calculation of the longitude, to place ia 
the traverse table, the latitudes at the beginning and end of each 
of the courses, the corresponding meridional parts, and the me- 
ridional differences of latitude. 
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In the following example, the courses and distances arc the 
same as in Art. ?6. Ex. 1. The port from which the ship is 
supposed to sail, is in latitude 32^ N. 







1 


'KAV 


ER9K TABLE. 








CooraM. 


Diit. 


Diir. Lat. 1 


LatitudM. 


Merid 
Part*. 

2028 

2045.6 

2088 

2045 8 

2048.3 

2065.5 


Merid. 
diff. lat. 


DiflT. Long. 1 


N. 


S. 


E. 


W. 


1. N. 260 E. 
8. 8. 540 W. 
8. N. 180 w. 

4. N. eio E. 

5. N. 880 W. 

n^ 40' 87" 


16 
11 
7 
. 5 
18 

82.12 


14.50 

6.82 

2.42 

14.18 


6.47 


32° 

.32 14.50 
.32 SM 
32 14.85 
32 17.27 
32 '81.45 


17.6 
7.5 
78 
2.5 

17.2 


8.16 
10.82 

4.51 


1.80 
18.44 


87 92;6.47 

6.47| 


22.M 
15.24 


15.24 


31.45 


t 


7.75 



The difference of longitude is here found to be 7.75, and in 
Art. 77, 8^.8. The true difierence of longitude is found by a 
more accurate table of meridional parts, to be 8.688. 

To find the direct course and distance from the port to the 
|»laoe of the ship. 

Merid. Dif. Lat. : Dif. Lon, : : Rad. : Tan. Course = IP 4(y 37', 
Bad. : Prop. Dif. Lat. : : Sec. Course : Distance =32. 12. 

A small error was introduced in Art. 77, both into the course 
and the distance, by making ihem dependent on the departure ; 
but this error is not equal to that arising from the inaccuracy of 
the table of meridional parts. The true time is 13^ 8^} ; the 
distance S2.3L (Art. 78.) 

Ex. 2. A ship sailing from a port in latitude 78^ 15' N% 
makes the following courses and distances. 



1. 


N. 


67° 


StK W. 


154 mtlea. 


2. 


S. 


45 


W. 


96 


3. 


N. 


50 


37J W. 


89 


4. 


N. 


11 


15 E. 


110 


6. 


N. 


36 


33| W. 


66 


6. 


S. 


19 


41i E. 


78 



Required the difference of latitude, the difference of longi- 
tude, and the distance the ship must have sailed, to reach the 
same place on a single course. 

The difference of latitude is 2° T 
The difference of longitude 22^ 29^ 
The direct course N. 63^ 3' W, 

The distance 280 miles* 
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SECTION V. 



MISCELLANEOUS ARTICLES. 



I. The Plane Chart. 

Art. 80. The charts commonly used in navigation are either 
Plane charts^ or Mercaior^s charts. The latter are generally to 
be preferred. But plane charts will answer for short distances, 
such as the extent of a harbor or small bay. 

In the construction of the plane chart, that part of the surface 
of the globe which is represented on it, is supposed to be a 
plane. The meridians are drawn parallel; and the lines of lat- 
itude at equal distances. Islands, coasts, he, are delineated 
upon it, by laying down the several pans according to their 
known latitudes and longitudes. 

81. On a chart extending a small distance, each side of the 
equator^ the meridians ought to be at the same distance from 
each other, as the parallels of latitude. A similar construction 
is frequently applied to different parts of the globe. But this 
reuders the chart much more incorrect than is necessary. A 
circular island in latitude 60 would, by such a construction, be 
thrown into a figure whose length from east to west would be 
twice as great as from north to south ; the comparative distance 
of the meridians being made twice as great as it ought to be« 
(Art. 63. Trig. 96. cor.) 

But when the chart extends only a few degrees, if the distance 
of the meridians is proportioned to the distance of the parallels 
of latitude, as the cosine of the mean latitude to radius ; (Art. 
63.) the representation will not be materially incorrect. The 
meridian distance in the middle of the chart will be exact. On 
one side, it will be a little too great ; and on the other, a litda 
too small. 

82. To construct a Plane Charts then, on one side of the 
paper draw a scale of equal parts, which are to be counted 
as degrees or minutes oi latitude, according to the proposed 
extent of the chart. Through the several divisions, draw the 



46 KAVIGATION. 

parallels of latitude, and at right angles to these, draw the meri- 
dians in such a manner, that their distance from each other shall 
be to the distance of the parallels of latitude, as the cosine of the 
latitude of the middle of the chart, to radius. 

After the lines on all the sides are graduated, the positions of 
the several places which are to be laid down, may be determin- 
ed, by applying the edge of a rule or strip of paper, to the di- 
visions for the given degree of longitude on each side, and an- 
other to the divisions for the degree of latitude. In the inter-r 
section of these, will be the point required. 

The distance which a ship must sail, in going from one place 
to another, on a single course, may be nearly found, by apply- 
ing the measure of the interval between the two places, to the 
scale of miles of latitude on the side of the chart.^ 

II. Construction of Mercator's Chart. 

83. In Mercalor's chart, the meridians are drawn at equal 
distances, and the parallels of latitude at unequal distances, pro- 
portioned to the meridional differences of latitude. (Arts. 63, 
67.) To construct this chart, then, make a scale of equal parts 
on one side of the paper, for the lowest parallel of latitude which 
IS to be laid down, and divide it into degrees and minutes. Per- 
pendicular to this, and through the dividing points for degrees, 
draw the lines of longitude. For the second proposed parallel 
of latitude, find from the table, (Art. 67.) the meridional dif- 
ference of latitude between that and the parallel first laid down, 
and take this number of minutes from the scale on the chart, for 
the interval between the two parallels. In the same manner, 
find the interval between the second and third parallels, be- 
tween the third and fourth, &c. till the projection is carried to a 
sufficient extent. 

Places whose latitudes and longitudes are known, may be laid 
down in the same manner as on the plane chart, by the intersec- 
tions of the meridians and lines of latitude passing through them. 

If the chart is upon a small scale, the least divisions on the 
graduated lines may be degrees instead of minutes ; and the 
meridians and parallels may be drawn for every fifth or every 
tenth degree. But in this case, it will be necessary to dn 



* Se« note G. 



MERCATOn'g CHART. 47 

vide tbe meridional differences of latitude by 60, to reduce them 
from minutes to degrees. 

84. The Lines of Meridional Paris on Gvnier^s scale is di- 
vided in tbe same manner as Mercator's Meridian, and corres- 
ponds with the table of meHdional parts ; except that the num- 
bers in the latter are minutes, while the divisions on tbe other 
are "degrees. Directly beneath the line of meridional parts, is 
placed a line of equal parts. The divisions of tbe latter being 
considered as degrees of longitude, the divisions of tbe former 
will be degrees of latitude adapted to the same scale. The 
meridional difference of latitude is found, by extending the com- 
passes from one latitude to the other. ' 

A chart may be constructed from the scale, by using tbe line 
of equal parts for the degrees of longitude, and the line of meri- 
dional parts for the intervals between the parallels of latitude. 

85. It is an important property of Mercator's chart, that all 
the rhumb-lines projected on it are straight lines. This renders 
it, in several respects, more useful to navigators, than even the 
artificial globe. By Mercator's sailing, Theorem II. (Art. 72.) 

Merid. Diff. Lat. : Diff. Lon*: :Rad. : Tan. Course. 

So that, while the course remains the same, the ratio of the 
meridional difference of latitude to the difference of longitude is 
constant. If A, C, C, and C (Fig. 26.) be several points in 
a rhumb-line, AB, AB^, and AB'', tbe corresponding meridional 
differences of latitude, and BC, B'C^ B"C'^ tbe differences 
of longitude; then 

AB : BC: :AB^ : B'C: :AB'' : B'C. 

Therefore ABC, AB'C and AB"C'^ are similar triangles, 
and ACC'C' is a right line. (Euc. 32. 6.) 

III. Oblique Sailing. 

86. The application of oblique angled trigonometry to tbe SO'^ 
lution of certain problems in navigation, is called oblique sailing. 
It is principally used in bays and harbors, to determine the bear- 
ings of objects on shore, with their distances from the ship and 
from each other. A few examples will be sufficient here, in 
addition to those already given under heights and distances. 
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One of the cases which most freqaently occurs, is that in 
which the distance of a ship from land is to be determined, wbeo 
leaving a harbor to proceed to sea. Tbis is necessary, that her 
difference of latitude and departure may be reckoned from a 
fixed point, whose latitude and longitude are known. 

The distance from land is found, by taking the bearing of an 
object from the ship, then running a certain distance, and taking 
the bearing again. The course being observed, there will then 
be given the angles and one side of a triangle, to find either of 
the remaining sides. 

Example I. 

Tlie point of land C, (Fig. 27.) is observed to bear N. 67^ 
30' W. from A. The ship then sails S. 67° 30' W. 9 miles 
from A to B ; and the direction of the point from B is found to 
be N. IP 15' E. At what distance from land was the ship at 
A? 

Let NS and N'S' be meridians passing through A and B. 
Then subtracting CAN and BAS each 67<=^| from 180° we have 
the angle CAB=450. And subtracting CBN' 1 PJ from BAS 
or its equal ABN', we have ABC=:b6^i. The angle at C is 
therefore 78° 46'. And 

Sin C : AB: :Sin B : AC=7.63 miles. 

Example II. 
New York light-house on Sandy Point is in Lat. 40^ 28' N. 
Lon. 74^ 8' W. A ship observes this to bear N. 76^ l6' W., 
and after sailing S. 35^ 10' W. 8 miles, finds the bearing to be 
N. 17^ 1 3' W. Required the latitude and longitude of the ship, 
at the first observation. 

The latitude is 40^ 26'i 
The longitude 73 58'| 
In this example, as the difiference of latitude is small, the dif- 
ference of longitude is best calculated by middle latitude sailing 
<Art. 74.) 

Example III. 

A merchant ship sails from a certain port S. 51^ £. at th« 
rate of 8 miles an hour. A privateer leaving another port 7 
miles N- £• of the first, sails at the rate of 10 miles an hour. 
What must be the course of the privateer, to meet the ship, with- 
out a change of direction in either ? 

Ans- S. 70 43' E. 
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Example IV. 

Two ligbt-houses are observed from a ship sailing S. 38^ W. 
at the rate of 5 miles an hour. The first bears N. 31^ W., tbe 
other N. 47^ W. At the end of two hours, the first is found to 
bearN. 6^ E., the other N. 13° W. What is the dbtance of 
the light-houses from each other ? 

Ans. 6 miles and 30 rods. 

IV. Current Sailing. 

87. When the measure given by the log-line is taken as tbe 
rate of the ship's progress, the water is supposed to be atretf. 
But if there is a tide or current, the log being thrown upon the 
water, and left at liberty, will move with it, in the same direc- 
tion, and with the same velocity. The rate of sailing, as meas- 
ured by the log, is the motion through the water. 

If the ship is steered in, the direction of the current, her whole 
motion is equal to the rate given by the log, added to tbe rate of 
the current. But if the ship is steered in opposition to tbe cur- 
rent, her absolute motion is equal to the difference between the 
current, and the rate given by the log. In all other cases, the 
current will not only afiect the velocity of the ship, but will 
change its direction. 

Suppose that a river runs directly south, and that a boat in 
crossing it is steered before the wind, from west to east. It will 
be carried down the stream as fast, as if it were merely floating 
on the water in a calm. And it will reach the opposite side as 
soon, as if the surface of the river were at rest. But it will ar- 
rive at a different point of the shore. 

Let AB (Fig. 28.) be the direction in which the boat is steer- 
ed, and AU the distance which the stream runs, while tbe boat is 
crossing. If DC be parallel to AB, and BC parallel to AD; 
then will C be the point at which the boat proceeding from A, 
will strike the opposite shore, and AC will be the distance. For 
it is driven across by the wind, to the side BC, in the same time 
that it is carried down by the current, to the line DC. 

In the same manner, if Am be any part of AB, and mil be 
the corresponding progress of tbe stream, the distance sailed 
will be An. And if the velocity of the ship and of tbe stream 
continue uniform. Am is to mn^ as AB to BC, 9f> that AnC is a 

N. S. 8 
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itraigktline. (Euc. 32. 6.) The lines AB, BC, and AC, 
form the three sides of a triangle. Hence, 

88. If the direction and rate of a ship's motion through the 
water, be represented by the position and length of one side of H 
triangle, and the direction and raie of the current, by a second 
side ; the absolute direction and distance will be shown by the 
third side. 

Example I. 

ir the breadth of a river running south (Fig. 38.) be 300 
yards, and a boat steers S. 75^ E. at the rate of 10 yards in a 
minute, wliile the progress of the stream is 24 yards iu a minute; 
what is the actual course, and what distance must the boat go 
in crossing ? 

Cos. BAP : AP: :R AB=310.6 
And 10. 24 : : AB : BC = 745.4. . 

Then in the triangle ABC, 

(BC + AB) : (BC AB) . Tan. i BAC+BCA) : Tan. i 

(BAC BCA) = 170 32'. 

The angle BAC is 66^ 2'. Then 

Sin. BAC : BC: :Sin. ABC : AC=:879 the distance. 

And DAC=BCA=19o 68' the course. 

Example II. 

A boat moving through the water at the rate of five miles an 
hour, is endeavoring to make a certain point lying S. 225° W. 
while the tide is running S. 78f ° E. three miles an hour. In 
what direction must the boat be steered, to reach the point by a 
single course ? Ans. S. 68° 33' W. 

89. But the most simple method of making the calculatioh 
for the efiectof a current, in common cases, especially in resolv- 
ing a traverse, is to consider the direction and rate of the current 
as an additional $eparate course and distance ; and to find the 
corresponding departure and difference of latitude. A boat sail- 
ing from A (Fig. 28.) by the united action of the wind and cur- 
rent, will arrive at the same point, as if it were first carried by 
the wind alone from A to B, and then by the current ak>ne from 
B to C. 

Example I. 
A ship sails S. 17° E. for 2 hours, at the rate of 8 miles an 
hour; then S. 18° W. for 4 hours, at the rate of 7 miles an 
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H 



hour; and during the whole time a current sets N. 76® W. at 
the rate of two miles an hour. Required the direct course and 
distance. 



First Course 
Second do. 
Current 


S. 17° E. 
S. 18° W. 
N.760W. 


Disi. 

16 
28 
12 


1 N- 
29 


S. 

153 
26.6 


E. 
4.68 

Dep. 


w. 

8.66 
11.64 
20.29 

4.68 
15.61 


1 
1 

1 


D.Lat 


41.9 
2.9 
.39. 



The course is 21® 48' 5(y\ and the distance 42 miles. 
Example II. 

A ship sails SE. at the rate of 10 miles an hour by the Iog;, in 
a current setting £. NE. at the rate o( 5 miles an hour. What 
is her true course ? and what will be her distance at the end of 
two hours } 

The course is 66® 11}', and the distance 25.56 miles. 

V. Hadlbt's Quadrant. 

90. In the preceding sections has been particularly explained 
the process of determining the place of a ship from her courise 
and distance, as given by the compass and the log. But this is 
subject to so many sources of error, from variable winds, irregu- 
lar currents, lee-way, uncertainty of the magnetic needle, 8ic« 
that it ought not to be depended on, except for short distances, . 
and in circumstances which forbid the use of more unerring 
methods. The mariner who hopes to cross the ocean with safe- 
ty, must place his chief reliance, for*a knowledge of his true sit- 
uation from ti^ne to time, on observations of the heavenly bodies. 
3y these the latitude and longitude may be generally ascertain- 
ed, with a sufficient degree of exactness. It belongs to astrono- 
my to explain the methods of making the calculations. The 
subject will not be anticipated in this place, any farther than to 
give a description of the quadrant of reflection, commonly called 
Hadley^i^mdrant^* by which the altitudes of the heavenly bo- 
dies, and their distances from each other, are usually measured 



• See Note U. 
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at sea. The superioriQr of this, over most other astroDomical 
iDStfuroentSy for the purposes of navigation, is owing to the fact, 
that the observations which are made with it, are not materiaUg 

affected by the motion of the vessel. 

» 

91. In explaining the construction andxise of this quadrant, ic 
will be necessary to take for granted the following simple prin- 
ciples of Optics. 

1. The progress of light, when it is not obstructed, or turned 
from its natural course by the influence of some contiguous body, 
is m fight lines. Hence a minute portion of light, called a ray, 
may be properly represented by a line. 

2. Any object appears in the direction in which the light from 
that object strikes the eye. If the light is not made to deviate 
from a right line, the object appears in a direction in which il 
really is. But if the light is reflected, as by a common mirror, 
the object appears not in its true situation, but in the direction of 
the glass, from which the light comes to the eye. 

3. The angle of reflection is equal to the angle of incidence; 
that is, the angle which the reflected and the incident rays make 
with the surface of the mirror, are equal ; as are also the angles 
which they make with a perpendicular to the mirror. 

92. From these principles is derived the following proposition : 
. When light is reflected by two mirrors successively^ the angle 

Vfhieh the last reflected ray makes with the incident ray^ is dou* 
BLC the angle between the mirrors. 

If C and D (Fig. 29.) be the two mirrors, a ray of light com- 
ing from A to C, will be reflected so as to make the angle 
DCM = ACB; and will be again reflected at D, making 
HDM=CDE. Continue EC and ED to H, draw DG paral- 
lel to BH. and continue AC to P. Then is CPM the angle 
which the last reflected ray DP makes with the incident ray AC ; 
and DHM is the angle between the mirrors. 

By the preceding article, with Euc. 29. 1, and 15. 1, 

GDC=rDCM=ACB = PCM, 

And HDM^EDC = EDG+GDC=DHM+PCxM. 

But by Euc. 32. 1 and 15. 1, 

CPM+PCM=DHM + HDM = 2DHM+PCM. 

Therefore CPM=2DHM. 



// 
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Cor. i. If the two mirrors make an angle of a certain num- 
ber of degrees, the apparent directior^ of the object will be 
changed twice as many degrees.^ The object at A, seen by the 
eye at P, without any mirror, would appear in the direction PA. 
But after rejection from the two mirrors, the light comes to the 
e^e in the direction DP, and the apparent place of the object is 
changed from A to R. 

Cor. 2. If the two mirrors be paralld, they will make no al- 
teration in the apparent place of the object. 

93. The principal parts of Hadley's quadrant are the follow- 
ing; 

1. A graduated arc AB (Fig. 17.) connected with the radii 
ACandBC. 

2. An index CD, one end of which is fixed at the center C) 
while the other end moves over the graduated arc. 

3. A plane mirror called the index glass^ attached to the in- 
dex at C. Its plane passes through the center of motion C, 
and is perpendicular to the plane of the instrument; that is, to 
the plane which passes through the graduated arc, and its cen- 
ter C. 

4. Two other plane mirrors at E and M, called horizon 
glasses. Each of these is also perpendicular to the plane of 
the instrument. The one at E, called ihefore horizon glass f 
is placed parallel to the index glass when the index is at 0. 
The other called the back horizon glass, is perpendicular to the 
first and to the index at 0. This is only used occasionally, when 
circumstances render it difficult to take a good observation with 
the other. 

A part of each of these glasses is covered with quicksilver, 
so as to act as a mirror ; while another part is left transparent, 
through which objects may be seen in their true situation. 

5. Two sight vanes at 6 and L, standing perpendicular to 
the plane of the instrument. At one of these, the eye is placed 
to view the object, by looking on the opposite horizon glass. 
In the fore sight vane at 6, there are two perforations, one di- 
rectly opposite the transparent part of the fore horizon glass, the 
other opposite the silvered part. The back sight vane at L has 
only one perforation, which is opposite the center of the trans- 
parent part of the back horizon glass. 

6. Coloted glasses to prevent the eye from being injured 
by the dazzling light of the sun. These are placed at U, be- 
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tween the index mirror and the fore horizon glass. They may 
be taken out when necessary, and placed at N between the in- 
dex mirror and the back horizon glass. 

94. This instrument which is in form an octant^ is ctilled a 
quadrant^ because the graduation extends to 90 degrees, al- 
though the arc on which these degrees are marked is only the 
eighth part of a circle. The light coming from the object is 
first reflected by the index glass C, (Fig. 17,) and thrown upon 
the horizon glass E, by which it is reflected to the eye at 6. 
If the index be brought to 0, so as to make the index glass and 
the horizon glass parallel; the object will appear in its true sit- 
uation. (Art. 92. Cor. 2.) But if the index glass be turned, so 
as to make with the horizon glass an angle of a certain number 
of degrees ; the apparent direction of the object will be changed 
twice as ma9y degrees. 

Now the graduation is adapted to the apparent change in the 
situation of the object, and not to the motion of the index. If 
the index move over 45 degrees, it will alter the apparent place 
of the object 90 degrees. The arc is commonly graduated a 
short distance on the other side of towards P. This part is 
called the arc of excess. 

95. The quadrant is used at sea, to measure the angular dis- 
tances of the heavenly bodies from each other, and their eleva- 
tions above the horizon. One of the objects is seen in its true 
situation, by looking through the transparent part of the horizon 
glass. The other is seen by reflection, by looking on the silver- 
ed part of the same glass. By turning the index, the apparent 
place of the latter may be changed, till it is brought in contact 
with the other. The motion of the index which is necessary to 
produce this change, determines the distance of the two ob- 
jects.* 

96. To find the distance of the moon from a star. — Hold the 
quadrant so that its plane shall pass through 4he two objects. 
Look at the star through the transparent part of the horizon 
glass, and then turn the index till the nearest edge of the image 
of the moon is brought in contact with the star. This will 
BMasore the distance between the star and one edge of the moon. 
By adding the semi-diameter of the moon, we shall have the 
distance of its center from the star. 

* For the ndfwtmmt$ of th^ quadrant, see Vince's Practicil Attfoaoaiy, 
Mackay's Navigation, or Bowditch's Practical Navigator. 
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The distance of the sun froro the moon, or the distance of two 
stars from each other, may be measured in a similar manner. ^ 

97. To measure the dliitude qfthe iun above the horizon.— 
Hold the instrument so that its plane shall pass through the 
sun, and, be perpendicular to the horizon. Then move the in- 
dex till the lower edge of the image of the sun is brought in con« 
tact with the horizon, as seen through the transparent part of the 
glass. 

The altitude of any other heavenly body may be taken in the 
same manner. 

98. To measure altitudes by the back observation. — ^When the 
index stands at 0, the index glass is at right angles with the back 
horizon glass. (Art. 93.) The apparent place of the object, as 
seen by reflection from this glass, roust therefore be changed 
180 degrees; (Art. 92. Cor. I.) that is, it must appear in the 
opposite point of the heavens. In taking altitudes by the back 
observation, if the object is in the east, the observer faces the 
west ; or if it be in the south, he faces the north ; and moves 
the index, till the image formed by reflection is brought down 
10 the horizon. 

This method is resorted to, when the view of the horizon in 
the direction of the object is obstructed by fog, hills, &c. 

99. Dip or Depression of the Horizon. — ^In taking the altitude 
of a heavenly body at sea, with Hadley^s Quadrant, the reflect- 
ed image of the object is made to coincide with the most distant 
visible part of the surface of the ocean. A plane passing through 
the eye of the observer, and thus touching the ocean, is called 
the tnatine horizon of the place of observation. If BAB' (Fig. 
13.) be the surface of the ocean, and the observation be made 
at T, the marine horizon is TA. But this is diflferent from the 
true horizon at T, because the eye is elerated above the surface. 
Considering the earth as a sphere of which C is the center, the 
true horizon is TH perpendicular to TC. The marine horizon 
TA falls below this. The angle ATH is calkd the dip or de^ 
pression of the horizon. This varies, with the height of the eye 
above the surface. Allowance must be made for it, in obser* 
vations for determining the altitude of a heavenly body above 
the true horizon. 

In the right angled triangle ATC, the angle ACT is equal 
to the angle of depression ATH ; for each is the complement 
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of ATC. The side AC is the semi-diameter of the earth, and 
the faypothenuse CT is equal to the same semi-diameter added 
to BT the height of the eye. Thea 

AC ; R: :TC : Sec. ACT= ATH the depression.* 

100. ArUfidal Horizon. — Hadley's Quadrant is particdarly 
adapted to measuring altitudes at sea. But it may be made to 
answer the same purpose on land, by means of what is called an 
artificial horizon. This is the level surface of some fluid which 
can be kept perfectly smooth. Water will answer, if it can be 
protected from the action of the wind, by a covering of thin glass 
or talc which will not sensibly change the direction of the rays 
of light. But quicksilver, Barbadoes tar, or clear molasses, will 
not be so liable to be disturbed by the wind. A small vessel con- 
taining one of these substances, is placed in such a situation that 
the object whose altitude is to be taken may be reflected from the 
surface. As this surface is in the plaue of the horizon, and as the 
angles of incidence and reflection are equal, (Art. 91.) the inv 
age seen in the fluid must appear as far below the horizon, as 
the object is above. The distance of the two will therefore, be 
double the altitude of the latter. This distance may be measur- 
ed with the quadrant, by turning the index so as to bring the im- 
age formed by the instrument to coincide with that formed by 
the artificial horizon. 

101 • The Sextant is a more perfect instrument than the quad* 
rant, though constructed upon the same principle. Its arc is the 
sixth part of a circle, and is graduated to 120 degreas. In the 
place of the sight vane, there is a small telescope for viewing the 
image. There is also a magnifying glass, for reading oflT the de- 
grees and minutes. It is commonly made with more exactness 
than the quadraift, and is better fitted for nice observations, par- 
ticularly for determining longitude, * by the angular distances of 
the heavenly bodies. 

A still more accurate instrument for the purpose is the Cirde 
of Reflection. For a description of this, see Borda on the Circle 
of Reflection, Rees' Cyclopedia, and Bowditch's Practical Nav- 
igator. 



* See note I, and Table II. 
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SURVEYING. 



SECTION I. 



SURVEYING A FIELD BY MEASURING ROUND IT. 

\ 

Art. 105. The roost common method of surveying a field is 
to measure the length of each of the sides, and the angles which 
they make with the meridian. The lines are usually measured 
with a chain, and the angles with a compass. 

106. The Compass. — The essential parts of a Surveyor's 
Compass are a graduated circle, a magnetic needle^ and sight 
boles for taking the direction of any object. There are fre- 
quently added a spirit level, a small telescope, and other appen- 
dages. The instrument is called a Theodolite, CircumferentOTi 
&cc., according to the particular construction, and the uses to 
which it is applied. 

For measuring the angles which the sides of a field make with 
each other, a graduated circle with sights would be sufficient. 
But a needle is commonly used for determining the position of 
the several lines with respect to the meridian. This is impor- 
tant in running boundaries, drawing deeds, be. It is true, the 
needle does not often point directly north or south. But allow- 
ance may be made for the variation, when, this has been deter* 
mined by observation. See Sec. V. 

107. The Chain. — ^The Surveyor's or Gonter's chain is four 
rods long, and is divided into 100 links. Sometimes a half 
chain is used, containing 50 links. A rod, pole, or perch, is 
16J feet. Hence, 

^ 1 Link =7.92 inches =t of a foot nearly. 

1 Rod = 26 links =I6J feet. 
1 Chain :=^ 100 links =^66 feet. 

N. S. 9 
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108. The tneasuring unit for the area , of a field is the acre, 
which contains 160 square rods. If then the contents in square 
rods be divided by 160, the quotient will be the number of 
acres. But it is commonly most convenient to make the com- 
putation for the area in square chains or links^ which are deci- 
mals of an acre. For a square chain 3r4x4=16 square rods, 
which is the tenth part of an dcre. And a square link =y^,f x 
ylyssyY^r J of a square chain =777777 of an acre. Or thus, 

625 links, or 272^ feet =1 square rod, 
10000 4356 =1 chain or 16 rods, 

25000 10890 =1 rood or 40 rods, 

100000 43560 =1 acre or 160 rods, 

109. The contents, then, being calculated in chains and links ; 
if four places of decimals be cut off, the remaining figures will 
be square cAatn^; or }( Jive places be cut off, the remaining 
figures will be acres. Thus the square of 16.32 chains, or 1632 
links, is 2663424 square links, or 266.3424 square chains, or 
36.63424 acres. It the contents be considered as square chains ^ 
and decimals^ removing the decimal point one place to the left 
will give the acres. 

110. In surveying a piece of land, and calculating its con- 
tents, it is necessary, in all common cases, to suppose it to l^e 
reduced to a hotizontcU level. If a hill or any uneven piece of 
ground, is bought and sold ; the quantity is computed, not from 
the irregular surface, but from the level base on which the whole 
may be considered as resting. In running the lines, therefore, 
it is necessary to reduce them to a level. Unless this is done, 
a correct plan of the survey can never be exhibited on paper. 

If a line be measured upon an ascent which is a regular 
plane^ though oblique to the horizon ; the length of the corres- 
ponding level base may be found, by taking the angle of ele- 
vation. 

Let AB (Fig.- 30.) be parallel to the horizon, BC perpendi- 
cular to AB, and AC a line measured on the side of a hill. 
Then, the angle of elevation at A being taken with a quadrant, 
(Art. 4.) 

R : Cos. A: : AC : AB, that is, 

As rculiusj to the cosine of the angle of elevation; 
So is the oblique line measured^ to the corresponding Aori- 
zontid base. 
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If the chain, instead of being carried parallel to thp surface 
of the ground, be kept constantly parallel to the horiton ; the 
line thus measured will be the base line required. The line 
AB (Fig. 30.) is evidently equal to the sum of the parallel 
lines afr, cd^ and ^C. 

PLOTTING A SURVEY. 

111. When the sides of a field, are measured, and their bear- 
ings taken, it is easy to lay down a plan of it on paper. A north 
and south line is drawn, and with a line of chords, a protractor, 
or a sector, an angle is laid off, equal to the angle which the 
first side of the field makes with the meridian, and the length of 
the side is taken from a scale of equal parts. (Trig 156-161.) 
Through the extremity of this, a second meridian is drawn par- 
allel to the first, and another side is laid down ; from the end of 
this, a third side, &;c., till the plan is completed. Or the plot 
may be constructed in the same manner as a traverse in naviga- 
tion. (Art. 76.) If the field is correctly surveyed and plotted, 
it is evident the extremity of the last side must coincide with 
the beginning of the first. 







Example 


I. 






Draw a plan 


of a field, from the following courses 


; and distan- 


ces, as noted id 


1 the field book : 














Ch. 


Links. 




• 


1. 


N. 78° E. 


2 


46 






2. 


S. 16° W. 


3 


64 






3. 


N. 83° W. 


2 


72 






4. 


N. 120 E. 


2 


13 






6. 


N. 60^0 E. 


, 


95 





Let A. (Fig. 31.) be the first corner of the field. 

Thro' A, draw the merid. NS, makeBAN=:78P^ & AB=2.46 
Thro' B, draw N S' par. to NS, make S BC = 16°, & BC= 3.54 
Thro'C, draw N'S' par. toNS,makeDCN"=830,faCD=2.72 

&;c. he.* 

112. To^void the inconvenience of drawing parallel lines, 
the sides of a field may be laid down from the angles which they 
make with each other^ instead of the angles which they make 
with the meridian. The position of the line BC (Fig^ 31^) is 
determined by the angle ABC, as well as by the angle S^BC. 
When the several courses are given, the angles which any two 
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contiguous sides make with each other, may be known by the 
following rules. 

1. If one course is North and the other South, one East and 
the other West ; subtract the leas from the greater. 

2. If one is North and the o^ber South, but both East or West ; 
add them together. 

3. If both are North or South, but one East and the other 
West ; subtract their sum from 180 degrees^ 

4. If both are North or South, and both East or West; add 
together 90 degrees^ the lest course^ and the complement of the 
greater. 

The reason of these rules will be evident by applying them to 
tbepreceding example. (Fig. 31.) 

The first course is BAN, which is equal to ABS'. (Euc. 
29. 1.) If from this the second course CBS^ be subtracted, 
there will remain the angle ABC. 

If the second course CBS^ or its equal BCN'', be added to 
the third course DCN^ ; the sura will be the angle BCD. 

The sum of the angles CDS, NDE, and CDE, is IbO de- 
grees. (Euc. 13. 1.) If then the two first be subtracted from 
180 degrees, the remainder will be the angle CDE. 

Lastly, let EP be perpendicular to NS. Then the sum of 
the angles DES, PES, and AEP the complement of AEN, is 
equal to the angle DEA. 

We have then the angle ABC = 62°, DEA = 131^0, 

BCD=99o, EAB=162{0. 

CDE =85°. 

With these angles, the field may be plotted without drawing 
parallels, as in Trig. 173. 

FINDING THE CONTENTS OF A FIELD. 

113. There are in common use two methods of finding the 
contents of a piece of land, one by dividing the plot into trian* 
gles^ the other by calculating the departure and difference of 
latitude for each of the sides. 

When a survey is plotted, the whole figure may be divided 
into triangles, by drawing diagonals from the dififerent an- 
gles. The lengths of the diagonals, and of the perpendicu- 
lars on the bases of the triangles, may be measured on the 
same scale of equal parts from which the sides of the field 
w«rt laid down. The area of each of the triangles is equal 
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to half the product of its base and perpendicular; and their sum 
is the area of the whole figure. (Mens. 13.) 

iSxamph I. 

Let the plan Fig. 32, be the same as Fig. 31, the sides of 
which with their bearings^ are given in Art. 111. 

Then the triangle ABC=BCx JAP =s3.84 sq. chains. 
ACE=ACxJEP =1.63 
DCE=ECxJDP''=:2.89 

The contents of the whole=8.26. 

114. This method cannot be relied on, where great accuracy 
is required, if the lines are measured by a scale and compasses 
only. But the parts of the several triangles may be found by 
trigonometrical calculation^ independently of the projection ; and 
then the area of each may be computed, either from two sides 
and the included angle, or from the three sides. (Mens. 9, 10.) 

The sides of the field and their bearings being given by the 
survey, the angles of the original figure may all be known. 
(Art. 112.) Then in the triangle ABC (Fig. 32.) we have the 
sides AB and BC, with the angle ABC, to find the other parts. 
(Trig. 163.) And in the triangle CDE, we have the sides DC 
and DE, with the angle CDE. Subtracting the angle BAC 
from BAE, we shall have CAE ; and subtracting DEC from 
DEA, we shall have CEA. There will then be given iu the 
triangle ACE, the side EA and the angles. (Trig. 160.) 

The sides and bearings, as given in Art. Ill, are 

1. AB N. TB^E. 2.46 chains. 

2. BC S. 16 W. 3.64 

3. CD N. 83 W. 2.72 

4. DE N. 12 E. 2.13 

5. EA N. 60iE, 0.95 
Then by mensuration, Art. 9, 

R : Sin. ABC::ABxBC : 2area ABC=7.69 sq. chains. 
R ; Sin. AEC: : AE xEC : 2area AEC=3.06 
R : Sin. CDE : : CD x DE : 2area CDE=6.77 



2)16.52 



Contents of the whole field, 8.26. 
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^ Or the areas of the several triangles may be fouml by the rule 
iq Mensuration, Art. 10 ; viz. If a, by and c, be the fiides of any 

triangle, and &:==half their sum ; 

The flreii=v/Ax(A-a)x(A-6)X(A-c). 

Example II. 

Course. Ch. Linlci. 

1. E. 26 34 

2. S. 10° 30' E. 32 26 

3. N. 42 W.18 36 

4. S. 68 W.23 52 
6. N. 30 55 

Contents of the 6eld, 69.735 acres. 

The method which has been explained, of ascertaining the con-> 
tents of a piece of land by dividing it into triangles, is of use in 
cases which do not require a greater degree of accuracy than 
can be obtained by the scale and compasses. But if the areas 
of the triangles are to be found by trigonometrical calculation, 
the process becomes too laborious for common practice. The 
following method is often to be preferred. ' 

FINDING THE AREA OF A FIELD BT DEPARTURE AND DIFFER- 
ENCE OF LATITUDE. 

115. Let ABCDE (Fig. 33.) be the boundary of a field 
At a given distance from A, draw the meridian line NS. Par- 
allel to this draw L'R', AG, BH, and DK. These may be con- 
sidered as portions of meridians passing through the points A, B, 
D, and E. For all the meridians which cross a field of moder- 
ate dimensions, may be supposed to be parallel, without sensible 
error. At right angles to NS draw the parallels AL, BM, CO, 
EP, and DR. These will divide the figure LABCDR into the 
three trapezoids ABML, BCOM, and CDRO ; and the figure 
LAEDR, into the trapezoids DEPR and EALP. The area 
of the field is evidently equal to the difference between these 
two figures. 

The sum of the parallel sides of a trapezoid, multiplied into 
their distance, is equal to twice the area. (Mens. 12.) Thus 

(AL+BM) X AG=2area ABML. 

Now AL is a given distance, and BM=:AL+BG. But 
BG is the departure, and AG the difference of latitude^ cor- 
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responding to AB one of the sides of the field. (Arts. 39. 40.) 
And by Art. 44, 

Ro^ • nio* An. . ^ Sin. BAG : Depart. BG 
Rad. : Dist. AB. . J ^os. BAG : Diff. Lat. AG. 

Or the departure and difference of latitude may be taken 
from the Traverse table, as in Navigation. (Art. 50.) 

In the same manner, from the sides BC, CD, DE, and EA, 
may be found the departures CH, CK, DR^ AL^, and the dif- 
ferences of latitude BH, DK, ER^ and EL'. We shall then 
have the parallel sides of each of the trapezoids, or the distan- 
ces of the several comers of the field from the meridian NS. 
For 

BM=AL+BG, DR=CO-CK, 

CO=BM+CH, EP=DR~DR.' 

Tf the field be measured in the direction ABCDE, the differ- 
ences of latitude AG, BH, and DK, will be Southings, while 
R'E and EL' will be J^orthings. The former are the breadths 
of the three trapezoids which form the figure LABCDR; and 
the latter are the breadths of the two trapezoids which form the 
figure LAEDR. The difiference, then, between the sum of the 
products of the northings into the corresponding meridian dis- 
tances, and the sum of the products of the southings into the 
corresponding meridian distances, is twice the area of the field. 

It will very much facilitate the calculation, to place in a table 
the several courses, distances, northings, southings, inc. We 
have, then, the following 

RULE 

116. Find the northing or southing, and the easting or west-* 
ingi for each side of the field, and place them in distinct col' 
utnns in a table. To these add a column of Meridian Distan" 
ces, for the distance of one end of each side of the field from a 
given meridian; a column of Multipliers, to contain the pairs of 
meridian distances for the two ends of each of the sides ; and 
columns for the north and south Areasn See Fig. 33, and the 
table for example 1. 

Suppose a meridian Kne to be drawn without the field, at any 
given distance from the first station ] and place the assumed dis- 
tance at the head of the column of Meridian Distances. To this 
add the first departure, if both be east or both west; but subtract ^ if 
one be east and the other west; andphte the sum or difference 
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in the column of Meridian Distances^ against the first course. 
To or from the last number^ add or subtract the second depart* 
tire, ^c. fyc. 

For the column of Multipliers^ add together the first and sec- 
ond numbers in the column of Meridian Distances; the second 
and thirds the third andfourth^ fyc, placing the sums opposite 
the several courses. 

Multiply each number in the column of Multipliers into its 
eorreiponding northing or southings and place the product in 
the column of north or south areas. The difference between the 
ium of the north areas^ and the sum of the south areas^ will be 
twice the area ofthefidd. 

This inethod of finding the contents of a field, as it depends 
on the departure and difierence of latitude, which are calculated 
by right-angled trigonometry, is sometimes called Rectangular 
Surveying. 

117. If the assumed meridian pass through the eastern or 
western extremity of the field, as L'ER' (Fig. 33.) the distance 
EP will be reduced to nothing, and the figures AEL' and EIDR' 
will be triangles instead of trapezoids. If the survey be made 
to begin at the point E, cipher is to be placed at the head of 
the column of meridian distances, and the first number in the 
column of multipliers will be the same, as the first in the col- 
umn of meridian distances. See example II. 

1J8. When there is '^ re-entering angle m a field, situated 
with respect to the meridian as CDE; (Fig. 34.) the area 
EDM, being included in the figure BCRA, will be repeated in 
the column of south areas. But, as it is also included in the 
figure DCRM, it will be contained in the column of north areas. 
Therefore the difference between the north areas and the south 
areas, will be twice the area of the field, in this case, as well as 
in others. 

119. If any side is directly east or west, there will be no 
difierence of latitude, and consequently no number to be placed 
against this course, in the columns of north and south areas. See 
example II, Course 1. AB (Fig. 34.) 

The number in the columns of areas will be wanting also, 
when any side of the field coincides with the assumed meridian. 
See example II, Course 5. EA. (Fig. 34.) 
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120. Tn finding the departure and difference of latitude from 
the traverse table, the numbers for the links may be looked out 
separately ; care being; taken to renriove the decimal point two 
places to the left, because a link is the lOOth part of a chain. 

Thus if the course be 29^, and the distance 23.46 chains ; 

The diff. of lat. S^ depart, for 23 chains are 20.12 and 11.15 
for 46 links .40 .22 



for 23.46 



20.52 



11.37 



Example L See Fig. 33. 



Courses. 


Dist 


I>iff. Lat 


Departure. 


M.D. 


Mult 


N. Areas. 


8. Areas. 


N. 


8. 


E. 

6B 

26 96 

HC 

2.42 


W. 


A.L. 

20 E. 


1. BAO 

s. 640 B. 


AB 

SOeh. 

BC 

10 




AG 

13.15 


BM 

46.96 

CO 

49.38 


AL-f BM 

66.96 




2 ABML 

880.5240 


2. CBH 

8. I4« B. 




BH 

9.70 


BM-f-CO 

96.34 




2bmoc 
934.4980 


8. CDK 

». 36° w. 


CD 

80 




KD 

24.57 




CK 

17.21 


I>R 

32.17 


CO-}-DR 

81.55 




2 CDRO 

2003.6835 


4. KOE 

N. 65° w. 


DB 

20 


8.45 




L'A 

5.96 


dr' 
18.13 


£P 

14.04 


DR+EP 

46.21 


2 DBPR 

8904746 




5. I-'BA 

K 8<'42'e. 


EA 

39.42 


el' 
38 97 






AL 

20. 


EP+AL 
.34 04 


2 EPLA 

1326.5888 






47 42 


47.42 


35.34 


35 341 


:i717.0183 


8818.7055 



Twice the figure ABCDRL is 3818.7055 square chains; 
Twice the figure AEDRL 1717.0133 



The difference 
The contents of the field 
acres. (Art. 109.) 

N. S. 



2101.6922 

1050.8461 sq. ch. or 105.0846 



10 
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Example II. See Fig. 34. 



Couriea. 


Dlit 


DUir.Lat 1 


tVpHiturc. 1 


M. 

00 


Malt 


N. Areas. 


8. Areas. 


N. 


6. 
00 


E. 

6.34 

6P8 


W. 

12.27 


1. B. 


▲ B 

26.84 

BC 

82.26 


00 


AB 

•26.34 


AB 

26 84 


00 


60 


9. s 10^»B. 


8172 


CR 

32.22 

DM 

19 95 


AB-hCR 

58. 6 




2 ABCR 

1857.5232 


1 K.42®w. 


CD 

1836 


18.64 
80.66 


CR-fDM 

62 17 


2 CDMR 

711.6988 




4. ». 68« w. 


DE 

28.62 

SA. 

80.66 


12.47 
44.19 


00 


19 95 


00 


DM 

19.96 
00 




2 DME 

248.7765 


5 ir. 


00 


00 










I44 19 




1 




711.5988 21U6.2997I 



The contents of the field =3(2106.3-711.6)^697.35 sq. cb. 

Or 69.736 acres. 
In this example, the meridian distance of the first station A 
being nothing, cipher is placed at the head of the column of me- 
ridian distances. (Art. 117.) The first side AB being directly 
east and west, has no difference of latitude, and therefore the 
number in the column of areas against this course is wanting, as 
it is against the fifth course, which is directly north. (Art. 119.) 
The number against the fourth course, in the column of niulii- 
pliers, is only the length of the line DJVl; the figure DME be- 
ing a triangle^ instead of a trapezoid. 

Example III. 

Find the contents of a field bounded by the following lines; 
1. N. 350 30' E. 16 ch. 60 links. 



2. N. 


72 


45 


E. 


18 


70 


S. S. 


70 


45 


e: 


18 


70 


4. S. 


53 




W. 


12 


45 


6. S. 


83 


15 


E. 


24 


10 


6. S. 


31 


15 


W. 


15 


20 


7. S. 


62 


45 


W. 


22 


60 


8. N. 


73 


30 


W. 


27 


30 


9. N. 


17 


25 


W. 


14 


56 



The area is 145i acres. 



121. When a field is correctly surveyed, and the departures 
and differences of latitude accurately calculated ; it is evident 
the sum of the northings must be equal to the sum of the south- 
ings, and the sum of the eastinf!;s equal to the sum of the west- 
ings. If upon adding up the numbers in the departure and lati- 
tude columns, the northins;s are not found to agree nearly with 
the southings, and the easti.igs with the vVestings, there tnust be 
an en or, either in the survey or in the calculation, which requires 
that one or both should be revised. But if the difference be 
small, and if there be no pariicular reason for supposing it to be 
occasioned by one part of the survey rather than another ; it 
may be apportioned among the several departures or differences 
of latitude, according to the different lengths of the sides of the 
field, by the following rule ; 

As the whole perimeter of the field. 
To the whole error in departure or latitude ; 
So is the length of one of ilie sides, 
To the correction in the corresponding departure or lat- 
itude. 

This correction, if applied to the colunon in which the sum of 
the numbers is too sm;itl, is to be added; but if to the other 
column, it is to be subtracted,* See the example on the next 
page. 

* See the fourth Number of the Analyst, published at Philadelphia. 
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In this example, the whole perimeter of the field is 100} 
chains, the whole error in latitude .34, the whole error in de- 
parture .42 and the length of the first side 18. To find the cor- 
responding errors, 

innl . iQ. • 5 '^^ • "^^ *® ^^^^ '" latilude, 
lUOj • *»• • ^ .42 : .08 the error in departure. 

The error in latitude is to be added to 10.26 making it 10.32, 
as in the colunin of corrected northings ; and the error in depar- 
ture is to be added to 14.79 making it 14.87, as in the column 
of corrected eastings. After the corrections are made for each 
of the courses, the remaining part of the calculation is the same 
as in the preceding examples. 

122. If the length and direction of each of the sides of a field 
except one be given, the remaining side may be easily found by 
calculation. For the difference between the sum of the north- 
ings and the sum of the southings of the given sides, is evidently 
equal to the northing or southing of the remaining side ; and the 
difierence between the sum of the eastings and the sum of the 
westings of the given sides, is equal to the easting or westing 
of the remaining side. Having then the diflference of lati- 
tude and departure for the side required, its length and direction 
may be found, in the same manner as in the sixth case of plane 
sailing. (Art. 49.) 

Example V. 

What is the area of a field of six sides, of which five are given^ 
viz. 

1. S. 560E. 4.18 chains. 

2. N. 21 E. 4.80 

3. N. 66 W. 3.06 

4. S. 21 W. 0.13 
6. N. 66iW. 1.44 



6 . 

The ^rea is two acres. 

Example VI. 

1. N. 380W. 17.21 chains. 

2. N. 13 E. 21.16 

3. N. 72 E. 24.11 

4. S. 41 E. 19.26 

5. S. 11 W. 24.36 

6. 
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123. Plotting by departure and difference of latitude, — ^A 
survey may be easily plotted from the northings and sombings, 
eastings and westings. For this purpose, the column of Meridi» 
an Distances is used. It will be convenient to add also an- 
other column, containing the distance of each station from a 
given parallel of latitude^ and formed by adding the northings 
and subtracting the southings, or adding the southings and sub- 
tracting the northings. 

Let AT (Fig, 33.) be a parallel of latitude passing through 
the 6rst station of the field. Then the southing TB or LM is 
the distance of B, the second station, from the given parallel. 
To this adding the southing BH, we have LO the distance of 
CO from LT. Proceeding in this manner for each of the sides 
of the field, and copying the 7ih column in the table, p. 65, we 
have the following differences of latitude and meridian distances. 



Diff. Lot. 


Merid. DUt. 




AL 20 


1. LM 13.15 


BM 46.96 


2. LO 22.85 


CO 49.38 


3. LR 47.42 


DR 32.17 


4. LP 38.97 


EP 14.04 



To plot the field, draw the meridian NS, and perpendicular 
to this, the parallel of latitude LT. From L set off the differ- 
ences of latitude LM, LO, LR, and LP. Through L, M, 0, 
R, and P, draw lines parallel to LT ; and set off the roeric(ia° 
distances AL, BM, CO, DR, and EP. The points A, B, C, 
D, and E, will then be given. 

124. When a field is a regular Jigure, as a parallelogram, tri- 
angle, circle, &c. the contents may be found by the rules in 
Mensuration, Sec. I, and II. 

125. The area of a field which has been plotted, is sometfmes 
found by reducing the whole to a triangle of the same area. 
This is done by changing the figure in such a manner as, at each 
step, to make the number of sides one less, till they are reduced 
to three. 

Let the side AB (Fig. 35.) be extended indefinitely both 
ways* To reduce the two sides BC and CD to one, draw a 
line from D to B, and another parallel to this from C, to in- 
tersect AB continued. Draw also a line from D to the point 
of intersection G. Then the triangles DBC and DBG are 
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equal. (Euc. 37. .1.) Taking from each the commoo part 
DBH, there remains BGH equal to DCH. If then ttie trian- 
gle DCH be. thrown out of the plot,;^ and BGH be added, we 
shall have the five-sided figure AGDEF equal to the six-sided 
figure ABCDEF. 

In the same manner, the line EL may be substituted for the 
two sides AF and EF ; and then DM, for EL and ED. This 
will reduce the whole to the triangle MGD, which is equal to 
the original figure. The area of the triangle may then be found 
by multiplying its base into half Its height ; and ttiis will be the 
contents of the field. 

In practice, it will not be necessary actually to draw the par- 
allel lines BD, GC, be. It will be sufficient to lay the edge 
of a rule on C, so as to be parallel to a line supposed to pass 
through B and D, and to mark the point of intersection G. 

126. If after a field has been surveyed, and the area com- 
puted, the chain is found to be too long or too short; the true 
contents may be found, upon the principle that similar figures 
are to each other us the squares of their homologous sides. 
(Euc. 20. 6.) The proportion may be stated thus ; 

As the square of the true chain, to the square of that by 

which the survey was made ; 
So is the computed area of the field, to the true area. 

Ex. If the area of a field measured by a chain 66.4 feet 
long, be computed to be 32.6036 acres ; what is the area as 
measured by the true chain 66 feet long ? 

Ads. 33 acres. 

127. A plot of a field may be changed to a different scale^ 
that is, it may be enlarged or diminished in auy given ratio, by 
drawing lines parallel to each of the sides of the original plan. 

To enlarge the perimeter of the figure ABCDE (Fig. 36.) in 
the ratio of aG to AG ; draw lines from 6 through each of tlie 
angular points. Then beginning at a, draw ab parallel to AB, 
be paralle^ to BC, fcc. 
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It is evident that the angles are the same in the enlarged fig- 
ure, as io the original one. And by similar triangles, 

AG : aG: :BG : iO: :CG : cG: :fac. 

And 
AG:aG::AB laby.BC : bey.iac. 

Therefore ABCDE and abcde are similar figures. (£uc. 
Def. 1.6.) 

In the same manner, the smaller figure a'Vdi'fif may be 
drawn, so as to have its perimeter proportioned to ABCDE as 
« 6 to AG. 
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SECTION 11. 



METHODS or SURTE7ING IN PARTICULAR CASES. 

Art. 128. Measuring round a field, in the manner explain- 
ed in the preceding section, is by far the most common method 
of surveying. The following problems are sometimes useful. 
They may serve to verify or correct the surveys which are 
made by the usual method. 

Problem I. 

To survey afield from two stations. 

129. Find thp distance of the two stations, and 
their bearings from each other; then take the bear« 
ings of the several cornehs of the field from each of 
the stations. 

In the field ABCDE, (Fig. 37 ) let the distance of ihe two 
Stations S and T be given, and iheir bearings from each other. 
By taking the bearing of A from S and T, or rhe angles AST 
and ATS, we have the direction of the lines drawn from the 
two stations to one of the corners of the field. The point A is 
determined by the intersection of these lines. In the same 
manner^ the point B is determined by the intersection of SB 
and TB ; the point C, by the intersection of SC and TC ; &c. 
be. The sides of the field are then laid down, by connecting^ 
the points ABCD, be. 

The area is obtained, by finding the areas of the several tri- 
angles into which the field is divided by lines drawn from one 
of the stations. Thus the area of ABCDE (Fig. 37.) is equal 

ABT+BCT + CDT+DET+EAT 

or to 
ABS + BCS+ODS+DES + EAS. 

Now we have the base line ST given and the angles, in the tri- 
angle AST, to find AS and AT; in the triangle BST, to find 
BS and BT, be. After these are found, we have two sides 

N. S. 11 
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and the included angle in the triangles ABT, BCT, be. from 
which the areas may be calculated. (Mens. 9.) 

Example. 

Let the station T (Fig. 37.) be N. 80^ E. from S, the distance 
ST 27 chains, and the bearings of the several corners of the 
field from S and T as follows ; 



TA N. 30° W. 


SA N. 17° E. 


TB N. 15 


E. 


SB N. 55 E. . 


TC S. 53 


E. • 


SC S. 73 E. 


TD S. 55 


W. 


SD S., 24 W. 


TE N. 70 


W. 


SE N. 26 W. 


These will 


give the following angles; 


ATS= 70° 


AST= 


= 63° ATB= 45 


BTS=I15 


BST= 


= 25 BTC=112 


CTS--=133 


CST= 


= 27 CTD=108 


DTS= 25 


DST= 


= 124 DTE= 55 


ETS= 30 


EST= 


= 106 ETA= 40 


From which, with the base line ST, are calculated the fol- 


lowing lines and areas. 






AT=32.89 chains. 


ABT=206.45 sq. chains. 


BT= 17.75 


* 


BCT=294.96 


CT =35.84 




CDT= 740.7 


DT= 43.46 




DET=665.l 


ET=37.36 


nts of tbi 


EAT =395. 


Conle 


5 field, =230.22 acres. 



The course and length of each of the sides of the field may 
be found, if necessary. After the parts mentioned above are 
calculated, there will be given two sides and the included angle 
in the triangle ATB, to find AB, in ETC to find BC, &c. 

If the base line between the two stations be too short, com- 
pared with the sides of the field and their distances, the survey 
will be liable to inaccuracy. It should not generally be less 
than one tenth of the longest straight line which can be drawn 
on the ground to be measured. 

130. It is not necessary that the base line, from the extremi- 
ties of which the bearings ai^e taken, should be mthin the field. 
It may be one of the sides, or it may be entirely unthovt the field. 
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* Let S and T (Fig. 38,) be two stations from which all the 
corners of a 6eld ABC'DE may be seen. If the direction and 
length of the base line be measured, and the bearings of the 
points A, B, C, D, and E, be taken at each of the stations the^ 
areas of the several triangles may be found. The figure 
ABCTDE is equal to 

DET+EAT+ABT+BCT 

From this subtracting DCT, we have the area of the field 
ABCDE. 

In this manner, a piece of ground may be measured which, 
from natural or artificial obstructions, is inaccessible. Thus an 
island may be measured from the opposite bank, or an enemy's 
camp, from a neighboring eminence. 

131. The method of surveying by making observations from 
two stations, is particularly adapted to the measurement of a bay 
or harbor. 

The survey may be made on the water, by anchoring two 
vessels at a 'distance from each other, and observing from each 
the bearings of the several remarkable objects near the shore. 
Or the observations may be made from such elevated situations 
on the land, as are favorable for viewing the figure of the har- 
bor. If all the parts of the shore cannot be seen from two sta« 
tions, three or more may be taken. In this case the direction 
and distance of each from one of the others should be meas- 
ured. ' 

Problem II. 
To survey a field by measuring from one station. 

132. Take the bearings of the several corners of 
the field, and measure the distance of each from the 
given station* 

If the length and direction of the several lines AT, BT, CT, 
DT, and ET, (Fig. 37.) be.ascertained ; there will be given 
two sides and the included angle of each of the triangles ABT, 
BCT, CDT, DET, and EAT; from which their areas may 
be calculated, (Mens. 9.) and the sum of these will be the con- 
tents of the whole figure. 



76 SUBTBTIirO. 

The station may be taken in one of the sides or angles of the 
field, as at C. (Fig. 32.) Tbe lines 

CD, CE, CA, CB, and the angles 

DCE, ECA, ACB, being given,- 
tbe areas of tbe triangles may be found. 

Problem III. 

To iurvey a field by the chain alone. 

133. Measure the SIDES of the field, and the DI- 
AGONALS BT which it is divided INTO TRIANGLES. 

By measuring the sides (Fig. 32.) 
AB, BC, CD, DE, EA, 
and tbe diagonals CA and CE, we have the three sides of eacfa 
of the triangles into which the whole figure is divided. They 
ttiay therefore be constructed, (Trig. 172.) and their areas cal- 
culated. (Mens. 10.) 

134. To meaiure an angle with the chain, set ajS* equal dis- 
tances on the two lines which include the angle, as AB, AC, 
(Fig. 39.) and measure the dislance from B to C. There will 
then be given the three sides of the isosceles triangle ABC, td 
find the angle at A by construction or calculation. 

Tbe chain may be thus .substituted for the compass, in sur- 
veying a field by going round it, according to the method ex- 
plained in the preceding section ; or by measuring from one or 
two stations, as in problems I and II. 

Problem IV. 
To survey an irregular boundary by means of offsets. 

135. Run a straight line in ant convenient direc- 
tion, AND MEASURE THE PERPENDICULAR DISTANCE OF EACH 
ANGULAR POINT OF THE BQU.NDART FROM THIS LINE. 

The irregular field (Fig. 40.) may be surveyed, by taking 
the bearing and length of each of the four lines A£, EF, 
FI, lA, and measuring the perpendicular distances BB', 
CC', DD', GG;, HH^ KK'. These perpendiculars are call- 
ed offsets. It is necessary to note in a field book the part^ 



suntrttmo. 



7T 



into which the line that is measured is divided by the offsets, as 
in the following example. (See Fig. 40.) 



ODbets on 


Che left 


Courses and Distances. 


Oiftets on the right. 




Chains. 


AE N. 85° E. 12,74 ch. 




BB' 


2.18 


AB' 3.25 




CC 


2.18 


BC 2.13 




Diy 


1.23 


CD' 1.12 
D E 6.24 






EF S. 24° E. 7.23 








Fl N. 87° W. 13.34 




GG' 


2.86 


FG' 3.84 


- 


HH' 


1.48 


G'H' 2.22 
HI 7.28 








lA N. 26° W. 6.32 








IK' 


KK' 3.94 




1 K'A 1 





As the offsets are perpendicular to the lines surveyedi the 
little spaces ABB', BB CC^ CC'DD', 8cc. are either right an- 
gled triangles, parallelograms, or trapezoids. To find the cou" 
tents of the field, calculate in the first place the area hetween the 
lines surveyed, as the trapezium AEFIA, TFig. 40.) and then 
add the spaces between the offsets, if they tall within the boun-i> 
dary line J or subtract them, if they fall without, as AIK. 

when any part of a side of a field is inaccessible, equal offsets 
may be made at each end, and a line run parallel to the boun« 
dary. 

Problem V. 

T^o measure the distance hetween any two points on the surfact 
. of the earthy by means of a series of triangles extending from 
one to the other. 

136. Measure a side of one of the triangles Foit a 
BASE LINEf TAKE THE BEARING of this or some othek 

SIDE, AND MEASURE THE ANGLES IN EACH OF THE TRIAN- 
GLES. 

If it be reqirired to find the distance between the two points 
A and I, (Fig. 41.) so situated that the measure cannot be 
taken in a direct line from one to the other ; let a series of tr!«> 
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angles be arranged in such a manner between tbem, that aoe 
side shall be common to tbe first and second, asBC, to the sec^ 
ond and third as CD, to tbe third and fourth, kc. Then meas^ 
ure the length of BC for a base line, take the bearing of the side 
AB, and measure the angles of each of the triangles. 

These data are sufficient to determine the length and bearing 
of each of tbe sides, and the distances and bearing of I from A, 
For in the two first triangles ABC and BCD, the angles are 

!>iven and the side BC, to find the other sides. When CD is 
ound, there are given, in the third triangle CDE, one side and 
the angles, to find tbe other side. In the same manner, the oak 
culation may be carried from one triangle to another, till all tbe 
sides are found. 

The bearings of the sides, that is, the angles which they make 
with the meridian, may be determined from the bearing of tbe 
first side, and the angles in tbe several triangles. Thus if NS 
be parallel to AM, the angle BAP, or its equal ABN subtracted 
from ABD leaves NBD ; and this taken from 180 degrees leaves 
SBD. 

From the bearing and length of AB may be found tbe souths 
ing AP, and the eastings PB. In the same manner are found 
the several southings PP', P'P", P'P''', P'^'M. The sum of 
the southings is the line AM. And if the distance is so small, 
that the several meridians may be considered parallel, tbe differ- 
ence between the sum of the eastings and the sum of the west- 
ings, is the perpendicular IM. We have then, in the right an- 
gled triangle AMI, the sides AM and MI, to find tbe distance 
and bearing of I from A. 

137. This problem is introduced here for tbe purpose of giv- 
ing the general outlines of those important operations which have 
been carried on of late years, with such admirable precision, under 
the name of Trigonometrical Surveying, 

Any explanation of the subject, however, which can be made 
in this part of the course, must be very imperfect. In tiie demon- 
stration of the problem, the several triangles are supposed to be 
in tbe same plane, and tbe distances of the meridians so small, 
that they may be considered parallel. But in practice, tbe 
ground upon which tbe measurement is to be made is very ir- 
regular. Tbe stations selected for the angular points of the tri- 
angles, are such elevated parts ot the country as are visible to 
a considerable distance. They should be so situated, that a sig- 
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Dul^tafT, tower, or other conspicuous object in any one of the 
angles, may be seen from the other two angles in the same trian- 
gle. It will rarely be the case that any two of the triangles will 
be in the same plane, or any one of them parallel to the hor^ 
izon. Reductions will therefore be necessary to bring them to 
R common level. But even this level is not a plane. In the 
cases in which this kind of surveying is commonly practiced, the 
measurement is carried over an extent of country of many miles. 
The several points, when reduced to the same distance from the 
center of the earth, are to be considered as belonging to r spher- 
ical surface. To make the calculations then, if the line to be 
measured is of any considerable extent, and if nice exactness is 
acquired, a knowledge of Spherical trigonometry is necessary. 

138. The decided superiority of this method of surveying, in 
point of accuracy, over all others which have hitherto been tri- 
ed,, particularly where the extent of ground is great, is owing 
partly to the fact that almost all the quantities measured are an- 
gles; and partly to this, that for the single line which it is ne- 
cessary to measure, the ground may be chosen^ any where in the 
vicinity of the system of triangles. It would be next to impos- 
sible to determine the precise horizontal distance between two 
points, by carrying a chain over an irregular surface. But in 
the trigonometrical measurements which are made upon a great 
scale, there can generally be found somewhere in the country 
surveyed, a level plane, a heath, or a body of ice on a river or 
lake, of sufficient extent for a base. This is the only line which 
it is absolutely necessary to measure. It is usual however, to 
measure a second, which is called a line of verification. If the 
length of the base BC (Fig. 41.) and the angles be given, all 
the other lines in the figure may be found by trigonometrical cal- 
culation. But if GH be also measured, it will serve to detect 
any error which may have been committed, either in taking the 
angles, or in computing the sides, of the series of triangles be- 
tween BC and GH. 

139. In measuring these lines, rods of copper or platina have 
been used in France, and glass tubes or steel chains in England. 
The results have in many instances been extremely exact. A 
base was measured, on Hdunslow Heath, by General Roy, 
with glass rods. Several years after, it i)vas re-measured by 
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Colooel Mudge, with a steel chain of very sice eonstrUetion. 
The difference in the two measurements was less than three in^kr 
es in more than five miles. Two parties measured a base io 
Peru of 6272 toises, or more than seven miles ; and the differ^ 
ence in their results did not exceed itoo inches. 

Exact as these measurements are, the exquisite construetbn 
of the instruments which have been used for taking the armies, 
has given to that part of the process a still higher degree of 
perfection. The amount of the errors in the angles of each of 
the triangles, measured by Ramsden's Theodolite, did not ex*^ 
ceed three seconds. In the great surveys in France, the angles 
were taken with nearly the same correctness. 

140. One of the most important applications of trigonometri- 
cal surveying, is in measuring arcs of the meridian^ or oiporaU 
lels of latitude^ particularly the former. This is necessary in 
determining the Jigure of the earth, a very essential problem in 
Geography and Astronomy. A degree of zeal has been dis- 
played on this subject, proportioned to its practical importance. 
Arcs of the meridian have been measured at great expense, in 
England, France, Lapland, Peru, inc. Men of distinguished 
science have engaged in the undertaking. 

A' meridian line has been measured, under the direction of 
General Roy and Colonel Mudge, from the Isle of Wight, to 
Clifton in the north of Eneland, a distance of about 200 miles. 
Several years were occupied id this survey. Another arc pas- 
sing near Paris, has been carried quite through France, and even 
across a part of Spain to Barcelona. In measuring this, sev- 
eral distinguished mathematicians and astronomers were enga- 
ged for a number of years. These two arcs have been con- 
nected by a system of triangles running across the English 
Channel, the particular object of which was to determine the 
exapt difference of longitude between the observatories of 
Greenwich and Paris. Besides the meridian arcs, other line^ 
intersecting them in various directions have been measured 
both in England and France. With these, the most remarkable 
objects over the face of the country have been so connected, 
ifaat the geography of the various parts of the two kingdoms is 
settled, with a precision which could not be expected from any 
other method. 
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141. The exactness of the surveys will be seen from a com- 
parison of the Vines of verification as actually measured, with the 
lengths of the same lines as determined by calculation. These . 
V9ou\6 be affected by the amount of all the errors in measuring 
the base lines, in taking the angles, in computing the sides of the 
triangles, and in making the necessary reductions for the irreg- 
ularities of surface. A base of verification measured on Rom- 
ney Marsh in England, was found to differ but about two 
feet from the length of the same line as deduced from a series of 
triangles extending moie than 60 miles. A base of verification 
connected with the meridian passing through France, was found 
DOt to differ one foot from the result of a calculation which de- 
pended on the measurement of a base 400 miles distant. A line 
of verification of more than 7 miles, on Salisbury Plain, differed 
scarcely an inch from the length as computed from a system ^f 
triangles extending to a base on Hounslow Heath.*. 



* See note K. 

N. S. 12 
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SECTION III. 



LATINO OUT AND DIVIDING LANDS. 

Art. 142. To those who are familiar with the principles of 
geometry, it will be unnecessary to give particular rules, for all 
the various methods of dividing and laying out lands. The fol- 
lowing problems may serve as a specimen of the manner in which 
the business may be conducted in practice. 

Problem L 

To lay out a given number of acre$ in the form of a s^uarr. 

143. Reduce the number of acres to square rods or 

CHAINS, AND EXTRACT THE SQUARE ROOT. This Will give ODO 

side of the required field. (Mens. 7.) 

Ex. 1. What is the side of a square piece of land containing 
124^ acres? Ans. 141 rods. 

2. What is the side of a square field which contains 58f 
acres? . , 

Problem II. 

To lay out afield in the form of a parallelogram, lohen one 
side and the contents are given. 

144. Divide the number of square rods or chains bt 
THE length of THE «ivEN SIDE. The quotieut will be a side 
perpendicular to the given side. (Mens. 7.) 

Ex. What is the width of a piece of lapd which is 280 rods 
long, and which contains 77 acres? Ans. 44 rods. 

Cor. As a triangle is half a parallelogram of the same base and 
height, a field may be laid out in the form of a triangle whose 
area and base are given, by dividing twice the area by the base. 
The quotient will be the perpendicular from the opposite angle. 
(Mens. 8.) 
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Problem III. 

To lay ovt a piece of land in the form of a parallelogram^ the 
length of which shall be to the breadth in a given ratio. 

145. As xhe'lengih of the parallelogram, to its breadth; 
So is the area^ to the area of a square of the same 
breadth. 

The side of the square may then be found by problem I, and 
the length of the parallelogram by problem II. 

If BCNM (Fig. 42.) is a square in the right parallebgram 
ABCD, or in the oblique parallelogram ABC^D', it is evident 
that AB is to MB or its equal BC, as the area of the parallelo- 
gram to that of the square. 

Ex. If the length of a parallelogram is to its breadth as 7 
to 3, and the contents are 52^ acres, what is the length and 
breadth. • - ' 

Problem IV. 

The area of a parallelogram being given, to lay it out in such 
a form J that the length shall exceed the breadth by a given 

DIFFERENCE. 

146. Let a?=BC the breadth of the parallelogram ABCD 

(Fig. 42.) and the side of the square BCNM. 

dfssAM' the difference between the length and 

breadth. 
a=the area of the parallelogram. 
Then a=(a;+rf)Xa?=x*+rf«. (Mens. 4.) 
Reducing this equation, we have 

y/a+id^-id=^x. 
That is, to the area of the parallelogram add one fourth of the 
square of the difference between the length and the breadth, 
and from the square root of the sum, subtract half the difference 
of the sides ; the remainder will be the breadth of the parallelo- 
gram. 

Ex. If four acres of land be laid out in the form of a paral- 
lelogram, the difference of whose sides is 13 rods, \^bat is the 
brelddl? 
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Problem V. 
To lay out a triangle whose ana and angles are given. 

147. Calculate the area of ant supposed trianolk 
which has the same angles. then 

as the area op the assumed triangle, 

To THE AREA OP THAT WHICH IS REQUIRED; 

So IS THE SQUARE OF ANY SIDE OF THE FORMER, 

To THE SQUARE OF THE CORRESPONDING SIDE OF THE LATTER* 

If the triangles BCC and BCA (Fig. 43.) have equal an- 
gles, they are similar figures, and therelbre iheir^reas are as 
the squares of ibeir like sides, for instance, as AC*' : CC. 
(Euc. 19. 6.) Tlie square of CO being found, extracting the 
square root will give ihe line iiself. 

To lay out a triangle of which one side and the area are giv- 
en, divide twice the area by the given side ; the quotient will be 
the length of a perpendicular on this side from ihe opposite an- 
gle. (Mens. 8.) Thus twice the area of ABC (Fig. 45.) di- 
vided by the side AB, gives the length of the perpendicular 
CP. 

148. This problem furnishes the means of cutting off, or lay- 
ing out, a given quantity of land in various forms. 

Thus, from the triangle ABC, (Fig. 43.) a smaller triangle 
of a given area may be cut off, by a line parallel lo AB. The 
line CC being found by the problem, the point C will be giv- 
en, from which the parallel line is to be drawn. 

149. If the directions of the lines AE and BD, (Fig. 44.) 
and the length and direction of AB be given ; and if it be requir- 
ed to lay off a given area, by a line parallel to AB; let the lines 
AE and BD be continued to C. The angles of the triangle 
ABC with the side AB being given, the area may be found. 
From this subtracting the area of the given trapezoid, the remain- 
der will be the area of the triangle DCE ; from which may be 
found, as before, the point E through which the parallel is to be 
drawn. 

If the trapezoid is to be laid- off on the other side of AB, its 
area roust be added to ABC, to give the triangle D'CE^ 

16a If a piece of land is to be laid off from AB, (Fif^. 
45.) by a line in a given direction as DE, not parallel t0. AB ; 
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let AC parallel to DE be drawn through cue end of AB. The 
required trapezium consists of two parts, the triangle ABC, and 
the trapezoid ACED. As the angles and one side of the for- 
mer are given, its area may be found. Subtracting this from 
the given area, we have the area of the trapezoid, from which 
the distance AD may be found by the preceding article. 

151. If a given area is to be laid off from AB, (Fig. 46.) by 
a line proceeding from a given point D ; first lay off the trape- 
zoid ABCD. If this be too small, add the triangle DCE ; but if 
the trapezoid be too large, subtract the triangle DCE'. 

Pboblem VI. 

2^0 divide the area of a triangle into parts having given ratio$ 
to each other, by lines drawn from one of the angles to the 
opposite base. 

152. Divide the base in the same proportion as the 
parts req.uireo. 

If the triangle ABC (Fig. 47.) be divided by the lines CH 
«nd CD ; the small triangles, having the same height, are to each 
other as the bases BH, DH, and AD. (Euc. 1. 6.) 

Problem VII. 

To divide an irregular piece of land into any two given parti* 

1 53. Run a line at a venture, near to the true division line 
required, and find the area of one of the parts. If this be too 
large or too small, add or subtract, by the preceding articles, a 
triangle, a trapezoid, or a trapezium, as the case may require* 

A field may sometimes be conveniently divided by reducing 
k to a triangle, as in Art. 125, (Fig. 35.) and then dividing the 
triangle by problem VI. 
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SECTION IV. 

LCTKLLIKQ. 



Art. 154. It is frequently necessary to ascertain how much 
one spot of ground is higher than another. The practicability 
of supplying a town with water from a neighboring fountain, will 
depend on the comparative elevation of the two places above a 
common level. The direction of the current in a canal will be 
determined by the height of the several parts with respect to 
each other. 

The art of levelling has a primary reference to the level sur- 
face of water. The surface of the ocean, a lake, or a river, is 
said to be level when it is at rest. If the. fluid parts of the earth 
were perfectly »pheriealf every point in a level surface would be 
at the same distance from the center. The difference in the 
heights of two places above the ocean would be the same, as the 
difference in their distances from the center of the earth. It is 
well known that the earth, though nearly spherical, is not per* 
fectly so. It is not necessary, however, that the difference 
between its true figure and that of a sphere should be brought 
into account, in the comparatively small distances to which the 
art of levelling is commonly applied. But it is important to dis* 
tingutsh between the true and the apparent level. 

1 55. 7%e TRUE LEVEL if a CURVE tohich either coincides triti^ 
or i» parallel to, the surface of water at rest. 

The APPARENT LETEL IS a STRAIGHT LINE which i$ a TAN- 
GENT to the true levels at the point where the observation is made. 

Thus if ED (Fig. 48.) be the surface of the ocean, and AB 
a concentric curve, B is on a true level with A. But if AT be 
a tangent to AB, at the point A, the apparent level as observed 
at A, passes through T. 

156. When levelling instruments are used, the level isde« 
termined either by a Jluid or a plumb-line. The surface of 
the foriuer is parallel to the horizon. The latter is perpen^ 



dieular. One of the inost convenient instrunnents tor the pur- 
pose is the spirit level, A glass tube is nearly filled with spirits 
a small space being left for a bubble of air. The tube is so 
ibrjned, that when it is horizontal, the air bubble will be in the 
middle between the two end^. To the glass is attached an in-* 
dex with sight vanes ; and sonaetimes a snoall telescope, for 
viewing a distant object distinctly. The surveyor should also 
be provided with a pair of levelling radsj which are to be set 
up perpeodicularly, at convenient distances, for the purpose of 
pieastiriiag the height from the surface of the ground to the hor* 
icoDtai line which palsses through the spirit level. 

If strict accuracy is aitned at, the spirit level should be in th^ 
middle between the two rods, v Considering D ED''D as the 
spherical surface of the earth, and B'AB'^B as a concentric 
curve ; a horizontal line passing through A is a tangetU to this 
curve. If therefore AT' and AT'' are eqiud^ the points T' and 
T" are equally distant from the level of the ocean. But if the 
two rods are at T and T', while the spirit level is at A, the 
height TD is greater than T'EK. The difierence however will 
be trifling, if the distance of the stations T and T' be small. 

157. With these simple instruments, the spirit level ajid the 
rods, the comparative heights of any two places can be ascer- 
tained by a series of observations, without measuring their dis- 
tance, and however irregular may be the ground between them. 
But when one of the stations is visible from the other and their 
distance is known ; the difierence of their heights may be found 
by a eingle observation^ provided albwance be made for atmos? 
pheric refraction, and for the difierence between the true ^^ 
the apparent level. 

Pboblem I. 

To find the difference in the height of two places by levelling 

rods. 

] 58. Set up the levelling rods perpendicular to the horizon^ 
and at equal distances from the spirit level; observe the voints 
where the line of level strikes the rods before and behina^^ and 
m$asure the heights of these points above the ground; level in 
the same manner from the second station to the thirds from the 
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third to the fourth^ fyc. The difference between the sum of the 
heights at the back stations, and at the forward stations^ mill be 
the difference between the height of the first station and the last. 
If the descent from H to H" (Fig. 49.) be required, let the 
spirit level be placed at A, equally distant from the stations H 
and H' ; observe where the line of level BF cuts the rods wbicb 
are at H and H', and measure the heights BH and FH^ The 
difference is evidently the descent from the Grst station to the 
second. In the same manner by placing the spirit level at A% 
the descent from the second station to the third may be found. 
The back heights, as observed at A and A^, are BH, and B U', ; 
the forward heights are FH' and F'H". 

Now FH'~BH =the descent from H to H', 
And F'H"-B'H'=ihe descent from H' to H"; 

Therefore, by addition, 
(FH'+F'H'0-(BH+B'H')=the whole descent from H to H". 

159. It is to be observed, that this method gives the true lev- 
el, and not the apparent level. The lines BF aud B^F^ are 
not parallel to each other y but one is parallel to a tangent to the 
horizon at N, the other to a tangent at N'. So that the points 
B and F are equally distant from the horizon, as are also the 
points B^ and P. The spirit level may be placed at unequal 
distances from the two station rods, if a correction is made for 
the difference between the true and the apparent level by prob- 
lem II. 

160. If the stations are numerous, it will be expedient to 
place the back and the forward heights in separate columns in 
a table, as in the following example. 

Back heights. Fore heights. 

" '- Feet In. 

2 8 

3 1 
6 7 

3 2 

4 10 

19 4 



1st. Observation 

2. " 

3. 

4. « 

6. " 


Feet In. 
3 7 

3 5 
6 3 

4 2 

5 9 


Difierence 


22 2 
19 -4 

2 10 
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If the sum of the forward heights is less than the sura of the 
buck heights, it is evident that the last station must be higher 
thftn the first. 

Pboblem IL 

161. To find the difference between the tkue and the ATtk" 
KENT leveljfor any given distance. 

irC (Fig. 12.) he the center of the earth considered as a 
sphere, AB a. portion of its surface, and T a point on an appa- 
rent level with A ; then BT is the difference between the true 
and the apparent level, for the distance AT. 
Let 2BC = D, the diameter of the earth, 

AT=rf, the distance of T, in a right line from A, 
BT=A, the height of T, or the difference between the 
true and the apparent level. 
Th en by Euc. 36. 3. 
(«BC+BT)XBT=AT- ; that is, (D+A)xA=d» ; 
and reducing the equation, 

Therefore, to find h the difference between the true arid tb» 
apparent level, add together one fourth of the square of the 
earth's diameter, and the square of the distance, extract the 
square root of the sum, and subtract the semi-diameter of the 
earth. 

162. This rule is exact. But there is a more simple one^ 
which isi suficiently near the truth for the common purposes of 
levelling. The height BT is so small, compared with the di- 
ameter of the earth, that D may be substituted for D+A, with- 
out any considerable error. The original equation above witf 
then become 

d' 
DxA=rf«. Therefore A=p- 

That is, the difference bettoeen the true and the apparent levels 
is nearly equal to the square of the distance divided by the diam^ 
eter of the earth. 

Ex. 1. What is the difference between the true and the ap- 
parent level, for a distance of one English mile, supposing the 
earth to be 7940 miles in diameter ? 

Ans. 7.98 inebesi or Sioehes neai^hr* 

N. S. 18 
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Id the equation h^^, as D is a constant quantity, it i% 

evident that h varies ds d' • According to the last rule tfaeD, the 
difference between the true and the apparent level varies as the 
square of the distance. The difference for 1 mile being nearly 
8 inches, 

For 2 miles, it is 8 X2« =3^=2 8 nearly. 

For 3 miles, 8x3»= 6 

For 4 miles, 8x4«= 10 8 
be. be. See Table IV. 

Ex. 2. An observation is made to determine whether water 
can be brought into a town from a spring on a neighboring hilL 
At a particular spot in the town, the .spring, which is 2i miles 
distant, is observed to be apparently on a level. What is the 
descent from the spring to this spot ? 

The descent is nearly 4 feet 2 inches for the whole distance, 
or 20 inches in a mile; which is more than sufficient for the 
water to run freely. 

Ex. 3. A tangent to a certain point on the ocean, strikes the 
top of a mountain 23 miles distant. What is the height of the 
mountain? Ans. 352 feet. 

163. One place may be below the apparent level of another^ 
and yet abofre the true level. The difference between the true 
and the apparent level for 3 miles is 6 feet. If one spot, then, 
be only two feet below the apparent level of another 3 miles 
distant, it will really be four feet higher. 

If two places are on the same true level, it is evident that each 
is below the apparent level of the other. 

Problem II. 

To find the difference in the heights of two places ufhose distance 
is known, 

164. From the angle of elevation or depression^ calculate h/ow 
far one of the places is above or below the apparent level of the 
other ; and then make allowance for the difference between the 
apparent and the true leveL 

By taking, with the quadrant, the elevation of the object 
whose distance js given, we have one side and the angles of 
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a right angled triangle, to find the perpendicular height above 
a horizontal plane. (Art. 6.) Adding thjs to the difference 
between the true and the apparent level, we have the height 
of the object above the true level of the place of observation. 
When an angle of depression is taken, it will be necessary to 
siibtract instead of adding. 

Ex. 1. The angle of elevation of a hill, as observed from the 
top of another 4^ miles distant, is found to be 7 degrees. What 
is the difference in the heights of the two hills ? 

Height of one above the level of the other 291 7.3 feet. 

Difference of the levels 1.3.6 



Difference in the height of the hills 2930.8 

Ex. 2. From the top of a tower, the angle of depression of a 
fort 4 miles distant, is found to be 3^ degrees. What is the 
height of the tower above the fort? Ans. 1 189 feet. 

If the operation of levelling is meant to be very exact, espe- 
cially when extended to considerable distances, allowance should 
be made for atmospheric refraction.* 

* See Note A. 
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SECTION V. 



. Art. 166. The direction in which a ship is steered, and the 
bearings of the sides of a field, are commonly determined by 
observing the angles which they make with the magnetic nee* 
die. This is a bar of steel to which the magnetic power has 
been communicated from some other artificial or natural mag- 
net. When it is balanced on a pin, so as to tuin freely in any 
direction, it points towards the north and south. 

The poles of the needle are its two extremities; and the ver- 
tical plane which passes through these, is called ihe magnetic 
meridiqn. The astronomical meridian passes through ihe poles 
of the earth. These two meridians rarely coincide. The nee- 
dle does not often point directly north and south. 

167. The DECLINATION of the needle is the angle which it 
makes with a north and sevth line ; or the angle between the 
magnetic and the astronomical meridians. It is said to be east 
or west, according as the north pole of the needle points east or 
west of the north pole of the earth. 

The variation of the needle is properly the change of its rfc- 
dination. The term, however, is frequently used to signify the 
declination itself. 

The declination of the needle is very different in difi^erent 
parts of the earth. In some places, it is twenty or thirty de- 
grees : in others, little or nothing. In the variation charts given 
by writers on magnetism, the declination is marked, as it is 
found by observation on difierent parts of the globe. Lines 
are drawn connecting all the points which have the same de- 
clination. Thus a line is drawn through the several places 
in which the declination is ten degrees ; another through those 



* CavAllo on Mngnetism, Rees' Cyclopedia, Transactions of the Royal So* 
ciety of London, the Royal Irish Academy, the American Philosophical Soci- 
ety, tad the American Academy of Arts and Sciences. 
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in which it is 5 degrees, be. These lines are very winding yet 
they never cross each other, though they extend all over the 
globe. One of the lines of no declination passes through the 
middle parts of the United States. The declination is towards 
this line, in places which are on either side of it. Thus in New 
England the declination is west, while on the Ohio it is east. It 
increases with the distance from the. line of no declination* 

168. The declination is not only different in different places, 
but different in the same place at different times. At London, 
about 250 years since, it was 11^ degrees east. It gradually 
decreased till 1657, when the needle pointed directly north. 
From that time it deviated more and more to the west, until 
1814, when the declination amounted to 24^ 2V. This appears 
to have been its maximum ; for since that time it has somewhat 
diminished, and it is at present about 24^. 

In New England, from the time of its first settlement, the de* 
clination was decreasing until after the commencement of the 
present century. At Boston, it was about 9 degrees in 1708^ 
8 degrees in 1742, 7 degrees in 1763, 7s degrees 1810, and 
8 degrees 51 minutes in 1835.* 

The variation in the declination is by do means uniform. 
If the needle moves two minutes from the meridian in one year, 
it ma^ move a greater or less distance the next year. Its pro- 
gress is different in different places. In some it is moving east, 
and in others west ; in some it is coming nearer to the meridian, 
ID others going farther from it. 

169. There is also a diurnal variation, which appears to be 
owing to a change of temperature. During the fore part of the 
day, the north end of the needle frequently moves a few min- 
utes of a degree to the west. In the evening, it returns nearly to 
the same point from which it started. This diurnal variation is 
found to be the greatest in the summer months, when the action 
of the sun is most powerful. 

In addition to these various changes, there are local perturba- 
tions of the needle, occasioned probably by the attraction of fer- 
ruginous substances beneath the surface of the ground. 



* See the obeervations of Dr. Bowditcb, in the Memoirs of the American 
Academy of Arts and Sciences, Vol. III. Part II. p. 837, and Prof. Olmsted's 
paper in the Am. Jour, of Arts and Sciences, XVI, p. 90. 
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170. So many irregularities inust reuder the magnetic com« 
pass an inaccurate instrument, unless the state of the declination 
is ascertained by frequent observations. This is particularly 
necessary at sea, where the declination may be changed by a 
few hours' sail. 

The astronomical meridian is determined by the positions of 
the heavenly bodies. The situation of the sun at rising or set- 
ting being known, its distance from the magnetic meridian may- 
be obsented with an azimuth compass, which is a mariner's com- 
pass with the addition of sight vanes for taking the direction of 
any object. 

171. On land, a true meridian line may be drawn by obser- * 
vations on the pole star. If this were exactly in the pole, it 
would be always on the meridian. But the star revolves round 
the pole, at a short distance, in a little less than 24 hours. In 
about 6 hours from its passing the meridian above the pole, it !s at 
its greatest distance west $ in about 12 hours, it is on the meridian 
beneath the pole, and in about 18 hours, at its greatest distance 
east. If the direction of the star can be taken, at the instant 
when it is on the meridian, either above or beneath the pole ; a 
true north and south line may be found. This method, however, 
requires that the exact time of passing the meridian be known^ 
and that the observations be made expeditiously. 

172. But as the star comes very gradually to its greatest dis- 
tance east or west, it is easy to observe these limits ; and as the 
revolution is made in a circle round the axis of the earth, it is 
evident that the pole must be in the middle between the two ex- 
treme distances. To draw a true meridian line, then, take the 
direction of the pole star when it is farthest west, and also when 
it is farthest east ; and bisect the angle made by these two di' 
redions. 

When a meridian is once drawn, it may be rendered perma- 
nent, by fixing proper marks ; and the declination of the needle 
may then be ascertained at any time, by the surveyor's compass, 
or more accurately by the variation compass, which has a long 
needle, and a graduated arc of so large a radius as to admit of 
very accurate divisions.''^ 



* Se« note L. 
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Note A. Page 10 and 91. 



A ray of light, in coming from a distant object to the eye, 
through the air, is turned from a straight line into a curve which 
is concave towards the earth. The effect is to elevate the ap- 
parent place of the object, as each point appears in the direc- 
tion in which the light from that point enters the eye. The 
change in the apparent situation is called astronomical refrac" 
iion, when the heavenly bodies are concerned; and terrestrial 
refraction, when the objects are on the earth. The measure of 
the latter is the angle at the eye, between a straight line drawn 
to the object, and a tangent to the curvilinear ray, as I'AT', 
(Fig. 50.) T being the place of the object, and T' its apparent 
place as seen from A. 

The refraction is very much affected by the state of the at- 
mosphere ; changing with the temperature, as well as with the 
density indicated by the barometer. In the delicate observa- 
tions made in the trigonometrical surveys in England and 
France, the terrestrial refraction was found to vary from ^ to 
j\ of the angle at the center of the earth subtended by the dis- 
tance of the object. The mean is tV • ^^^^ ^^ ^" object at T (Fig. 
50.) as seen from A in the mean state of the atmosphere, ap- 
pears to be raised to T- ; the angle TAT^ is about j\ of the an- 
ele ACT subtended by the distance AT. This angle is easily 
found from the arc AB, which is nearly equal to AT ; the 
whole circumference of the earth being to the arc, as 360 de- 
grees to the angle required. The mean terrestrial refraction, 
as thus calculated, is 2,7'' for a mile, and increases as the dis- 
tance nearly ; the elevation of the object being supposed to be 
small in comparison with its distance. In measuring altitudes, 
the terrestrial refraction is to be subtracted from the observed 
angle of elevation. 
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The akeratioQ in the height of the object, by the mem re- 
fractioo is equal to | of the curvature of the earth for the gtvea 
disUDce, or of the difference between the true and apparem lev- 
eb, as calculaied by the rule in Art. 163. If the angle of re* 
fraction were equal to half the angle at the center of the earth 
subtended by the distance, the change in the height of the ob- 
ject would be just equal to the correction for the curvature. If 
an object at B (Fig. 12.) were raised by refraction, so as to be- 
seen from A in the direction of the tangent AT ; the change in 
the altitude would be equal to BT, which is the difference be- 
tween the true and the apparent level of A. In this case, the 
angle BAT would be half ACB, (Euc. 32. 3. and 20. 3.) 
But as the angle of refraction is in fact only j\ of the angle at 
the center, the change in the altitude is only \ of the correction 
for curvature. The latter is about | of a foot for a mile, and 
varies as the square of the distance. If then d be the distance 
in miles; the correction for the curvature will be fd', and the 
correction for refraction /y^'- See Table IV. 

The greatest distance at which an object can be seen on the 
surface of the earth, as calculated by the rule in Art. 23, de- 
pends on the apparent altitude. This being to the real altitude 
as 7 to 6, and the distance being nearly as the square root of 
the altitude ; the distance at which an object can be seen by the 
mean refraction, is to the distance at which it could be seen 
without refraction as y/7 : y/6, or as 14 : 13 nearly. See 
Playfair's Astronomy, Sec. II. Vince's Astronomy, Chap. VII. 
and the accounts of the Trigonometrical Surveys in England 
and France. 

Note B. p. 20. 

The method of calculation in plane sailing i» sometimes 
spoken of as inaccurate, as only approximating to the truthi 
in proportion to the smallness of the di^rence between a 
plane and that part of the ocean to which the calculation is 
applied. This view of the subject appears not to be strictly 
correct. It is true, that plane sailing is incomplete^ as it does 
not ascertain the longitude. This belongs to middle latitude 
or Mercator's sailing. It is also true, that if a ship sails en 
sev&ral eoursesj the sum of the departure is not equal to the 
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d«partttre for the same distance on a sing,le course, as would be 
tbe case on a plane. (Art. 78.) It is farlber to be observed, 
tliat tbe departure, as calculated by plane sailing, is neitber tbe 
meridian distance measured on tbe parallel of latitude from wbich 
the ship sails, nor that measured upon the parallel upon wbich 
she arrives. But tbe departure for a single course, as defined 
in Art. 40, and tbe difference of latitiide, are as accurately cal*- 
culated by plane sailing, as if the surface of the ocean were a 
plane. Let the whole distance be divided into portions so small, 
-that one of the arcs shall differ less from its tangent than by any 
given quantity. Each of these portions is to the corresponding 
<]eparture, as radius to the sine of the course ; and to the differ- 
ence of latiuide, as radius to the cosine of the course. There- 
fore the whole distance is to the whole departure, as radius to 
the sine of the course ; and to the whole difference of latitude, 
as radius to the cosine of the course. These proportions are ex- 
act, even for a spheroid, a cylinder, or any solid of revolution. 

If there were any incorrectness in plaue sailing, it would ex- 
tend to Merca tor's sailing also } for one is founded on the other. 
In Mercator's sailing, the proper difference of latitude is to the 
meridional difference of latitude, as the departure to the differ^ 
ence of longitude. Now the departure is calculated by plane 
sailing ; and any error in this must produce an error in the lon- 
gitude. . Or if the longitude be found by the theorem in Art. 72, 
without previously calculating the departure ; yet the table 
of meridional parts which must be used, is founded on the ratio 
between the departure and the difference of longitude. Art. 65. 

Note C. p. 27. 

It IS here supposed that tbe direction of the ship is at right an- 
gles with every meridian which she crosses. A number of cu- 
rious questions have been started respecting sailing on a sphere ; 
such as whether a due east and west line coincides with a par- 
allel of latitude, he* Most of these points are easily settled by 
proper definitions. But this is not the place to consider thero» 
as they belong to the spherical geometry. 

Note D. p. 34. 

As tbe length of a minute of M creator's meridian, is equal to 
tbe secant of the latitude, it will be a little more exact to take 
tbe latitude of the middle of tbe arc, rather than that of one eft» 

N. S. 14 
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iremifjr. Oo the extended meridian, the first mioute will tbra 
be made equal to the secant of ^^ tiie secood to the seceot of 
1}', liie third to the secant of 2^', &c. 

The method of calculating by natural secants^ diough useiid 
in forming a table of meridional parts, is subject t6 this incoo^ 
venience, that to obtain the meridional parts for any number of 
degrees of latitude, it is necessary to find separately the parts for 
each of the minutes contained in the given arc, and then to add 
tbem together. There is a different method, by which the 
meridional parts for an arc of any extent, may be calculated in- 
dependently of any other arc. A portion of Mercator's meridi- 
an, extending from the equator to a given latitude, the semi-di- 
ameter of the earth being I , is equal to the hyperbolic logarithm 
€f the cO'tangent of half the complement of the latitude. See 
the London Philosophical Transactions, Vol. xix. No. 219, 
Vince's Fluxions, Art. 190, and the Introduction to Huttoa's 
Mathematical Tables. 

Note E. p. 39. 

The distance which a ship sails, in going from one place to 
another on a rhumb line, is not the nearest distance ; for this 
would be an arc of a great circle. To sail on a great circle, 
except on a meridian or the equator, she must be continuafly al- 
tering her course. If it were practicable to steer a vessel in this 
manner, the departure, difference of latitude, he. might be cal- 
culated by spherical trigonometry. 

Note F. p. 41. 

A traverse may also be constructed like the plot of a field in 
surveying, either by drawing parallel lines, as in Art. Ill, or 
from the angles given by the rules in Art. 112, or more simply, 
as in Art. 123, by departure and difference of latitude, when 
these have been found by caculation or inspection. 

Note G. p. 46. 

Plane sailing is sometimes represented as a method of calcu- 
lation founded on the principles of the plane chart. But in the 
construction of this chart, a principle is assumed which is known 
lo be erroneous. That part of the surface of the earth whioh 
is repres^ted on it, is supposed to be a plane. This renders 
the construction more or less ipficcurate. But in plaqe ^iug 
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the caloulfltions are strictly correct. The principle assomed 
here is not that the surface of the earth is a plane ; but that^. 
from the peculiar nature of the rhumb line, the distance, depar- 
ture, and difference of latitude, where the course is given, have 
the same ratio to each other which they would have upon a 
plane. 

Note H. p. 51. 

The Quadrant of reflection has received the name of Had* 
ley^s ^adrant, as the description of it which was first made 
public, was given by John Hadley, Esq. But he has not an 
undisputed claim to the first invention. His description of the 
rnstruinent was communicated to the Royal Society of London, 
ha May, 1731. It appears that the principle on which it is con- 
structed had been suggested by Dr. Hooke, several years be- 
fore. But the form which he proposed was not calculated to 
answer the purpose, as it admitted of only one reflection. Sir 
Isaac Newton, however, who died in 1727, left among his pa- 
pers a description of a quadrant with two reflections, which \s 
substantially the same as Hadley's. This was published in the 
Philosophical Transactions for 1742. 

It is also stated that a quadrant similar to Hadley's had been 
contrived by RJr. Thomas Godfrey, of Philadelphia, before 
Hadley's description was communicated to the Royal Society. 

Hooke's Posthumous Works, Button's Dictionary, Transac- 
tions of the Royal Society of London for 1731, 1734 and 1742, 
American Magazine for Aug. and Sept. 1758, Miller's Rietro- 
spect, i, p. 466, and Analectic Magazine, ix, 281. 

Note L p. 66. 

The proportion in, Art. 99, on account of the smallness of the 
height BT compared with the semi-diameter of the earth, is 
not very suitable for calculating the depression with exactness. 
The following rule, which includes the effect of refraction, is 
better adapted to the purpose. The depression is found by 
multiplying 59'^ into the square root of the height in feet. See 
Vince's Astronomy, Art. 197, Rees' (Cyclopedia, and Table IL 

In taking the altitude of a heavenly body with Hadley's* 
Quadrant, when the view of the ocean is unobstructed, the re* 
fleeted image is made to coincide with the most remote visible 
point of the water. But when there is land in the direeiioo in 
wbieh the observation is to be made, the ku^ge is brought (oibf 
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water's edge ; and the dip is increand^ in proportioo •94be ^ 
tanee of the laod is dimiotsbed. See Table 111. <> 

NoTK K. p. 8t. 

This is not the place for a detailed account of the rarioos 
trigonometrical operations which have been undertaken, for ibe 

Crpose of determining the length of a degree of latitude, in (fif* 
em parts of the earth. The subject belongs rather to astmo- 
omjf than to common surveying. It may not be amissi bowev** 
er, to give a concise statement of the measurements wliicii 
have been made in the present and the preceding century. 

About the year 1700, Picard measured a degree between 
Paris and Amiens ; and the arc was extended by Cassini to 
Perpignan, about six degrees south of Paris, and afterwards 
to the northward as far as Dunkirk, These measurements 
were made in the middle latitudes. To compare a degree 
here, with the length of one near the pole, and another on the 
equator, two expeditions were fitted out from France about 
the same time, one for Lapland, and the other for South 
America. The latter sailed in May, 1735, for Peru, and af- 
ter a series of the most formidable embarrassments, they suc- 
ceeded, at the end of eight years, in accomplishing their ob- 
ject. They measured an arc of the meridian, crossing the 
equator from 3^ T north latitude to about 3^^ south. The 
other party in 1736, under the direction of Maupertuis, proceed- 
ed to the bead of the gulf of Bothnia, and measured an arc of 
the meridian extending along the river Tornea, and crossing the 
polar circle. The difficuhies which they experienced, in this 
irosen and desolate region, were scarcely inferior to those with 
which the other adventurers were at the same time contending 
in South America. 

The determination of these three arcs, one in France, one in 
Peru^ and one in Lapland, were sufBcrent to satisfy astronomers, 
that a degree of latitude near the poles is greater than one on the 
equator, and consequently that the equatorial diameter of the 
earth is longer than the polar. But ii does not necessarily fol- 
low from this, that there is a regular increase in the length of a 
degree, from the lower to the higher latitudes. On the contra- 
ry, according to the survey which had been made by Picard 
and others, a degree was found to be greater in the south of 
France, than in the north. The zeal of astronomers was there- 
fere excited to take farther measures to determine what is ifae 
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mc^ei length of a degree, in various parts of the earth, and to 
ascertain whether in the influence of gravitation, there are local 
inequalities, which aflTect the astronomical ohservations. 

La Caille, about this time, measured an arc of the meridian 
aft t!h^ Cape of Good Hope. He was not, however, provided 
With such instruments as would insure a great degree of precis- 
ion. Boscovicfa, a distinguished philosopher, measured an arc 
of two degrees in Italy, from Rimini to Rome. Between the 
years 1764 and J 768, Messrs. Mason and Dixon, under the di- 
rection of the Royal Society of London, measured an arc of the 
inerfdian of about one degree and an half, crossing the line be- 
tween Pennsylvania and Maryland. As the country here is 
very level, the whole distance was measured, not by a combina* 
lion of triangles, but in the first place with a chain, and after- 
wards with rods of fir. A degree was also measured in Pied- 
mont, another in Austria, and a third in Hungary ; the first by 
Beccaria, and the two latter by Liesganig. 

But the most perfect of all the trigonometrical surveys up- 
on a great scale, are those which have been made within a 
lew years in England and France. The instruments used 
ibr taking the angles, particularly the theodolite of Ramsden, 
and the repeating circle of Borda, have been brought to a 
surprising degree of exactness. The re-measurement of the 
Kne from Dunkirk to Barcelona, a part of which had been sev- 
eral times surveyed before, was commenced in 1792, under the 
direction of the Academy of Sciences in Paris ; for the purpose 
of obtaining a standard of measure of lengths, weights, capacity, 
kc. derived from a portion of the meridiaui The northern part 
of the arc was measured by Delambre, and the southern part by 
Mechain, who lost his life in 1805, in attempting to extend the 
line beyond Barcelona, to the Balearic Islands in the Mediterra- 
nean. This line was afterwards continued by Biot to Formen- 
tera, the southernmost of these Islands, which is in Lat. 38^ 38^ 
56". The latitude of Dunkirk is 51^ 2' 9''. The whole arc is 
therefore, more than 12 degrees, and is nearly bisected by the 
45th parallel of latitude. This is connected withthe Kpe car- 
ried through England to Clifton in Lat. 53^ 27^ Qi" : making 
the whole extent nearly 15 degrees. 

The arc which had been surveyed by Maupertuis, on the 
polar circle, was re-measured bpr Swanberg and others, in 1802. 
Tiiere is a difference of 230 toises in the length of a degree, as 
calculated from these two measurements. In India, an arc of 
ibe meridian was measured, on the coast of Coromafidel, . in 
180S, by Major Larobton. 
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According to these various roeasureiDents, we have the (bl- 
lowing lengths of a degree of latitude in different parts of the 
earth. 

Latitude. Toisea. Fathoms. 

1. In Peru, by Bouguer, 66,750 60,48Q 

2- In India, by Lambion, 12O30' 66,766 60,487 

3. At the Ca^PJ.j;J Good Hope, > 33 ^g ^^^^3^ ^^^^^^ 

4- In Pennsylvania, 'by Mason ) 3^ ,3 ^^ g^^ ^ ^3^ 

and Dixon, > ' 

6, In Italy, by Boscovich, 43 56.980 60,725 

6. In Piedmont, by Beccaria, 44 44 57,070 60,820 

1. In France, by Delambre and 7 , ^^ ^^^ ^ ^ ^^^ 

Mechain, ) ' ' 

8- In Austria, by Liesganig, 48 43 67,086 60,836 

9. In England, by Roy and Mudge, 62 2 67,074 60,827 

10. In Lapland, by Maupertuis, 66 20 67,422 61,184 

Do. bySwanberg, 67,192 60,962 

On a comparison of all the measurements which have 
been made, it is found that a degree of latitude is greater 
near the poles, than in the middle latitudes ; and greater ia 
the middle latitudes, than near the equator. The earth is 
therefore compressed at the poles, and extended at the equator. 
But it does not appear that it is an exact spheroid, or a solid of 
revolution of any kind. If arcs of the meridian which are near 
to each other and of moderate length be compared, they will 
not be found to increase regularly from a lower to a higher lat- 
itude. On the southern part of the line which was measured ia 
France, the degrees increase very slowly ; towards the middle, 
very rapidly; and near the northern extremity, very slowly 
again. Similar irregularities are found in that part of the me- 
ridian which passes through England. These irregularities are 
too great to be ascribed to errors in the surveys. It is conclu- 
ded, therefore, that the direction of the plumb line, which is 
used in determining the latitude, is affected by local inequalities 
in the action of gravitation, owing probably to the different deo^ 
sities of the substances of which the earth is composed. These 
inequalities must also have an influence upon the 6gure of the 
fluid parts of the globe, so that the surface ought not to be con- 
sidered as exactly spheroidical. 

See Col. Mudge's account of the Trigonometrical Survey in 
England. Gregory's Dissertations, &;c. on the Trigonometrical 
Survey. Rees' Cyclopedia, Art. Degree. Playfeir's Astron- 
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otny. Pbilbsopbical Traosactions of London for 1768, 1785, 
1787, 1790, 1791, 1795, 1797, 1800. Asiatic Researches, 
vol. viii. Puissant. " Traite de Geodesic." Maupertuis. 
"Degre du Meridien entre Paris et Amiens." .Do. "La 
Figure de la Terre." Cassini. " Expos6 des Operations, &c." 
Deianibre. "Bases du systeme nietrique." Swamberg. 
"Exposition des Operations faites en Laponie." Laplace. 
"Traite de Mecanique Celeste." 

Note L. p. 94. 

One of the most simple methods of determining when the 
pole $tar is on the meridian, is from the situations of two other 
starS) Alioth and y Cassiopese, both which come on to the 
pieridian a few minutes before the pole star, the one above and 
^e other below the pole. Alioth, which is the star marked % 
10 ihe Gr^at Bear, is on the opposite side of the pole from tbo 
pole star, and about 30 degrees distant. The star y in the 
<K)nstellation Cassiopeae, is nearly as far distant from the pole^ 
on the sanoe side with the pole star. The right ascension of 
ihe latter in 1810 was Oh. 45m. 24s., increasing about 3^ sec** 
ends annually. The right ascension of Alioth was 12h. 45m* 
36s., increasing about 2^ seconds annually. These two stars^ 
iberefore, come on to the meridian nearly at the same time. 
This time may be known by observing when the same vertical 
line pa^es through them both. The right ascension of the pole star 
id January 1810, was Oh. 54m. 36s.) and increases 13 or 14 
seconds in a year. So that this star copies to the meridian 
about 9 or 10 minutes after y Cassiopese. In very nice obser-< 
vations, it will be necessary to make allowance for nutatioUi ab* 
erratioQ, and^e annual variation in^ right ascension. 

About 10 minutes after a line drawn from Alioth to y Cassi^ 
opeae is parallel to the horizon, the pole star is at its greatest disk 
tance from the meridian. As this is the case only once in 13 
bours, the two limits on the east side, and on the west side, can- 
pot both be observed the same night, except at certain seasons 
of the year. But on almost any clear night, one observation 
roc^ be made ; and this is sufficient for fijiding a meridian linei 
if the distance of the star from the pole, and the latitude of the 
place be given. The angle between the meridian and a vertical 
plaoe passing through a star, or an arc of the horizon cootain** 
ed between thei^ two planes, is ealied the pisAmuik of the slar* 
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And bj spberical trigooometry, when the star is at its greatest 
eloogatioo east or west, 

As the cosine of the latiiude, 
To radius ; 

So is the sine of the polar distance, 
To the sine of the azimuth. 

The distance of the pole star from the pole in 1810, was 1^ 
42* 19.6'^ and decreases 19^ seconds annually. 

To observe the direction of the pole star when its azimuth is 
the greatest, suspend a plumb line fifteen or twenty feet long 
from a fixed point, with the weight swinging in a vessel of wa- 
ter, to protect it from the action of the wind. At the distance 
of 12 or 15 feet south, fix a board horizontally on the top of 
a firm post. On the board, place a sight vane in such a man- 
ner that it can slide a short distance to the east or west. A 
little before the time when the star is at its great elongation, 
let an assistant hold a lighted candle so as to illuminate the 
plumb line. Then move the sight vane, till the star seen 
through it is in the direction of the line. Continue to follow the 
motion of the star, till it appears to be stationary at its greatest 
elongation. Then fasten the sight vane, * and fix a candle or 
some other object in the direction of tl)e plumb line, at some 
distance beyond it. 

As the aeclination of the needle is continually varying, the 
courses given by the compass in old surveys, are not found to 
agree with the bearings of the same lines at the present time. 
^ prevent the disputes which arise from this source, the deefi- 
Datioo should always be ascertained, and the courses stated ao* 
cording to the angles which the lines make with the astronomi- 
cal meridian. 

It must be admitted, after all, that the magn€^ compass is 
but an imperfect instrument. It is not used in the accurate sur- 
veys in England. In the wild lands in the United Slates, the 
lines can be run with more expedition by the compass, than in 
any other way ; and in most of the common surveys, it answers 
the purpose tolerably well. But in proportion as the value of 
land is increased, it becomes important that the boundaries should 
be settled with precision, and that all the lines should be referred 
to a permanent meridian. The angles of a field may be accu- 
rately taken with a graduated circle furnished with two indexes* 
the bearings of the sides will then be given, if a true meridian 
line be drawn through any point of the perimeter. 
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Table I contains the parts of Mercator's meridian, to eveiy 
other minute. The parts for any odd minute may be found 
with sufficient exactness, by taking the arithmetical mean be- 
tween the next greater and the next less. For the uses of this 
table, see Navigation, Sec. IIL 

Table II gives the depression or dip of the horizon at sea for 
different, heights. Thus if the eye of the observer is 20 feet 
above the level of the ocean, the angle of depression is \' 24'^ 
See Art. 99. This table is calculated according to the rule in 
ilote I, which gives the depression 59" for one foot in ahitude ; 
allowance being made for the mean terrestrial refraction. 

In Table III, is contained the depression for difierent heights 
and different distances, when the view of the ocean is more or 
less obstructed by land. Thus if the height of the eye is 30 
feet, and the distance of the land 2i miles, the depression is 8'. 
See Note I. 

Table IV contains the curvature of the earth, or the differ- 
ence between the true and the apparent level, for different dis- 
tances, according to the rule in Art. 161. Thus for a distance 
of 17 English miles, the curvature is 192 feet. 

Table V contains the distances at which objects of different 
heights may be seen from the surface of the ocean, in the mean 
state of the atmosphere. This is calculated by first finding the 
distance at which a given object might be seen, if there were no 
refraction, and then increasing this distance in the ratio of v^7 ; 
-v/6. See Note A. 

Table VI contains the polar distance and the right ascension 
in time, of the pole star, from 1800 to 1840. From this it will 
be seen, that the right ascension is increasing at the rate of about 
16 seconds a year, and that the north polar distance is decreas- 
ing at the rate of about 19^ seconds a year. From the latitude 
of the place, and the polar distance of the star, its azimuth may 
be calculated, when it is at its greatest distance from the meridi- 
an. The time when it passes the meridian may be ascertained 
by finding the difference between the right ascension of the star 
tod that of the sun. See Note I^. 

N. S. 15 
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4 6548 6760 6086 7227|7485:7764 



66555 



865626775 



65606782700072527512:7703 80008433(88040218 10 
1216576 6700 7017 72607521 7803 8100 8445|88l 7|0233 12 
726875:m8i38l2G 



6583 
166500 
186507 



206608 
226610 
246617 



22661068267056 



7048 7204!7557|7842 81 62 
73027566i785S(8163 
70647311,7576 
7072 7310 7585i787S 
2816631 6840 7080 73287504 



2666246841 



44 



67536078 



67686004 



6707 
6804 



68127041 



6810 
6826 
6834 



306639 

326646 

34 

366660 

386667 



406674 
426681 



4867026024 



626717 
546724 
566731 



^3^^ 



7001 



7243,7503i7783 8088 8422 8701 10203 



7025 
70^7277j7536;78228131 



66536871 



68047128 
6001 



73707650 
713673887650 



6688600071457307766870638284863800320477 



49 6605 601 7 7153 7406 7678 



6039 



74c 



7161 



7177 



604771857441 



60557104 



75c 



76° 77° ( 78° 



721874767754 



8066838787520160 
8067 8308 8766;01 74 



7236740477748077 



72857548.78328141 



84578830024814 
8460 884302621 16 
84808856 0277 18 

S402 6860 0202 20 

95048883030722 

7576{78(5S|»174 8516 8806032224 

S185 8528 8000 0337 26 



571' 



B856 7088 7336 7603 7802 8207 855218036 0368130 
6864 7006 7345'7612|790S 
710473637622791 



68797112^7362:7631 
68867120737117640 



7942826286149005944640 



74147687 



76° 



743277068004 



7716 



58673809637202745877358085836487269131 



788281968540 



7922 
7932 



50671060327160742376077004831886769074062660 



8014 



77° 78° 79° 



70° 



841087780180 



S240 
!j251 



70738295 



8341 



7449772580258352871491179573 



80° 



935328 



821885658050938332 



322985778963 



86898977 
86018901 



039934 
941436 

9430.38 



79538273862690189461 



b65];904694g346 



70838307 8663,9060 9509 48 



8320868890880541 



870191039557 



15^181° 



9589 



"82^ 
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TIBLS*. 



TABLE II. 



TABLE lU. 



ttolsliiof 




UmEt* 


Dapnuhn. 


tafMt 




1 


0*69" 


3 


1 34 


3 


1 43 


4 


1 68 


6 


3 13 


6 


326 


7 


336 


8 


3 47 


9 


3 67 


10 


3 7 


11 


3 16 


12 


336 


13 


333 


14 


3 41 


15 


348 


16 


3 66 


17 


4 3 


18 


4 10 


10 


4 17 


30 


4 31 


32 


4 37 


34 


4 40 


36 


6 1 


38 


6 13 


30 


633 


36 


6 49 


40 


6 14 


46 


636 


60 


6 67 


60 


7 37 


70 


8 14 


80 


848 


90 


930 


100 


60 


130 


10 47 


140 


11 39 


160 


13 37 


180 


13 13 


300 


13 66 



J)^i^th€9m^dU 


'ereHt Dittmues from 


Distance of 


Hel(UorUieETe«boreUM8«^, 1 


land in 

■ea 
milet. 


6 


10 


16 


20 


26 


30 


36 


40 


SI 


11 


22' 


34' 


46' 


66' 


etc 


79^ 


OO' 


6 


11 


17 


22 


28 


34 


30 


46 


0| 


4 


8 


13 


16 


19 


23 


37 


30 


10 


4 


6 





12 


16 


17 


20 


33 


!l 


3 


6 


7 


9 


13 


14 


16 


19 


3 


4 
3 


6 
6 


8 
6 


10 

8 


11 
10 


14 
11 


16 
13 


3 


2 


3i 


2 


3 


6 


6 


7 


8 


9 


10 


30 


2 


3 


4 


6 


6 


7 


8 


8 


3i 


2 


3 


4 


6 


6 


6 


7 


7 


40 


2 


3 


4 


4 


6 


6 


7 


7 


6 


2 


3 


4 


4 


6 


6 


6 


6 


6 


2 


3 


4 


4 


6 


6 


6 


6 



TABLE IV. 

CStnatvn rftht Rmik. 



MMuieeiD 


Heifht 


DiMnci. 


llaMit " 


milea. 


lacbct. 


raU««. 


nSt 


i 


i 


16 


149 


3 


16 


170 


1 


8 


17 


193 




Feet. 


18 


316 


3 


3.6 


19 


340 


3 


6. 


20 


366 


4 


10.6 


26 


416 


6 


16.6 


30 


699 


6 


23.9 


36 


814 


7 


33.6 


40 


1064 


8 


43.5 


45 


1346 


9 


63.8 


60 


1663 


10 


66.4 


60 


3394 


11 


80.3 


70 


3268 


13 


96.4 


80 


«66 


13 


113. 


90 


6386 , 


■ 14 


13a 


100 1 


6010 1 
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TABLE V. 



ZHttmum ul vhiek Obftett eon bt teen at Sea. 



Vk^GT 


DIMUMin 


Height ia 


Diitance in 


fML 


EDf-mllM. 


leet 


En(. Diiln. 


1 


o 


60 


10.2 


2 


1.9 


70 


U.l 


3 


2.3 


80 


11.8 


4 


2.6 


90 


12.6 


6 


2.9 


100 


13.2 


6 


3.2 


200 


ia7 


7 


3.6 


300 


22.9 


8 


3.7 


400 


26.6 


9 


4. 


600 


29.6 


10 


4.2 


600 


32.4 


12 


4.6 


700 


35. 


14 


4.9 


800 


37.4 


16 


6.3 


900 


39.7 


18 


6.6 


1000 


41.8 , 


90 


6.9 


2000 


69.2 


86 


6.6 


3000 


72:6 


30 


7.3 


4000 


83.7 


86 


ija 


6000 


9a6 


40 


&4 


10000 


13a 


46 


8.9 


16000 


163. 


60 


9.4 


20000 


188. 



116 



TABLES. 



TABLE VI. 



ne Polar JDilUuue mtd Kght jUtammi 


«ra< 


P*l*»mr. 




PahrDWtBM. 


Aaa. Vu. 


tmkm. 


~Aii«rvM7~ 






h. ■>. 


■. 


a. 


1800 


V 46' 35" 


—WJb 


52 


84 


+12.0 


1801 


1 45 15 




63 


37 




180S 


1 44 66 




62 


60 




1803 


1 44 36 




63 


3 




1804 


1 44 IT 




63 


16 




1806 


1 43 67 




63 


20 




180b 


1 43 38 




63 


42 




1807 


1 43 18 




63 


65 




1806 


1 48 68 




64 


9 




1809 


1 42 39 




64 


22 


8. 


1810 


1 42 19 




54 


36 


+ 13.6 


1811 


1 42 




64 


60 




1812 


1 41 40 




66 


4 




1813 


1 41 21 




66 


18 




1814 


1 41 1 




66 


33 




1815 


1 40 42 




66 


47 




1816 


1 40 23 




66 


2 




1817 


1 40 04 




66 


17 




1818 


1 39 46 




66 


32 




1819 


1 30 25 




66 


46 


>• 


1830 


1 39 05 


—\VA 


67 


1 


+ 143 


1821 


1 38 46 


' 


67 


16 




1822 


1 38 26 




67 


30 




1823 


1 38 7 




67 


46 




1824 


1 37 48 




68 






1825 


1 37 28 




68 


15 




1826 


1 37 9 




68 


30 




1827 


1 36 49 




68 


45 




1828 


1 36 30 




69 






1820 


1 36 11 




60 


16 




1830 


1 35 51 




59 


31 




1831 


1 36 32 




59 


46 




1832 


1 35 13 




1 


2 




1833 


1 34 53 




1 


18 




1834 


1 34 34 




1 


34 


s. 


1835 


1 34 16 


— 19".361 


1 


60 


+ 15.9978 


1836 


1 33 55 




1 1 


6 




1837 


1 33 36 




1 1 


22 




1838 


1 33 16 




1 1 


38 




1839 


1 32 57 




1 1 


44 




1840 


1 32 38 




I 2 


1 
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